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In this study, we present a novel phase-field model without artificial curvature effect for the crystal
growth simulation. Most phase-field models for dendritic growth are based on the anisotropic Allen-
Cahn (AC) equation which models anti-phase domain coarsening in a binary alloy. However, the AC equa-
tion intrinsically contains the motion by mean curvature term, i.e., curvature flow, which may have effect
on the phases transition. In this work, we remove the artificial curvature effect and propose a novel
phase-field model without artificial curvature effect for the dendritic growth simulation. Both two- and
three-dimensional numerical tests show that, in the case of the new phase-field model, dendritic growth
develops faster than the conventional phase-field model because of the absence of artificial motion by
mean curvature effect. In addition, we show that the proposed model has applicability to polycrystal

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

Dendritic growth describes a phenomenon where the liquid is
transformed into the solid through heat conduction. The simula-
tion of crystal growth is important because of wide applications
in material [1-3], climate environment [4] and industry processes
[5,6]. The simulation methods of crystal growth include front-
tracking, boundary integral, level-set, phase-field [7,8] and cellular
automata [9,10], to name a few. Recently, the phase-field method
has become popular because of its simplicity in capturing the com-
plex interface by an order parameter without requirement of re-
initialization operation [11,12]. Many phase-field models for den-
dritic growth are based on the anisotropic Allen-Cahn (AC) equa-
tion [13-15]. For example, anti-phase domain coarsening in a bi-
nary alloy can be modeled by the AC equation:
0¢ _a, , @1 -¢%)
where ¢ is the order parameter with ¢ =1 in one phase and ¢ =
—1 in the other phase. The parameter ¢ is related to the interfacial
transition thickness between two phases. The AC equation consists
of two terms: Laplace diffusion term which is related to the cur-
vature effects and the other nonlinear term which is derived from

* Corresponding author.
E-mail address: cfdkim@korea.ac.kr (J. Kim).
URL: https://mathematicians.korea.ac.kr/cfdkim/ (J. Kim)

https://doi.org/10.1016/j.ijheatmasstransfer.2023.123847
0017-9310/© 2023 Elsevier Ltd. All rights reserved.

the double well potential. However, the Laplace diffusion term in-
trinsically includes the motion by mean curvature term, i.e., cur-
vature flow [16-18], which may have effect on the evolution dy-
namics of the model. For example, Takaki and Kato [19] developed
a phase-field topology optimization model that removed the mean
curvature effects to minimize only the elastic strain energy func-
tion rather than the interface energy. This model results in struc-
tures with more excellent mechanical property. Subtracting the
curvature contribution from a phase-field equation was also used
in multiphase fluid flows [20-23] to make the system recover to
the equilibrium state. Therefore, the primary motivation of this re-
search is to study the effect on the crystal growth simulation when
the mean curvature which we call as the artificial curvature is sub-
tracted. To the authors’ knowledge, this is the first study of remov-
ing artificial curvature effect from the phase-field model for the
crystal growth simulation in two- and three-dimensional spaces.
Many efficient and accurate computational methods for the
crystal growth simulations have been developed. Li et al. [24] used
a coupled phase field and lattice Boltzmann scheme to numeri-
cally simulate the growth of polymer crystal in the flow field. They
confirmed that the flow velocities had a significant effect on the
crystallization formation and the crystals grew faster in the up-
stream direction. Wang et al. [25] developed a novel phase-field-
lattice Boltzmann equation for dendritic growth with melt fluid
flow and thermosolutal convection-diffusion. Shah et al. [26] de-
veloped an efficient temporal adaptive method for the dendritic
crystal growth. Wu et al. [27] proposed a parallel adaptive multi-
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grid method to solve the coupled thermal-solute phase-field prob-
lems. Chen et al. [28] considered the sequential nature of the
grid correction in multigrid solver for the numerical solution of
the rapid solidification of an undercooled binary mixture. Li et al.
[29] developed an accurate and efficient numerical scheme for the
phase-field based dendritic growth. The difficulty is not only lim-
ited in dealing with the traditional phase-field based dendritic
crystal growth, but also the artificial curvature term being sub-
tracted which increase the complexity of numerical computation.
Kaiser et al. [30] developed a conservative interface-interaction
scheme for a sharp-interface framework of liquid-solid phase tran-
sition. Zhang et al. [31] performed the 3D phase-field computa-
tions of crystal growth using a multilevel thermosolutal phase-field
lattice-Boltzmann scheme. Using parallel program and adaptivity
grid, they performed the 3D thermosolutal computations to inves-
tigate the effect of thermal evolution on the growth of dendrites.
Nandi and Sanyasiraju [32] solved the two-phase problems of so-
lidification in complex domains using alternating direction implicit
method, which is unconditionally stable.

The main purpose of this study is to present a novel phase-field
model without artificial curvature effect for the dendritic growth
simulation. Focusing on the effect of artificial curvature term on
dendritic growth, we use the simplest numerical method, a fully
Euler’s scheme to discretize the time and the cell-centered dif-
ference method to discretize the space. Many accurate and sta-
ble numerical scheme will be further explored in the future. The
numerical tests of four-fold and six-fold symmetric crystal growth
and polycrystal growth under certain initial conditions will be per-
formed to study the effect of artificial curvature term on dendritic
growth.

The paper is organized as follows. In Section 2, the proposed
novel phase-field based crystal growth model without the artificial
curvature is presented. The numerical solution algorithm is given
in Section 3. Various computational tests are done in Section 4. In
Section 5, conclusions are derived.

2. Proposed phase-field model

In this section, we present the novel phase-field model without
artificial curvature effect for the dendritic growth simulation. First,
the conventional phase-field model for the crystal growth can be
derived as follows [33,34]:

@ — v (@@Ve) 116 - WA - D0 - ¢7)

+(|V¢|2e<n>ae(“)) + (|V¢|Ze<n>3e(“)> ,
X y

8¢x 8¢y
(2)

au 5 10d¢

8t_DVU+28t' 3)
Here ¢ represents the order parameter. We define ¢ =1 and ¢ =
—1 in the solid and liquid phases, respectively. €(n) represents
the anisotropic function, n represents the inward normal unit vec-
tor, and U = ¢, (T — Ty)/L represents the dimensionless tempera-
ture field in which c; is defined as the specific heat at constant
pressure, Ty, is defined as the melting temperature and L is de-
fined as the latent heat of fusion. D = aro/eg where «o is defined
as the thermal diffusivity, 7y is defined as the characteristic time,
and €g is defined as the characteristic length. A represents the
dimensionless coupling parameter, is defined as A = D/a,. A nor-
mal vector of the interface is defined as (¢x, ¢y) and 6 that sat-
isfies tanf = (—¢y)/(—¢x). Then, by replacing €(n) with €(09) =
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Fig. 1. Schematic illustration of I', r(x, t), and n.

€o(1 + ¢, cos(kf)), Eq. (2) becomes

de(0 /
(|V¢|2e<9> ;;X))X - (<¢3 LB (9)(— — %Z))x
—(€'©)e@)y)..

de(0) ) Px
(|V¢|26(9) 3%, )y = <(¢3+¢y2)6(9)6 (9)<¢X2+¢y2>>x
= (€ ©@)e®)y),

Hence, we can rewrite Eq. (2) as follows:
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where I and G are phase-preserving and growth terms, respec-
tively. In the phase-field model for the crystal growth, the I
term enforces the phase-field shape to have approximately lo-
cal equilibrium state, which implies we have a hyperbolic tan-
gent profile across interface transition layer. The term G makes
the crystal anisotropically grow according to €(6). However, the
I term includes an artificial curvature term which reduces the
growth of crystal. Now, we identify the artificial curvature term,
€2(0)|Vp|V - (Vp/|Vp|) and remove it from the original gov-
erning equation to derive the proposed model. For simplicity, we
consider the derivation of the curvature term in two-dimensional
space, X = (x,y). Let r(x,t) = dist(x, ')sgn(¢ (X, t)) be a local co-
ordinate, where I" and sgn(-) are a zero-level set of ¢ and a sign
function, respectively. Let n = V¢/|V¢| be the inward unit nor-
mal vector on interface transition layer [35]. Figure 1 shows the
schematic illustration of r(x,t) and n.

Then, we have the following derivation for the Laplacian opera-
tor.

Vi =V.Vé=V.(IVéIn)=V.((Vé -nm)n) =V (¢n)
=V¢r-n+¢,V-n= (V) -n+¢:V-n
= (¢m),-n+¢,V-n=(¢,n+¢n) -n+¢,V-n
= ¢ + VIV - (V@/|VP]). (6)
In the conventional phase-field model (2), it contains the follow-

ing AC type equation [17], a governing equation for the motion by
mean curvature:

em % —emvip 4o - ¢, @
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Here, V2¢ in Eq. (7) can be replaced by Eq. (6). Then we have

3¢ Ve
€ m3 Vol

According to the dynamics of the AC equation, €2Z(n)¢ + ¢ (1 —
¢2) ~ 0 when €(n) is close to a constant. Therefore, if we want to
use the phase-field model to preserve the interface shapes while
applying other factors such as growth and anisotropic evolution,
then €2(0)|V@|V - (Vé/|Ve]) in Eq. (8) becomes an unnecessary
term. Hence, it is natural to remove the artificial curvature effect
€2(0)|Vo|V - (V¢/|V|) from the phase-field model for dendritic
growth.

Finally, we can propose the following phase-field model with-
out artificial curvature effect for the crystal growth simulation by
subtracting the artificial curvature term €2(8)|V@|V - (Vo /|V]|)
from Eq. (4):

=€2(n)¢n+62(n)|V¢IV-< >+¢(1—¢2 (8)

0% V. (@20)7) - 2O)V4IV - (é&)
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U 19¢
ot = PVUT 3 (10)

3. Numerical solution

Focusing on the novel proposed model and facilitating new
comers to this novel model, we use a fully explicit Euler’s method
to discretize the governing Eqs. (9) and (10). Considering a com-
putational domain €2 = (Ly, Rx) x (Ly, Ry), let Ny and Ny, be integers,

= (Rx —Lx)/Nx be a grid size, and Qj = {(x;,y;) : % =L + (i—
0.5)h, yj=Ly+(j—05)h, 1 <i<Ny, 1< j=<Ny} be the discrete
domain. Let ¢l?”‘j and Ui’j? be numerical solutions of ¢ (x;, y;, nAt) and
U(x;,y;, nAt), respectively, where At is the time step. The cell-
centered difference scheme of the spatial discretization is used.
Then, we can obtain the fully discrete equations as follows:

1 _ pn

U [V @O)Vap)],

A v
—[e2<9>|vd¢|vd~ (@j"")] ()

1

+gf — AUR(1 = (D1 = (9])*]

—[De(¢'©)€©)Dy) 1. + [Dy (€' @) (0)Dxg) ]
Ur{ﬂ _yn X lpjﬂ _ S
“ A SOVl TR (12)

To compute ez(Gi'}), we firstly calculate the angle between
the normal vector of interface and a reference x-axis by 9{1’. =

an (@ = #0/ @]~ )]
right hand side of Eq. (11) are discretized as follows:
[Va- (€20)Vad)];

01,00 ~91) <6 )9)
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. The other terms in the
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where €’(6) = —kege sin(kf) and

on — tan-! ((pirirl,jl - ¢1+1 j+1 +¢1] 1 11+1>

i+3.J 4(¢ l+1j
n

o —tant (i1 Bl + Oy — Pl
=2 4P, ;-0

6" , = tan! < 49~ Piin) )
b in—l,j+1 - ¢x+1 j+1 +¢1 1] 1+1 j

MY AR ¢ A
M2 N Rk R I I

The term [2(9)|Vd¢|Vd (Vd¢/|Vd¢|)]n is defined as fol-

lows: IVadijl = 1Va®"; 1 jo1 +Vad" 1 j 1+ Va0 +
n
Vd¢ i—%.j—7|/4' where vd¢,+j,]+, (¢H— j+1 ¢1+ J+1)

((Diz1,j + Piv1,j+1 — Bij — Bijr1)/ (Ch), (Piji1 + ¢1+1.;+1 - ¢1]
—¢i1,j)/(2h)). Then, we define the discrete curvature term as
follows:

o (T ) (Pt By Ha
Va1 ), = 20\ Vadiy ] Vabirys )|

X Y X Y
_ i2j+1_¢i——j+%7¢i]j]+¢' %
IVadi_1 ji1l IVagi_1 ,»_1| '
According to Egs. (11) and (12), combining the discretlzatlon of

the Laplacian operator for temperature VC%U[} = Uur it ut 1,j+
ur. +un.

i i —4Ui’]¥)/h2 and all above discrete terms, we can up-
date the numerical solutions in explicit forms as follows:

n+1 _ 4n
¢ =i+

{[vd (EOVed)]],
p— 2 N ﬂ n
|:e (©)IVag Vs (|Vd¢|)L
H — AUR — (@D — (@)°]
—[DX(GI(G)G(Q)DJ/‘P)]Z' + [Dy(e’(G)E(Q)Dx(p)]?j}/

€2(6)
(&) ()
n+1 _ pn
Ul = Uj + AtDVUL + % (14)

It should be noted that Eqgs. (13) and (14) are solved with the ho-
mogeneous Neumann boundary conditions.

3.1. Three-dimensional method

We consider the solution algorithm in the three-dimensional
space. The governing equation for the three-dimensional phase-
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field model without artificial curvature effect for crystal growth
simulation is given as:

€2 ¢ 2 ¢
@) 5 =V (€()VP) - (@)VPIV- (|V¢|)

+o - AU -9H]( - ¢?)
de(d) de(P)
(|V¢|26(¢) 36, )X <|V¢|26(¢) 30, )
0e(d)
+(|V¢>|26(¢>) 56, ) (15)
U L 1o
Sr =DV + 550 (16)

Here, €(¢) is the anisotropic function [36] for cubic symmetry
which is defined as:

€)= (1 _334)(1 LA

1-364,4

5+ ) + @7

Vel '
Now, using the fully explicit Euler’'s method, we discretize
Egs. (15) and (16) on a three-dimensional domain 2 = (Ly, Ryx) x
(Ly,Ry) x (Lz,R;). Let Ny, Ny, and N, be positive integers, h =
(Rx — Lx)/Nx be the uniform mesh size, and Q= {(x;,y;,2) :
Xi=Lx+ ({—-05)h, yj=Ly+(j—-05)h, z, =L+ (k-05h, 1<
i<Ny, 1<j<N,, 1<j<N,;} be the discrete space. Let ¢l."jk =
¢ (%, Y}, zx, nAt) and Ul.’]’.k =U(;, ;. z, nAt). Here, we also use the
cell-centered difference scheme for the spatial discretization. Fi-
nally the fully discrete governing equations are obtained as fol-
lows:

n+1 n

2 Uk ijk
(¢uk -

[Va- (€@ VD],

.2 A Va "
[6 (¢)|Vd¢|Vd ('Vd |>}l]k

+[¢ijk )‘Uzr}k _(¢injk)2)][1 (¢Uk)]

de@)) 1" de(@) |
| (1Vores ) } T [(sze(@ ) ]
|:< b xdijk gy ¥ dijk

nooyn+l _pyn
+[<|v¢|ze<¢)a“¢)” L

(17)

ad’z ijk
n+1 _ An
5 ijk ijk
U e (18)
where AdUl]k (U+1 1k+U 11k+U1+1k+Ul] 1I<+Uuk+1 +
Ul 6U"k)/h2 The curvature term [V - (62(¢)Vd¢)]1]k in

Eq. (17) is defined as follows:
[62(¢in+l ]k) +€2(¢Uk ]( irﬂrl jk
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Let m. )
]+2 k-%—2
1). The dlscretlzatlon of the

m* ., om mz
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be the gradient of ¢ at (1 y1+1 zk+
2
curvature term [€2(¢)| V4|V - (vd¢/|vd¢|)] j in Eq. (17) can

be found in [37]. Finally the term [(|V¢|%e(d)de($)/dx), ]
can be discretized as follows:

de@\ 1"
Vo |2e(9) ) ]
|:( a¢x xdijk
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- Vo4
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xdijk
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where the partial derivatives are defined using the cell-

n
centered finite difference method; [(|V¢|ze(¢)86(¢)/8¢y)y]
ijk

n

and [(|VPe(9)de(@)/92), |7,

are similarly defined.

4. Numerical experiments

Now, we compare the computational results of dendritic growth
in 2D and 3D spaces between the conventional and proposed
phase-field models. Firstly, we simply test the curvature effect on
crystal growth taking no consideration of temperature. Then k-fold
symmetric crystal structure are used to specify the effect of artifi-
cial curvature on dendritic growth. And the polycrystal growth in
undercooling liquid simulated by our proposed model is verified.
Finally we perform the comparison test in three-dimensional space
and give the sensitivity analysis of parameters which are used in
the proposed model.

4.1. Curvature effect on growth

First, let us consider the artificial curvature effect on crystal
growth. To highlight this effect, let us assume A =0 in the con-
ventional phase-field Eq. (4), then it becomes

2092 =V @0)V9) + 61 - ¢7)
He OO,

and the proposed phase-field Eq. (9) becomes

— (€'®)e®)¢y),
(20)

?jk) - [62 (¢uk) +€? (¢1 1,jk ](d)gk - ¢i"—1.jk)

[Va- (62(¢)Vd¢)]lﬂ( : o2
+ [€2@] 100 + € @I (D14 —

B — [€2@h) + @1, 010 -

1)
ij—1.k

2h2
+ [62(¢inj.k+l) +€2(¢le ]( Inj,k+1 -

lrljk) [ 2(¢uk) + 62(¢l] k-1 ](‘P:}k B ¢lnj,k—1)

2h?

where the anisotropic function for cubic symmetry is discretized
as follows:

484

)

4 4 4
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Fig. 2. Numerical results: (a) with artificial curvature effect and (b) without artificial curvature effect. Here, A = 0 is used.

3¢ Vo
O) 5 =V (€O)VP) - €*(0)|VPIV - <|V¢|)

+o(1-¢%) — (¢ (O)eO)y), + (€' (©)e(O)¢x)
(21)

Assumed that the initial conditions on the computational domain
Q2 = (-20,20) x (—20, 20) are given as

¢(x,y,0) = tanh (15_\/}?}}2)

and U(x,y,0) = A<1—¢(2x,y,o)>_ (22)

Here,h=1, At =0.1h%?, ¢y =1, k=6, A = —0.45, and €5 = 1/(k* —
1) = 1/35 are used.

Figure 2 (a) and (b) display the temporal evolution of the inter-
face with and without artificial curvature effect, respectively. The
interface is plotted at every 115 temporal iterations. When A =0,
there is no growth factor and the growth of the crystal should stop.
However, in the case of the conventional phase-field model, the
crystal shrinks and finally disappears due to the artificial curvature
effect as shown in Fig. 2(a). On the contrary, Fig. 2(b) shows the
steady shape of the interfaces in the case of the proposed phase-
field model without the artificial curvature effect. The crystal does
not shrink and keeps the initial area and forms a six-fold symmet-
ric interface as time evolves. Thus when the growth factor is not
considered, if we want to keep the crystal shapes as the original,
we should remove the artificial curvature term.

To validate the accuracy of the proposed model which has no
curvature effect, we present a comparison test using the conven-
tional and proposed models. For simplicity, we suppose isotropic
crystal, i.e, € =1 and constant temperature U = A. Then, a refer-
ence governing equation becomes
8 _ aaa-gn2 (23)
We solve the ordinary differential equation (ODE) (23) using
the four-order Runge-Kutta method. The following Eqs. (24) and
(25) represent the governing models with and without curvature
effect, respectively.

B _ gy vglv. (%) L1p - AA( - ¢D)](1 - ¢,
(24)
09

Fri V2 +1¢ 1A - 9]0 - ¢?). (25)

7 1= = - Initial profile ]
Analytic profile
Y| A With curvature
O Without curvature

7+ ]

=7 0 x 7

Fig. 3. Numerical comparison of the conventional and proposed models for the cur-
vature effect.

For the comparison test, we set the parameters as h=2/15,
At =0.1h%, A =1, and A = —0.55. Given initial condition on Q =
(—10,10) x (—10, 10) is as follow:

$(x.y.0) = tanh(3 _[;/XZ +y2). (26)

Figure 3 illustrates the zero-level contours of the numerical solu-
tions of the conventional and proposed models with the initial and
reference solution at time t = 1000At. We can find that the solu-
tion of the proposed model, which is without the curvature effect,
follows the reference solution profile well.

4.2. k-fold symmetric dendritic growth

Let us consider the anisotropic function €(¢)=¢€o(1+
€rcos(kg)) and perform comparison tests based on the
k-fold crystal growth for k=4 and 6. In this simula-
tion, we use Ny=N, =200 on the computational domain
Q = (-70,70) x (-70,70), XA =3.1913, D=0.6267A, A =-0.55,
At =0.1h?/D, €, =1/(k* —1), and €y = 1. The initial condition
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Fig. 4. (a)-(d) are snapshots of the temporal evolutions of the contours of ¢ at level zero up to times t = 10, 000At, 3000At, 16000A¢t, and 6000At, respectively: (a) and (b)
are the results with k = 4; (c) and (d) are the results with k = 6; (a) and (c) are the results with the conventional model; and (b) and (d) are the results with the proposed

model without artificial curvature effect.

with a circle with radius R = 3 is taken as:

¢(x,y,0) = tanh (R_ :;;-H/Z)

and U(x,y,0) = A(l—d)(zx,y,())) 27)

Figure 4 (a)-(d) are snapshots of the temporal evolutions of the
contours of ¢ at level zero up to the times t = 10, 000At, 3000At,
16000At and 6000At, respectively. (a) and (b) are the results with
k=4; (c) and (d) are the results with k= 6; (a) and (c) are the
results with the conventional model; and (b) and (d) are the re-
sults with the proposed model without artificial curvature effect.
We should note that the final times are different in the four cases.
From Fig. 4 we can see that in the case of the proposed phase-
field model, the dendritic structure grows faster compared with
the conventional model.

Figure 5 (a) and (b) display the overlapped contours for the
results at the same time obtained from the conventional model
(dashed line) and the proposed model without artificial curvature
effect (solid line) for k =4 and k = 6, respectively. It can be seen
that the dendritic structure obtained from the proposed model
develops much faster than that obtained from the conventional
phase-field model. This phenomenon is more noticeable in earlier
times because the curvature of structural interface is larger when
the size of initial circle is smaller. Figure 6 displays the snapshots
of temporal evolutions of the profile ¢ at level zero with different
values of A =—-0.45, —0.55, —0.65. We can see that the dendritic
structure grows faster under large initial undercooling sizes.

4.3. Polycrystal growth in the undercooling liquid

In this section, the dendritic growth of polycrystal in under-
cooling liquid is considered [3,38]. This test aims to show our
model is applicable to a physical problem. We use Ny = Ny =400
on the computational domain 2 = (—140, 140) x (140, 140), A =
—0.55, R=5, and the other parameters are the same as those in
Section 4.2 unless specified. The initial conditions are taken as:

R— /(X +x0)2 + (y +Y0)?
2

and U(x,y,0) = A(l—(p(zxy())) (28)

Firstly, we consider two crystals, whose distance between two cir-
cle centers is I. Here, k =4 and t = 5000At are taken. Figure 7(a),
(b), and (c) show the polycrystal contours of ¢ at level zero ob-
tained by our proposed model with [ = 20,40, and 100, respec-
tively. It can be seen that if two crystals are nearby, the adjacent
part of these two dendritic crystals stop growing, which results in
the other part of dendritic crystals growing faster.

Next, different number of dendritic crystals growing in
the undercooling liquid are performed. For two crystals,
(%9,¥0) = (10.5,0) and (-10.5,0). For three dendritic crys-
tals, (xg,¥o) = (0,-12), (10.5,6) and (-10.5,6). For four den-
dritic crystals, (xg,Yo) = (10.5,-10.5), (10.5,10.5), (-10.5,10.5)
and (-10.5,-10.5). For five number of dendritic crys-
tals, (xg,yp) = (21,2), (10.5,-15.5), (0,13.5), (-21,2) and
(-10.5,-15.5). Here, k=4 and t = 5000At are used. Figure 8
shows the polycrystal contours of ¢ at level zero with different

¢(x,y,0) = tanh (
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Fig. 5. Overlapped contours for the results from the conventional model (dashed line) and the proposed model without artificial curvature effect (solid line) for (a) k =4

and (b) k = 6.
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Fig. 6. The contours of ¢ at level zero for the proposed model with different initial undercooling sizes. The top row corresponds k = 4 at time ¢t = 5000At and the bottom
row corresponds k = 6 at time t = 6000At. (a) and (d) are the results with A = —0.45. (b) and (e) are the results with A = —0.55. (c) and (f) are the results with A = —0.65.

numbers of dendritic growth obtained by our model. We can
find that the adjacent part of two or more dendritic crystals stop
growing. The conclusion that some parts of too close crystals
being stopped growing is irrelevant to the number of crystals can
be obtained.

Finally, let us consider the effect of the angle rotation on the
polycrystal growth. Assumed that the four circle centers in ini-
tial conditions are: (xqg,yg) = (25, —25), (—25, -25), (=25, 25) and
(25,25) on four different quadrants respectively. The clockwise ro-
tated angles are 0, /4, /2,37 /4 for these four crystals respec-
tively. Here, k=6 and t = 6000At are taken. Figure 9(a) and

(b) show the polycrystal contours of the results from our pro-
posed model before and after angle rotation. It can be seen that
the growth orientation of polycrystal can change as 6 rotates
0,m/4,m/2,3m /4 clockwise.

4.4. Three-dimensional crystal growth

Next, to highlight the difference of growth dynamics between
the conventional and proposed phase-field models in 3D space,
we perform some computational tests for dendritic growth in 3D
space. In this three-dimensional simulation, we use Ny =N, = N; =
200 in the computational domain €2 = (-80,80) x (—80, 80) x
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Fig. 7. Polycrystal contours for the results from the proposed model without artificial curvature effect. | represents the distance between two circle centers. Here, k = 4,
A =-0.55 and t = 5000At are used.
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Fig. 8. Polycrystal contours of ¢ at level zero obtained from our proposed model with different number of crystals. Here k = 4, A = —0.55 and t = 5000At are used.
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Fig. 9. Polycrystal contours for the results from the proposed model without artificial curvature effect. (a) is the results before rotation and (b) is the result after 6 of the
four crystals rotating 0, 7 /4, 7w /2, 37 /4 clockwise. Here, k = 6, A = —0.55 and t = 6000At.
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Fig. 10. Temporal evolution of the isosurface of ¢ at level zero for the conventional model (top row) and the proposed model (bottom row). Here, (a), (b) and (c) are the
results at times t = 0, 1000At, 2000At, respectively.
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Fig. 11. Temporal evolution of the isosurface of ¢ at level zero for the proposed model with A = —0.45 (top row) and A = —0.65 (bottom row). Here, (a), (b), and (c) are
the results at times t = 0, 1000At, 2000At, respectively.

(—80,80) and we take §4 =0.05, D=2, A =1.5957D, A = —0.55,
and At = 0.1h2/D. The initial conditions are taken as ¢ (x,y, z,0) =

x2+y? +zz)/\f2] where R = 3 is the initial radius of
ball; U(x,y,z,0) =0 if ¢(x,y,2z,0) >0 and U(x,y,z 0) = A other-

tanh [(R -

wise.

Figure 10(a), (b), and (c) display the temporal evolution of the
isosurface of ¢ at level zero for the conventional model (top row)
and the proposed model (bottom row) at times t =0, 1000At,

2000At, respectively. It can be seen that the three-dimensional
dendritic structure obtained from the proposed model develops
much faster than that obtained from the conventional phase-field
model. This phenomenon is more noticeable in earlier times be-
cause the curvature of interface is larger when the size of ini-

tial ball is smaller. Because dendritic structure forms faster than

the conventional phase-field model does, the proposed phase-field
model has the advantage of less CPU computing time and re-
duced more memory. Therefore, if we use the proposed phase-field
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80

model, we can obtain a much detailed dendritic structure under
the equivalent computational resources used by the conventional
phase-field model.

4.5. Effect of initial undercooling sizes and radius in 3D dendritic
growth

Next, we study the effects of the initial undercooling sizes A
and the initial radius of ball R on the growth of dendritic structure
in our proposed model. Figure 11 shows sequences of isosurfaces ¢
at level zero with different undercooling sizes A = —0.45 (top row)
and A = —-0.65 (bottom row) at times t =0, 1000At, 2000At. It
can be observed that the dendritic structure grows faster under the
large initial undercooling size. Figure 12(a), (b) and (c) show the
isosurfaces of ¢ at level zero at time t = 2000At for the proposed
model with the initial radius of ball R =1, 10, 20 respectively. We
can see that the dendritic structure become fatter with the large
radius of initial ball. Therefore, we can utilize the initial undercool-
ing size A and the radius R in the proposed model to control the
dendritic crystal growth speed.

5. Conclusions

In this article, we presented a novel phase-field model without
artificial curvature effect for the crystal growth simulation. The nu-
merical experiments highlighted the difference between the com-
putational results from the proposed and conventional phase-field
models for dendritic growth simulation. In the case of the new
phase-field model without the artificial curvature effect in both the
two-dimensional and three-dimensional spaces, dendritic growth
developed faster than that in the case of the conventional phase-
field model because the new model reduces the artificial curva-
ture effect. Our proposed model was also applicable to polycrystal
growth in undercooling liquid. In this study, to focus on the novel
phase-field model, we used the simple explicit numerical scheme
for the proposed model. In the future work, we will further in-
vestigate high-order accurate and more stable numerical schemes
such as that proposed by Zhang and Yang [39] for the phase-field
model without the artificial curvature effect. Furthermore, the pro-
posed crystal growth model can be coupled with a momentum
equation of fluid flow for simulating dendritic growth with con-
vection [40-42].
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