
V� 1 *�×

ËÂø5� 	�&P�ß��

(Finite Difference Method)

V� 1 â�
 5�³À

Ä»ô�Ç	�ì�rZO��Érp�ì�r~½Ó&ñ
d�� (differential equation)�̀¦ 	�ì�r~½Ó&ñ
d�� (difference equation)Ü¼�Ð s�íß��o

r�&�"f Ãºu�&h���� K�\�¦ ½̈
���H ~½ÓZO�s���. s� �©�\�"f��H Ä»ô�Ç	�ì�rZO��̀¦ ��6 x
�#� \P�~½Ó&ñ
d�� (heat

equation)õ� �̂¦Ïþ� _�tÝ¼ ¼#�p�ì�r~½Ó&ñ
d��_� ��H��K�\�¦ ½̈½+É �.���s	כ ���$� Ä»ô�Ç	�ì�rZO�_� l��:r "é¶o�\�¦

¶ú�(R�Ð��. Taylor_� &ñ
o� 1 \�¦ s�6 x
���� �<ÊÃº u(x + h, t)��H ��6£§õ� °ú s� (x, t) \�"f_� u �<ÊÃº°úכ

õ� p�ì�r°úכ[þt_� Áºô�Ç /åLÃº�Ð ����è­q Ãº e����.

u(x + h, t) = u(x, t) + ux(x, t)h +
uxx(x, t)

2
h2 +

uxxx(x, t)

3!
h3 + · · · (1.1)

ux(x, t)\� @/K�"f &ñ
o�
����,

ux(x, t) =
u(x + h, t) − u(x, t)

h
+ O(h). (1.2)

s��s����~½Ó	כ 	�ì�rZO� (forward difference method)s���. ��ðøÍ��t��Ð, ���Ãº t\� �'a
�#� ���~½Ó	�ì�r�̀¦


����

ut(x, t) =
u(x, t + k) − u(x, t)

k
+ O(k) (1.3)

\�¦ %3���H��. Êê~½Ó	�ì�rZO� (backward difference method)�Ér

u(x − h, t) = u(x, t) − ux(x, t)h +
uxx(x, t)

2
h2 −

uxxx(x, t)

3!
h3 + · · · (1.4)

1Taylor &ñ
o�:�<ÊÃº f(x)�� x = x0\�"f n��� p�ì�r��0px
����¦ 
���.

pn(x) = f(x0) + f
′(x0)(x − x0) +

f ′′(x0)

2!
(x − x0)

2 + . . . +
f (n)(x0)

n!
(x − x0)

n

�̀¦ x = x0\�"f f(x)_� n���P: Taylor ���½Ód��s���ô�Ç��.
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8 ]j 1 �©� Ä»ô�Ç 	�ì�rZO� (FINITE DIFFERENCE METHOD)

d�� (1.4)\�¦ ux(x, t)\� @/K�"f &ñ
o�
����,

ux(x, t) =
u(x, t) − u(x − h, t)

h
+ O(h).2 (1.5)

d�� (1.1)\�"f d��(1.4)�̀¦ �É� ��6£§ ux(x, t)\� @/K�"f &ñ
o�
����, ��6£§_� ×�æ�©�	�ì�r~½Ó&ñ
d�� (central

difference equation)�̀¦ %3���H��.

ux(x, t) =
u(x + h, t) − u(x − h, t)

2h
+ O(h2). (1.6)

d��(1.1)\�"f d��(1.4)�̀¦ �8ô�Ç ��6£§ uxx(x, t)\� @/K�"f &ñ
o�
����,

uxx(x, t) =
u(x + h, t) − 2u(x, t) + u(x − h, t)

h2
+ O(h2). (1.7)

a

x1 x2 x3 · · · · · · x
Nx−2

x
Nx−1

x
Nx

b

ÕªaË> 1.1: Ä»ô�Ç	�ì�r��H��\�¦ 0Aô�Ç �����(grid)

ÕªaË> 1.1ü<°ú s� ½̈çß� [a, b]\�¦ç�H1px
�>� Nx−11pxì�r
��¦��n�&h��̀¦ xi,¿º&h���s�_�çß�����̀¦ h��


���. këß��pub��#Q���1lx1pxô�Çr�çß� ½̈çß�_����]X�&h�[þt�Ð t»¡¤�̀¦��¾º��. Õª�Q��� h = (b−a)/(Nx−1),

xi = a + (i − 1)hs��¦ a = x1 < x2 < · · · < xNx−1 < xNx
= bü< °ú s� �)a��. #�l�"f un

i =

u(a + (i − 1)h, (n − 1)k) ���¦ æ¼l��Ð ô�Ç��.

V� 2 â�
 á~
 '�×Ça�ÐÏ�Uc 7�ø5� ËÂø5� 	�&P�ß��

Ä»ô�Ç	�ì�rZO��̀¦ s�6 x
�#� \P�~½Ó&ñ
d���̀¦ Û�¦#Q�Ðl��Ð 
���. \P�~½Ó&ñ
d���Ér d��(1.8)õ� °ú �Ér ¼#�p�ì�r ~½Ó&ñ


d��s���.

ut(x, t) = uxx(x, t), 0 < x < 1, t > 0. (1.8)

s� M: �â
>��̧|	��Ér u(0, t) = u(1, t) = 0 (t > 0)s��¦ �íl��̧|	��Ér u(x, 0) = sin(πx) (0 ≤ x ≤ 1)�̀¦

ëß�7á¤ô�Ç��. K�$3�K���H u(x, t) = sin(πx)e−π2ts� 9 ÕªaË>1.2%�!3� ÕªA�áÔ�Ð ����è­q Ãº e����. s� ~½Ó&ñ


d��\� @/ô�Ç ��H��K�\�¦ Ä»ô�Ç	�ì�rZO��̀¦ s�6 x
�#� ½̈K��Ð��.

2.1 ÃZ�k��\� (Explicit) ËÂø5� 	�&P�ß��

���$� &ñ
Ãº Nx > 0�̀¦ ���×þ�
��¦ h = 1/(Nx − 1)s��� &ñ
_�
����, d��(1.3)ü< (1.7)�̀¦ s�6 x
�#�, \P�~½Ó

&ñ
d��(1.8)\� @/K� ��6£§õ� °ú s� Ä»ô�Ç	�ì�rZO��̀¦ &h�6 x½+É Ãº e��>� �)a��. r�çß�\� @/K�"f ut�̀¦ Ä»ô�Ç ���

~½Ó	�ì�r Õªo��¦ /BNçß�\� @/K�"f uxx\� @/ô�Ç ×�æ�©��̀¦ s�6 x
�#� \P�~½Ó&ñ
d���̀¦ ��6£§õ� °ú s� s�íß��or�&�

"f ����è­q Ãº e����.

un+1
i − un

i

k
+ O(k) =

un
i+1 − 2un

i + un
i−1

h2
+ O(h2) (1.9)
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(b)

ÕªaË> 1.2: \P�~½Ó&ñ
d��_� K�$3�K�

for i = 2, . . . , Nx − 1 and n = 1, 2, . . . ,Nt.

O(k)ü< O(h2)\�¦ Áºr�
����, d��(1.9)\�¦ 	�ì�r~½Ó&ñ
d��

un+1
i = un

i + α(un
i+1 − 2un

i + un
i−1), α =

k

h2
(1.10)

Ü¼�Ð &ñ
o�½+É Ãº e����. �íl�u���H u1
i = sin(πxi) for i = 1, 2, . . . ,Nxs���. un

i �̀¦ ·ú��¦ e�������, "î


r�&h�Ü¼�Ð un+1
i �̀¦ >�íß�½+É Ãº e����. s���s	כ s� ~½ÓZO��̀¦ "î
r�&h�s��� ÂÒØÔ��H s�Ä»s���. ��6£§�Ér α =

0.45, Nx = 30{9� M:, r�çß�\� ���Ér \P�~½Ó&ñ
d��_� K�\�¦ �����·p MATLAB �ï×¼s���.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% heatex.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clf; clear; clc;

alpha=0.45;

Nx=30;

x=linspace(0,1,Nx);

h=x(2)-x(1);

k=alpha*h^2;

T=0.125;

Nt=round(T/k);

u(1:Nx,1:Nt+1)=0;

u(:,1)=sin(pi*x);

exu=u;

for n=1:Nt

for i=2:Nx-1

u(i,n+1) = u(i,n)+alpha*(u(i-1,n)-2*u(i,n)+u(i+1,n));

exu(i,n+1) = sin(pi*x(i))*exp(-pi^2*(k*n));

end

end

plot(x,u(:,1),’k*’,x,u(:,50),’kd’,x,u(:,100),’ks’,x,u(:,Nt+1),’ko’);

hold

plot(x,exu(:,1),’k’,x,exu(:,50),’k’,x,exu(:,100),’k’,x,exu(:,Nt+1),’k’)

legend(’initial’,’n=50’,’n=100’,’n=192’,’exact solution’)

xlabel(’x’,’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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(b)

ÕªaË> 1.3: (a) α = 0.45��� îß�&ñ
ô�Ç �©�I� (b) α = 0.55��� Ô�¦îß�&ñ
ô�Ç �©�I�

2.1.1 ÃZ�k��\�'�×ß���+ ò5ÑÇa�Å]� %K�V� - Ûeµ �¿l�ï5Ñ (von Neumann) '�×ß��

�:r�̧s�ëß� ~½ÓZO��Ér �íl��̧|	��̀¦ Ä»ô�Ç>h_� ÉÒo�\� /åLÃº (finite Fourier series)�Ð �����·p ��6£§, �<ÊÃº

_�$í
�©��̀¦�¦�9
���H�.���s	כ ÉÒo�\�/åLÃº��H�����õ��ï�����_� �̧½+ËÜ¼�Ð³ð�&³½+ÉÃº�̧e��t�ëß�4�¤�è

t�Ãº�<ÊÃº�Ð ����?/��� >�íß��̀¦ çß�éß�
�>� ½+É Ãº e����. r�çß�s� t�z��\� ����"f

un
k = eiβkhξn (1.11)

s� #Qb�G>� $í
�©�
���H�� �Ð��. d�� (1.11)�̀¦ ~½Ó&ñ
d�� (1.10)\� @/{9��̀¦ 
���� ��6£§�̀¦ %3���H��.

eiβkhξn+1 = αeiβ(k−1)hξn + (1 − 2α)eiβkhξn + αeiβ(k+1)hξn,

ξ = αe−iβh + (1 − 2α) + αeiβh = 1 − 4α sin2 βh

2
.

�ª�Ä»ô�Ç	�ì�rK��� von Neumann�'a&h�\�"f îß�&ñ
&h�s�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér |ξ| ≤ 1s���. Õª

�QÙ¼�Ð ��6£§_� ÂÒ1pxd��s� $í
wn�ô�Ç��.

0 ≤ α sin2 βh

2
≤

1

2
. (1.12)

����"f, �ª�Ä»ô�Ç	�ì�rK��� îß�&ñ
&h�s�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér ��6£§õ� °ú ��.

0 < α ≤
1

2
. (1.13)

ÕªaË> 1.3(a)\�"f α = 0.45{9�M: >�íß��)a °úכ�Ér &ñ
SX�ô�Ç K�\� ����0>t�t�ëß�, ÕªaË> 1.3(b)\�"f �Ð

1pws� α = 0.55{9�M: >�íß��)a °úכ�Ér &ñ
SX�ô�Ç K��Ð Ãº§4�
�t� ·ú§��H��. 7£¤ α_� °úכs� &�f��\� ���� ½̈ô�Ç

K��� Ô�¦îß�&ñ
½+É Ãº e������H &h�s� "î
r�&h� Ä»ô�Ç	�ì�rZO�_� éß�&h�s���.
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2.2 Áþ���́�\� (Implicit) ËÂø5� 	�&P�ß��

"î
r�&h� Ä»ô�Ç	�ì�rZO�_� îß�&ñ
�̧|	���� 0 < α ≤ 1
2_� ]j����̀¦ x�
�l� 0AK� �<Ê»¡¤&h� Ä»ô�Ç 	�ì�rZO��̀¦ s�

6 xô�Ç��. �<Ê»¡¤&h� ~½ÓZO��Ér r�çß�çß�����̀¦ ���>� 2[
�t� ·ú§�¦�̧ ú́§�Ér Ãº_� �����&h�[þt�̀¦ s�6 x½+É Ãº e����.

��ëß� �<Ê»¡¤&h� ~½ÓZO��Ér Ä»ô�Ç	�ì�r ���wn�~½Ó&ñ
d��_� K�\�¦ ½̈K��� ô�Ç��. �Ð:�x �<Ê»¡¤&h� Ä»ô�Ç	�ì�rZO�s����¦

·ú��9��� ¢-a��� �<Ê»¡¤&h� Ä»ô�Ç	�ì�rZO��Ér ut\� @/ô�Ç Êê~½Ó Ä»ô�Ç	�ì�r��H��ü< uxx\� @/ô�Ç ×�æ�©�	�ì�r��H��\�¦

s�6 xô�Ç��. ����"f ��6£§õ� °ú �Ér �<Ê»¡¤&h� Ä»ô�Ç	�ì�r ~½Ó&ñ
d���̀¦ s�=åJ#Q è­q Ãº e����.

un+1
i − un

i

k
=

un+1
i−1 − 2un+1

i + un+1
i+1

h2
.

��r� &ñ
o�
���� ��6£§_� �<Ê»¡¤&h� Ä»ô�Ç	�ì�r~½Ó&ñ
d��

−αun+1
i−1 + (1 + 2α)un+1

i − αun+1
i+1 = un

i , α =
k

h2
for each i = 2, · · · ,Nx − 1 (1.14)

�̀¦ %3�>� �)a��. (1.14)��H ��6£§õ� °ú �Ér ���+þA r�Û¼%7� (linear system)Ü¼�Ð ����è­q Ãº e����.


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







1 + 2α −α 0 . . . 0

−α 1 + 2α −α 0

0 −α
. . .

. . .
...

...
. . .

. . . −α

0 0 −α 1 + 2α














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
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
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




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


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
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
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



un+1
2

un+1
3

...

...

un+1
Nx−1































=































αun+1
1 + un

2

un
3

...

...

un
Nx−1 + αun+1

Nx































=
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
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



bn
2
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3

...

...
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Nx−1


















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









. (1.15)

(1.15)�Ér 7á§ �8 ·ú�»¡¤�)a +þAI����

Au
n+1 = b

n (1.16)

Ü¼�Ð ����è­q Ãº e����. #�l�"f u
n+1ü< b

n��H (Nx − 2)−	�"é¶_�  7�'�[þt���

u
n+1 = (un+1

2 , · · · , un+1
Nx−1)

T , b
n = u

n + α(un
1 , 0, · · · , 0, un+1

Nx

)T

�̀¦ >pw
� 9, A�Ér (1.15)\�"f ÅÒ#Q��� (Nx − 2)−&ñ
~½Ó@/g�A'��§>=�̀¦ >pwô�Ç��. α ≥ 0\� @/
�#� A�Ér ��

%i� (invertible)s�Ù¼�Ð

u
n+1 = A−1

b
n (1.17)
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s���. Õª�QÙ¼�Ð u
nõ� �â
>��̧|	�\� _�K� ½̈K�t���H b

n\� _�K� u
n+1\�¦ ¹1Ô�̀¦ Ãº e����. �íl��̧|	��Ér

u
1\� _�K� ���&ñ
÷&Ù¼�Ð, y��y��_� u

n+1�̀¦ í�H	�&h�Ü¼�Ð ½̈½+É Ãº e����.

2.2.1 �×��â« N±Ó�§h�¤æ̧ (Thomas Algorithm)

%ò
s� ����� "é¶�è\�¦ ��t���H ��6£§ '��§>=�̀¦ ¶ú�(R�Ð��.
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
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




















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

=






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


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




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
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


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
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
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





b1
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...
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bNx−1

bNx






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
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
















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, (1.18)

#�l�"f ³ðr�÷&t� ·ú§�Ér "é¶�è[þt�Ér �̧¿º 0s���. ���×�æ@/y��(Tridiagonal) '��§>=�Ér |i − j| ≥ 2{9� M:,

aij = 0�� ÷&��H :£¤fç
�̀¦ ��t��¦ e����. s�]j ���×�æ@/y�� '��§>=_� K�\�¦ ½̈
���H ·ú��¦t�7£§�̀¦ ½̈K��Ð��.

1'��\� a1/d1�̀¦Y�Lô�Ç°ú̀�כ¦ 2'��\�"f�É���. Õª�Q��� a1_���o�\���H 0s�0Au�
�>�÷&�¦ d2ü< b2_�

°ú̧�כ ��6£§õ� °ú s� ���
�>� �)a��.

d2 = d2 −
a1

d1
c1, b2 = b2 −

a1

d1
b1


�t�ëß� c2��H ���
�t� ·ú§��H��.
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ai−1 di ci
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. . .

aNx−2 dNx−1 cNx−1

aNx−1 dNx
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

b1

b2 −
a1b1

d1
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...
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bNx−1

bNx












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
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.
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s� õ�&ñ
�̀¦ ìøÍ4�¤
�#� &h�6 x
���� y��y��_� éß�>�\�"f diü< bi[þt�Ér ��6£§õ� °ú s� ��7
>� �)a��:

di = di −
ai−1

di−1
ci−1, bi = bi −

ai−1

di−1
bi−1 (2 ≤ i ≤ Nx).

���~½Ó�è��_� ���õ��Ð, d��(1.18)�Ér ��6£§_� +þAI�\�¦ °ú�>� �)a��.
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





d1 c1

d2 c2

d3 c3

. . .
. . .

di ci

. . .
. . .

dNx−1 cNx−1

dNx


























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
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
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
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






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


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
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








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







x1

x2

x3

...

xi

...

xNx−1

xNx





















































=





















































b1

b2

b3

...

bi

...

bNx−1

bNx






































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
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



. (1.19)

#�l�"f biü< di[þt�Ér %�6£§°úכõ���H ���Ér °ú̀�כ¦ ��t��¦ e��t�ëß� ci_� °úכ[þt�Ér %�6£§°úכõ� 1lx{9�
���. s�]j

Êê~½Ó@/{9��̀¦ :�xK� xNx
, xNx−1, · · · , x1�̀¦ 	�YV�Ð ½̈½+É Ãº e����:

xNx
=

bNx

dNx

,

xi =
1

di
(bi − cixi+1), i = Nx − 1, Nx − 2, · · · , 1.

��6£§�Ér \P�~½Ó&ñ
d��_� Ãºu�K�\�¦ �Ð��Û¼ ·ú��¦o�7£§�̀¦ s�6 x
�#� ½̈
���H MATLAB �ï×¼s���.
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0A_� �ï×¼ 2.2.1\�¦ z�́'��
���� ��6£§_� ���õ�\�¦ %3��̀¦ Ãº e����.

2.2.2 Áþ���́�\� '�×ß���+ ò5ÑÇa�Å]� %K�V� - Ûeµ �¿l�ï5Ñ '�×ß��

"î
r�&h� ~½ÓZO�_� îß�&ñ
$í
 ë�H]jü< °ú s� r�çß�s� t�z��\� ����"f

un
k = eiβkhξn (1.20)

s� #Qb�G>� $í
�©�
���H�� �Ð��. d�� (1.20)�̀¦ ~½Ó&ñ
d�� (1.14)\� @/{9��̀¦ 
���� ��6£§�̀¦ %3���H��.

−αeiβ(k−1)hξn+1 + (1 + 2α)eiβkhξn+1 − αeiβ(k+1)hξn+1 = eiβkhξn,

−αe−iβhξ + (1 + 2α)ξ − αeiβhξ = 1,

(2α(1 − cos(βh)) + 1)ξ = 1.

����"f,

ξ =
1

4α sin2(βh/2) + 1
. (1.21)

ξ��H �̧��H �ª�Ãº αü< �̧��H β\� @/K�"f 1
4α+1 ≤ ξ ≤ 1�̀¦ ëß�7á¤ô�Ç��. ����"f d��(1.14)�Ér Áº�̧|	� îß�&ñ


&h�s���. s���H ÕªaË> 1.5�Ð SX����½+É Ãº e����.

2.3 æ«�ßjæ« f�¦I·ÕM� (Crank-Nicolson) '�×ß��

t��FK��t����/åLô�Ç"î
r�&h� ¢̧��H�<Ê»¡¤&h�~½ÓZO��̀¦ô�Ç���\��¦�9ô�Ç~½ÓZO�s�ß¼Ï��ß¼m�c+t��H~½ÓZO�s���. ß¼

Ï��ß¼ m�c+t��H ~½ÓZO��Ér r�çß� ����� nõ� n + 1_� ×�æçß�\� e����H p�ì�r ��H��°úכ u
n+1/2
i �̀¦ s�6 xô�Ç��. r�&h�

n + 1/2\�"f , r�çß�\� @/ô�Ç 1>� ¼#�p�ì�r�̀¦ ½̈
���� ��6£§õ� °ú ��.

ut(xi, t
n+1/2) =

un+1
i − un

i

k
+ O(k2) (1.22)

¢̧ô�Ç r�&h� n + 1/2\�"f, /BNçß����Ãº x\� @/ô�Ç 2>� ¼#�p�ì�r�Érr�&h� nü< n + 1\�"f 2>� ¼#�p�ì�r ��H��°úכ

�̀¦ î̈
ç�HK�"f ½̈ô�Ç��.

uxx(xi, t
n+1/2) =

1

2

(

uxx(xi, t
n) + uxx(xi, t

n+1)
)

+ O(h2)

=
1

2

(

un
i+1 − 2un

i + un
i−1

h2
+

un+1
i+1 − 2un+1

i + un+1
i−1

h2

)

+ O(h2). (1.23)

¿º ��H��d�� (1.22)ü< (1.23)_� ]X�éß��̧	���H y��y�� O(k2)õ� O(h2)Ü¼�Ð ��H��d��_� &ñ
SX��̧�� Z�}l� M:ë�H

\� ú́§�Ér >�íß��̀¦ 
�t� ·ú§���̧ Ãºu�ì�r$3�\�"f ëß�7á¤Û¼�Qî�r K�\�¦ %3��̀¦ Ãº e����. d��(1.22)ü< (1.23)_�

Äº����̀¦ °ú >� 
���� ��6£§õ� °ú �Ér ß¼Ï��ß¼ m�c+t��H d���̀¦ %3��̀¦ Ãº e����.

−αun+1
i−1 + 2(1 + α)un+1

i − αun+1
i+1 = αun

i−1 + 2(1 − α)un
i + αun

i+1, (1.24)
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% heatim.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clear; clc; clf;

Nx=12; x=linspace(0,1,Nx); h=x(2)-x(1);

T=0.1; alpha=2;

k = alpha*(h^2); Nt=round(T/k);

u(:,1)=sin(pi*x);

for i=1:Nx-2

dd(i)= 1 + 2*alpha; c(i)= - alpha; a(i)= - alpha;

end

for n=1:Nt

d=dd;

for i=1:Nx-2

b(i)=u(i+1,n);

end

for i=2:Nx-2

xmult= a(i-1)/d(i-1);

d(i) = d(i) - xmult*c(i-1);

b(i) = b(i) - xmult*b(i-1);

end

u(Nx-1,n+1) = b(Nx-2)/d(Nx-2);

for i = Nx-3:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

end

plot(x,u,’ko-’)

xlabel(’x’,’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20);

title(’Heat equation - Implicit(\alpha = 2)’,’FontSize’,20)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

ÕªaË> 1.4: �Ð��Û¼ ·ú��¦o�7£§�̀¦ s�6 xô�Ç �<Ê»¡¤&h� \P�~½Ó&ñ
d�� MATLAB �ï×¼.
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Heat equation − Implicit(α = 2)

ÕªaË> 1.5: �<Ê»¡¤&h� \P�~½Ó&ñ
d�� α = 2��� îß�&ñ
ô�Ç �©�I�

#�l�"f α = k
h2s���. d�� (1.24)\�¦ '��§>= +þAI��Ð ³ð�&³
���� ��6£§õ� °ú ��.
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

αun+1
1 + 2(1 − α)un

2 + αun
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αun
2 + 2(1 − α)un

3 + αun
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αun
3 + 2(1 − α)un

4 + αun
5

...

2(1 − α)un
Nx−2 + αun

Nx−1

αun
Nx−2 + 2(1 − α)un

Nx−1 + αun+1
Nx
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






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























=





































bn
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. (1.25)

0A_� d��(1.25)�̀¦ çß�éß�
�>� ��6£§õ� °ú s� ³ð�&³½+É Ãº e����.

Aun+1 = bn.

��6£§�Ér \P�~½Ó&ñ
d���̀¦ ß¼Ï��ß¼ m�c+t��H ~½ÓZO�\� _�K� ó�r MATLAB codes���.



18 ]j 1 �©� Ä»ô�Ç 	�ì�rZO� (FINITE DIFFERENCE METHOD)

0A_� �ï×¼2.3\�¦ z�́'��
���� ��6£§_� ���õ�\�¦ %3��̀¦ Ãº e����.

2.3.1 æ«�ßjæ« f�¦I·ÕM� '�×ß���+ ò5ÑÇa�Å]� %K�V� - Ûeµ �¿l�ï5Ñ '�×ß��

2.4 ÊÁ�]�Å]� (convergence) Ycâ«çÃ

²DG�è]X�éß��̧	� (local truncation error)��H ���5ÅqK��� �̧×¼&h�\�"f Ãºu�&h� ~½ÓZO��̀¦ ëß�7á¤
�t� 3lw
���H

	�s�\�¦8£¤&ñ
ô�Ç�.���s	כ Ãºu�l�ZO�_�²DG�è]X�éß��̧	���H���5Åq&h����ë�H]j_�&ñ
SX�ô�ÇK�\�¦s�íß�&h����Ãº

u�l�ZO�\� @/{9��<ÊÜ¼�Ð+� µ1ÏÒqtô�Ç��. u(xi, t
n)��H \P�~½Ó&ñ
d��_� &ñ
SX�ô�Ç K�\�¦ �����·p��. ��6£§�Ér &ñ
SX�

ô�Ç K�\�¦ Ãºu�l�ZO�\� @/{9��<ÊÜ¼�Ð+� "î
r�&h� Ä»ô�Ç	�ì�rZO�_� ²DG�è]X�éß��̧	�\�¦ ¹1Ô��H õ�&ñ
s���. �̧×¼

(xi, t
n)\�"f ²DG�è]X�éß��̧	���H ��6£§õ� °ú s� ½̈ô�Ç��.

T (xi, t
n) =

u(xi, t
n+1) − u(xi, t

n)

k
−

u(xi+1, t
n) − 2u(xi, t

n) + u(xi−1, t
n)

h2
.

s�]j �̧×¼(xi, t
n)\�"f _�{9��Q���>h\�¦ 
���� y��y��_� �½Ó�̀¦ ��6£§õ� °ú s� ����è­q Ãº e����.

T (xi, t
n) = ut(xi, t

n) +
k

2
utt(xi, t

n) + O(k2)

−uxx(xi, t
n) +

h2

12
uxxxx(xi, t

n) + O(h4).

#�l�"f u(xi, t
n)�Ér \P�~½Ó&ñ
d���̀¦ ëß�7á¤
�Ù¼�Ð ��6£§s� $í
wn�ô�Ç��.

T (xi, t
n) =

k

2
utt(xi, t

n) +
h2

12
uxxxx(xi, t

n) + O(k2) + O(h4)

= O(k) + O(h2). (1.26)

Ãºu�&h� K��� Ãº§4�
�l� 0AK� ¹ô�Çכ��9 �̧|	��Ér Ãºu�l�ZO�_� ²DG�è]X�éß��̧	��� /BNçß�çß����õ� r�çß�çß�

����̀¦ ×�¦{9�Ãº2�¤ 0\� ��H��K��� ô�Ç����H �.���s	כ s�XO� �â
Äº\�, Ãºu�l�ZO�s� {9��'a&h� (consistent)s���

�¦ ô�Ç��. &ñ
SX��̧_� 	�Ãº (order of accuracy)��H ]X�éß��̧	��½Ó\�"f hü< k_� 5pxÃº_� 	�Ãº�Ð &ñ
_��)a

��. ]X�éß��̧	��½Ó�̀¦ O(kl, hm)�Ð ��&ñ

���� Ãºu�l�ZO�s� l	� r�çß� &ñ
SX� (lth order time accurate)
�

�¦ m	�/BNçß�&ñ
SX� (mth order space accurate)
����¦ ô�Ç��. d��(1.31)Ü¼�ÐÂÒ'� "î
r�&h�Ä»ô�Ç	�ì�rZO�

�Ér 1	� r�çß� &ñ
SX�
��¦ 2	� /BNçß� &ñ
SX��<Ê�̀¦ ·ú� Ãº e����.

2.4.1 ÃZ�k��\� ËÂø5�	�&P�ß��

\P�~½Ó&ñ
d��_� "î
r�&h� Ä»ô�Ç 	�ì�rZO�_� Ãº§4�$í
�̀¦ ·ú����Ðl� 0AK� ��6£§_� _�Û¼àÔ\�¦ Ãº'��K��Ð��.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% heatCN.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clear; clc; clf;

Nx=12; x=linspace(0,1,Nx); h=x(2)-x(1);

T=0.1; alpha = 2;

k = alpha*(h^2); Nt=round(T/k);

u(:,1)=sin(pi*x);

for i=1:Nx-2

dd(i)= 2*(1+alpha); c(i)= - alpha; a(i)= - alpha;

end

for n=1:Nt

d=dd;

for i=1:Nx-2

b(i)=alpha*u(i,n)+2*(1-alpha)*u(i+1,n)+alpha*u(i+2,n);

end

for i = 2:Nx-2

xmult=a(i-1)/d(i-1);

d(i)=d(i)-xmult*c(i-1);

b(i)=b(i)-xmult*b(i-1);

end

u(Nx-1,n+1) = b(Nx-2)/d(Nx-2);

for i = Nx-3:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

end

plot(x,u,’ko-’);

xlabel(’x’,’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20)

title(’Heat equation - Crank-Nicolson(\alpha = 2)’,’FontSize’,20)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

ÕªaË> 1.6: \P�~½Ó&ñ
d��_� ß¼Ï��ß¼ m�c+t��H MATLAB �ï×¼.
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Heat equation − Crank−Nicolson(α = 2)

ÕªaË> 1.7: ß¼Ï��ß¼ m�c+t��H�̀¦ s�6 xô�Ç \P�~½Ó&ñ
d�� α = 2��� îß�&ñ
ô�Ç �©�I�

�íl��̧|	��Ér u(x, 0) = sin(x), T = 0.1, α = 0.1, h = 1/N , ∆t = αh2. MATLAB �ï×¼2.4.1�̀¦

z�́'��
���� ��6£§_� ���õ�\�¦ %3��̀¦ Ãº e����.

>> heatex_convergence_test

------------------------------------------------

h dt max_error order

------------------------------------------------

0.10000 0.001000 0.001220

0.05000 0.000250 0.000303 2.008865

0.02500 0.000063 0.000076 2.002218

0.01250 0.000016 0.000019 2.000555

0.00625 0.000004 0.000005 2.000139

------------------------------------------------

2.4.2 Áþ���́�\� ËÂø5�	�&P�ß��

\P�~½Ó&ñ
d��_� �<Ê»¡¤&h� Ä»ô�Ç 	�ì�rZO�_� Ãº§4�$í
�̀¦ ·ú����Ðl� 0AK� ��6£§_� _�Û¼àÔ\�¦ Ãº'��K��Ð��.
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%%%%%%%%%%%%%%%%%%%%%%%%% heatex_convergence_test.m %%%%%%%%%%%%%%%%%%%%%%%%%

clear; clc;

T=0.1; alpha=0.1;

for iter=1:5

N=10*2^(iter-1)+1; x=linspace(0,1,N); h=x(2)-x(1);

k=alpha*h^2; Nt=round(T/k);

u(1:N,1:Nt+1)=0;

u(:,1)=sin(pi*x); exact=u(:,1)*exp(-pi^2*T);

for n=1:Nt

for i=2:N-1

u(i,n+1)=alpha*u(i-1,n)+(1-2*alpha)*u(i,n)+alpha*u(i+1,n);

end

end

hh(iter)=h; tt(iter)=k; err(iter) = max(abs(u(:,Nt+1) - exact));

end

Order=[log(err(1)/err(2))/log(2) log(err(2)/err(3))/log(2) ...

log(err(3)/err(4))/log(2) log(err(4)/err(5))/log(2)]’;

fprintf(’------------------------------------------------\n’)

fprintf(’ h dt max error order \n’)

fprintf(’------------------------------------------------\n’)

fprintf(’%8.5f %8.6f %8.6f \n’,hh(1), tt(1) ,err(1))

for iter = 2:5

fprintf(’%8.5f %8.6f %8.6f %8.6f \n’,hh(iter),tt(iter), ...

err(iter),Order(iter-1))

end

fprintf(’------------------------------------------------\n’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

ÕªaË> 1.8: \P�~½Ó&ñ
d��_� "î
r�&h� Ä»ô�Ç	�ì�rZO�_� &ñ
SX��̧_� 	�Ãº\�¦ SX����
���H MATLAB �ï×¼.
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�íl��̧|	��Ér u(x, 0) = sin(x), T = 0.1, α = 0.1, h = 1/N , ∆t = αh2. MATLAB �ï×¼2.4.2�̀¦

z�́'��
���� ��6£§_� ���õ�\�¦ %3��̀¦ Ãº e����.

>> heatim_convergence_test

------------------------------------------------

h dt max error order

------------------------------------------------

0.10000 0.001000 0.004820

0.05000 0.000250 0.001209 1.995470

0.02500 0.000063 0.000302 1.998865

0.01250 0.000016 0.000076 1.999716

0.00625 0.000004 0.000019 1.999929

------------------------------------------------

2.4.3 æ«�ßjæ« f�¦I·ÕM� ËÂø5�	�&P�ß��

\P�~½Ó&ñ
d��_� ß¼Ï��ß¼ m�c+t��H Ä»ô�Ç 	�ì�rZO�_� Ãº§4�$í
�̀¦ ·ú����Ðl� 0AK� ��6£§_� _�Û¼àÔ\�¦ Ãº'��K��Ð

��.
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%%%%%%%%%%%%%%%%%%%%%%%%% heatim_convergence_test.m %%%%%%%%%%%%%%%%%%%%%%%%%

clear; clc; T=0.1; alpha=0.1;

for iter=1:5

N=10*2^(iter-1)+1; x=linspace(0,1,N); h=x(2)-x(1); k=alpha*h^2;

Nt=round(T/k); u(1:N,1:Nt+1)=0; u(:,1)=sin(pi*x);

exact=u(:,1)*exp(-pi^2*T);

for i=1:N-2

dd(i)= 1 + 2*alpha; c(i)= - alpha; a(i)= - alpha;

end

for n=1:Nt

d=dd;

for i=1:N-2

b(i)=u(i+1,n);

end

for i=2:N-2

xmult= a(i-1)/d(i-1);

d(i) = d(i) - xmult*c(i-1);

b(i) = b(i) - xmult*b(i-1);

end

u(N-1,n+1) = b(N-2)/d(N-2);

for i = N-3:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

end

hh(iter)=h; tt(iter)=k; err(iter) = max(abs(u(:,Nt+1) - exact));

end

Order=[log(err(1)/err(2))/log(2) log(err(2)/err(3))/log(2) ...

log(err(3)/err(4))/log(2) log(err(4)/err(5))/log(2)]’;

fprintf(’------------------------------------------------\n’)

fprintf(’ h dt max error order \n’)

fprintf(’------------------------------------------------\n’)

fprintf(’%8.5f %8.6f %8.6f \n’,hh(1), tt(1) ,err(1))

for iter = 2:5

fprintf(’%8.5f %8.6f %8.6f %8.6f \n’,hh(iter),tt(iter), ...

err(iter),Order(iter-1))

end

fprintf(’------------------------------------------------\n’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

ÕªaË> 1.9: \P�~½Ó&ñ
d��_� �<Ê»¡¤&h� Ä»ô�Ç	�ì�rZO�_� &ñ
SX��̧_� 	�Ãº\�¦ SX����
���H MATLAB �ï×¼.
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�íl��̧|	��Ér u(x, 0) = sin(x), T = 0.1, α = 0.1, h = 1/N , ∆t = αh2. MATLAB �ï×¼2.4.3�̀¦

z�́'��
���� ��6£§_� ���õ�\�¦ %3��̀¦ Ãº e����.

>> heatcn_convergence_test

------------------------------------------------

h dt max error order

------------------------------------------------

0.10000 0.001000 0.003025

0.05000 0.000250 0.000756 1.999772

0.02500 0.000063 0.000189 1.999942

0.01250 0.000016 0.000047 1.999985

0.00625 0.000004 0.000012 1.999996

------------------------------------------------

V� 3 â�
 Black-Scholes Ã¡>i�&P�'�×Ça�ÐÏ�Uc 7�ø5� ËÂø5� 	�&P�ß��

Ä»�Qx���� c+t �̀v���_� °ú̀�כ¦ ½̈
�l� 0AK�"f Black-Scholes ¼#�p�ì�r~½Ó&ñ
d���̀¦ Ä»ô�Ç	�ì�rZO�Ü¼�Ð Û�¦#Q"f

½̈ô�Ç��. ¼#�p�ì�r~½Ó&ñ
d���Ér Dirichlet �â
>��̧|	��̀¦ °ú���H �íÓüt���+þA ¼#�p�ì�r~½Ó&ñ
d��s���. :£¤y� �íl��̧

|	��Ð�� ëß�l�r�_� �̧|	�s� ÅÒ#Q�����. τ = T − t\�¦ ïß��>rl�çß�Ü¼�Ð Z�~6£§Ü¼�Ð+�, �8 �����Û¼�Qî�r r�çß�

_� ~½Ó&ñ
d��Ü¼�Ð ��ÜãJ Ãº e����. Õª�Q��� ¼#�p�ì�r~½Ó&ñ
d���Ér ��6£§õ� °ú s� &ñ
o��)a��.

uτ =
1

2
σ2x2uxx + rxux − ru.

s� M:, &ñ
_�%i��Ér x ≥ 0 s��¦, r�çß�_� #3�0A��H 0 ≤ τ ≤ T , �íl�°úכ�Ér u(x, 0) = max(x−E, 0) s�

�¦,�â
>��̧|	��Ér u(0, τ) = 0,°úכs�	�H x\�@/K�"f u(x, τ) ≈ x−Ee−rτ\�¦°ú���H��. x\�¦ 0 ≤ x ≤ L_�

#3�0A�Ð ¿º�¦ h = L/(Nx − 1)ü< k = T/Nt_� çß�����̀¦ °ú���H Ä»ô�Ç 	�ì�r �����\�¦ ��6 x�<ÊÜ¼�Ð+�, s�íß�

K� un
i ≈ u((i − 1)h, (n − 1)k) = u(xi, t

n)\�¦ >�íß�½+É Ãº e����. �̧��H 1 ≤ n ≤ Nt\�"f �íl� X<s�'�

\� _�K� t�&ñ
�)a °úכ u1
i = max(xi − E, 0) for 1 ≤ i ≤ Nx, Õªo��¦ �â
>��̧|	�\� _�K� t�&ñ
�)a �â
>�°úכ

un
1 = 0ü< un

Nx

= L − Ee−rtn�̀¦ °ú�>� �)a��.

3.1 ÃZ�k��\� '�×ß��Uc �+ø5� £�¹¤�> ��~Ê� Úr
Ça�

r�çß� p�ì�r\� @/K�"f ���~½Ó 	�ì�r, Õªo��¦ /BNçß� p�ì�r\� @/K�"f ×�æ�©� 	�ì�r�̀¦ ��6 x�<ÊÜ¼�Ð+� ��6£§õ�

°ú s� "î
r�&h� ~½ÓZO��̀¦ &h�6 x½+É Ãº e����.

un+1
i − un

i

k
=

1

2
σ2x2

i

un
i+1 − 2un

i + un
i−1

h2
+ rxi

un
i+1 − un

i−1

2h
− run

i .
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%%%%%%%%%%%%%%%%%%%%%%%% heatcn_convergence_test.m %%%%%%%%%%%%%%%%%%%%%%%%%%

clear; clc; T=0.1; alpha=0.1;

for iter=1:5

N=10*2^(iter-1)+1; x=linspace(0,1,N); h=x(2)-x(1); k=alpha*(h^2);

Nt=round(T/k); u(1:N,1:Nt+1)=0; u(:,1)=sin(pi*x);

exact=u(:,1)*exp(-pi^2*T);

for i=1:N-2

dd(i)= 2*(1+alpha); c(i)= - alpha; a(i)= - alpha;

end

for n=1:Nt

d=dd;

for i=1:N-2

b(i)=alpha*u(i,n)+2*(1-alpha)*u(i+1,n)+alpha*u(i+2,n);

end

for i = 2:N-2

xmult=a(i-1)/d(i-1);

d(i)=d(i)-xmult*c(i-1); b(i)=b(i)-xmult*b(i-1);

end

u(N-1,n+1) = b(N-2)/d(N-2);

for i = N-3:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

end

hh(iter)=h; tt(iter)=k; err(iter) = max(abs(u(:,Nt+1) - exact));

end

Order=[log(err(1)/err(2))/log(2) log(err(2)/err(3))/log(2) ...

log(err(3)/err(4))/log(2) log(err(4)/err(5))/log(2)]’;

fprintf(’------------------------------------------------\n’)

fprintf(’ h dt max error order \n’)

fprintf(’------------------------------------------------\n’)

fprintf(’%8.5f %8.6f %8.6f \n’,hh(1), tt(1) ,err(1))

for iter = 2:5

fprintf(’%8.5f %8.6f %8.6f %8.6f \n’,hh(iter),tt(iter), ...

err(iter),Order(iter-1))

end

fprintf(’------------------------------------------------\n’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

ÕªaË> 1.10: \P�~½Ó&ñ
d��_�ß¼Ï��ß¼m�c+t��HÄ»ô�Ç	�ì�rZO�_�&ñ
SX��̧_�	�Ãº\�¦SX����
���H MATLAB�ï×¼.



26 ]j 1 �©� Ä»ô�Ç 	�ì�rZO� (FINITE DIFFERENCE METHOD)

un+1
i \� @/K�"f &ñ
o�
���� ��6£§õ� °ú �Ér d���̀¦ %3���H��.

un+1
i = un

i + k

(

1

2
σ2x2

i

un
i+1 − 2un

i + un
i−1

h2
+ rxi

un
i+1 − un

i−1

2h
− run

i

)

for 2 ≤ i ≤ Nx − 1.

Black-Scholes ~½Ó&ñ
d���̀¦ "î
r�&h� ~½ÓZO�Ü¼�Ð Ãºu�K�\�¦ ½̈
���H MATLAB �ï×¼�� ÕªaË>3.1\� e����.
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ÕªaË>1.12\���H Áº0A+«>s���Ö�¦s� r = 0.03, ���1lx$í
s� σ = 0.5, �&³F�r�&h�s� t = 0, ëß�l� r�&h�s�

T = 1, Õªo��¦ '���������s� E = 230��� Ä»XO�+þA c+t�̀v���_� �����s� Õª�94R e����.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% BSex.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clf; clear;

E=230; L=800; sigma=0.5; r=0.03;

T=1; Nx=50; Nt=1000; k=T/Nt;

x=linspace(0,L,Nx); h=x(2)-x(1);

u(1:Nx,1:Nt+1)=0;

for i=1:Nx

if x(i)<= E

u(i,1)=0;

else

u(i,1)=x(i)-E;

end

end

for n=2:Nt+1

u(Nx,n)=L-E*exp(-r*k*(n-1));

end

for n=1:Nt

for i=2:Nx-1

u(i,n+1)=u(i,n) + k*((1/2)*(sigma^2)*((i-1)*h)^2*...

((u(i+1,n)-2*u(i,n)+u(i-1,n))/(h^2)) +...

r*(i-1)*h*((u(i+1,n)-u(i-1,n))/(2*h))-r*u(i,n));

end

end

plot(x,u(:,1:200:Nt+1),’ko-’)

axis image

axis([0 L 0 600])

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

ÕªaË> 1.11: "î
r�&h� ~½ÓZO�\� _�ô�Ç Ä»�Qx���� �̀v��� ��������&ñ
�̀¦ 0Aô�Ç MATLAB �ï×¼.
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ÕªaË> 1.12: "î
r�&h� ~½ÓZO�\� _�ô�Ç �̂¦�7�_�tÞÔ ~½Ó&ñ
d��_� Ãºu�K�

3.2 Áþ���́�\� '�×ß��Uc �+ø5� £�¹¤�> ��~Ê� Úr
Ça�

r�çß�\�@/ô�Ç ���~½Ó	�ì�r�̀¦ s�6 xô�Ç"î
r�&h� ~½ÓZO�\�"f{9�#Q±ú� Ãºe����H Ô�¦îß�&ñ
$í
ë�H]j\�¦ K����
�l�0A

K�"f Êê~½Ó	�ì�r�̀¦ s�6 x
�#� �<Ê»¡¤&h� ~½ÓZO��̀¦ &h�6 x
���� ��6£§_� d���̀¦ %3�>� �)a��.

un+1
i − un

i

k
=

1

2
σ2x2

i

un+1
i+1 − 2un+1

i + un+1
i−1

h2
+ rxi

un+1
i+1 − un+1

i−1

2h
− run+1

i . (1.27)

s��Qô�Ç �<Ê»¡¤&h� ~½ÓZO��Ér r�çß�_� ß¼l�\� %ò
�¾Ó�̀¦ ~ÃÎt� ·ú§�̀¦ ÷�rëß� ��m��� Ãºu�>�íß�_� &ñ
SX��̧\�¦ Z�}s�

��H �©�&h�s� e����. s�]j 0A_� d�� (1.27)�̀¦ &ñ
o�
����

αiu
n+1
i−1 + βiu

n+1
i + γiu

n+1
i+1 =

un
i

k
, (1.28)

#�l�"f

αi =
rxi

2h
−

σ2x2
i

2h2
, βi =

1

k
+

σ2x2
i

h2
+ r, γi = −

rxi

2h
−

σ2xi

h2

s���.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% BSim.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clf; clear;

E=230; L=800; sigma=0.5; r=0.03;

T=1; Nx=50; Nt=100; k=T/Nt;

x=linspace(0,L,Nx); h =x(2)-x(1);

u(1:Nx,1:Nt+1)=0;

N=Nx-2;

for i=1:Nx

if x(i) < E

u(i,1)= 0;

else

u(i,1)= x(i)-E;

end

end

for i=1:N

dd(i)=1/k+(sigma*i)^2+r; c(i)=-r*i/2-((sigma*i)^2)/2;

a(i)=r*(i+1)/2-((sigma*(i+1))^2)/2;

end

for n=1:Nt

d=dd;

for i=1:N-1

b(i)=u(i+1,n)/k;

end

u(Nx,n+1)=L - E*exp(-r*k*n); b(N)=u(N+1,n)/k - c(N)*u(Nx,n+1);

for i = 2:N

xmult= a(i-1)/d(i-1);

d(i) = d(i) - xmult*c(i-1); b(i) = b(i) - xmult*b(i-1);

end

u(N+1,n+1) = b(N)/d(N);

for i = N-1:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

end

plot(x,u(:,1:20:Nt+1),’ko-’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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ÕªaË> 1.13: �<Ê»¡¤&h� ~½ÓZO�\� _�ô�Ç �̀v��� ����� ���&ñ


3.3 æ«�ßjæ« f�¦I·ÕM� '�×ß��'�×ß��Uc �+ø5� £�¹¤�> ��~Ê� Úr
Ça�

ß¼Ï��ß¼ m�c+tÛ¼~½ÓZO��Ér "î
r�&h�~½ÓZO�õ� �<Ê»¡¤&h�~½ÓZO��̀¦ �̧½+Ë
�#� &ñ
SX��̧\�¦ �¾Ó�©�r���� ~½ÓZO�s���. s�

��s�n�#Q\�¦ Black-Scholes~½Ó&ñ
d��\� &h�6 x
���� ��6£§õ� °ú �Ér ~½Ó&ñ
d���̀¦ %3���H��.
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(1.29)
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+ rxi
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.

s��Qô�Ç�<Ê»¡¤&h�~½ÓZO��Érr�çß�_�ß¼l�\�%ò
�¾Ó�̀¦~ÃÎt�·ú§��H�©�&h�s� e����. s�]j0A_� d�� (1.30)\�¦

&ñ
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����,
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s���.



32 ]j 1 �©� Ä»ô�Ç 	�ì�rZO� (FINITE DIFFERENCE METHOD)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% BScn.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clf; clear;

E=230; sigma=0.5; r=0.03; T=1; Nx=50; Nt=100; L=800; k=T/Nt;

x=linspace(0,L,Nx); h =x(2)-x(1);

u(1:Nx,1:Nt+1)=0;

for i=1:Nx

if x(i) < E

u(i,1)= 0;

else

u(i,1)= x(i)-E;

end

end

N = Nx-2;

for i=1:N

dd(i)=1/k+(sigma*i)^2/2+r; c(i)=-r*i/4 - ((sigma*i)^2)/4;

a(i)=r*(i+1)/4-((sigma*(i+1))^2)/4;

end

for n=1:Nt

d=dd;

for i=1:N

b(i) = u(i+1,n)/k + (sigma*i)^2*(u(i+2,n)-2*u(i+1,n)+u(i,n))/4 ...

+ r*i*(u(i+2,n)-u(i,n))/4 - r*u(i+1,n)/2;

end

u(Nx,n+1)= L - E*exp(-r*k*n); b(N) = b(N) - c(N)*u(Nx,n+1);

for i = 2:N

xmult= a(i-1)/d(i-1); d(i) = d(i) - xmult*c(i-1);

b(i) = b(i) - xmult*b(i-1);

end

u(N+1,n+1) = b(N)/d(N);

for i = N-1:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

end

plot(x,u(:,1:20:Nt+1),’ko-’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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3.4 ò5ÑÇa�Å]� Ycâ«çÃ

3.4.1 ÃZ�k��\� ËÂø5�	�&P�ß��

��6£§�Ér Áº0A+«>s���Ö�¦s� r = 0.03, ���1lx$í
s� σ = 0.5, �&³F�r�&h�s� t = 0, ëß�l� r�&h�s� T = 1, Õªo�

�¦ '���������s� E = 100��� Ä»XO�+þA c+t�̀v���_� ������̀¦ ½̈
���H MATLAB �ï×¼s���.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%% BSex_stability.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clf; clear; E=100; sigma=0.5; r=0.03; L=300;

alpha = 0.000005; Nx = 30; x=linspace(0,L,Nx); h=x(2)-x(1);

k = 2*alpha*(h/sigma)^2; T = 1.0; Nt = round(T/k); u(1:Nx,1:Nt+1)=0;

for i=1:Nx

if x(i)<= E

u(i,1)=0;

else

u(i,1)=x(i)-E;

end

end

for n=2:Nt+1

u(Nx,n)=L-E*exp(-r*k*(n-1));

end

exu=u;

for n=1:Nt

for i=2:Nx-1

u(i,n+1)=u(i,n) + k*((1/2)*(sigma^2)*((i-1)*h)^2*...

((u(i+1,n)-2*u(i,n)+u(i-1,n))/(h^2)) +...

r*(i-1)*h*((u(i+1,n)-u(i-1,n))/(2*h))-r*u(i,n));

end

for i=1:Nx

d1(i)=(log(x(i)/E)+(r+sigma^2/2)*k*n)/(sigma*sqrt(k*n));

d2(i)=d1(i)-sigma*sqrt(k*n);

exu(i,n+1)=x(i)*normcdf(d1(i))-E*exp(-r*k*n)*normcdf(d2(i));

end

end

plot(x,u(:,1),’k*’,x,u(:,round(Nt/3)),...

’kd’,x,u(:,round(2*Nt/3)),’ks’,x,u(:,Nt+1),’ko’); hold

plot(x,exu(:,1),’k’,x,exu(:,round(Nt/3)),...

’k’,x,exu(:,round(2*Nt/3)),’k’,x,exu(:,Nt+1),’k’)

legend(’initial’,’n=78’,’n=156’,’n=234’,’exact solution’,2)

xlabel(’x’,’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20)

axis([0 L 0 L-0.5*E])

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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·ú¡_� �ï×¼\�¦ s�6 x
�#� ∆t = 0.0043��� �â
Äºü< ∆t = 0.0068��� �â
Äº\� ��6£§õ� °ú �Ér ���õ�\�¦ %3�

�̀¦ Ãº e����.
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ÕªaË> 1.15: (a) ∆t = 0.0043��� îß�&ñ
ô�Ç �©�I� (b) ∆t = 0.0068��� Ô�¦îß�&ñ
ô�Ç �©�I�

ÕªaË> 1.15 (a) \� q�K� ÕªaË> 1.15 (b)_� >�íß��)a °úכ�Ér &ñ
SX�ô�Ç K��Ð Ãº§4�
�t� ·ú§��H Ô�¦îß�&ñ
ô�Ç �©�

I�e���̀¦ SX����½+É Ãº e����.

3.4.2 Áþ���́�\� ËÂø5�	�&P�ß��

��6£§�Ér Áº0A+«>s���Ö�¦s� r = 0.03, ���1lx$í
s� σ = 0.5, �&³F�r�&h�s� t = 0, ëß�l� r�&h�s� T = 1, Õªo�

�¦ '���������s� E = 100��� Ä»XO�+þA c+t�̀v���_� ������̀¦ ½̈
���H MATLAB �ï×¼s���.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%% BSim_stability.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clf; clear; E=100; L=300; alpha = 0.000005; %alpha = 0.000008;

Nx = 30; x=linspace(0,L,Nx); h=x(2)-x(1); sigma=0.5; r=0.03; T = 1.0;

k = 2*alpha*(h/sigma)^2; Nt = round(T/k); u(1:Nx,1:Nt+1)=0; N=Nx-2;

u(:,1)= max(0,x-E);

for n=2:Nt+1

u(Nx,n)=L-E*exp(-r*k*(n-1));

end

exu=u;

for i=1:N

dd(i)=1/k+(sigma*i)^2+r; c(i)=-r*i/2-((sigma*i)^2)/2;

a(i)=r*(i+1)/2-((sigma*(i+1))^2)/2;

end

for n=1:Nt

d=dd;

for i=1:N-1

b(i)=u(i+1,n)/k;

end

b(N)=u(N+1,n)/k - c(N)*u(Nx,n+1);

for i = 2:N

xmult= a(i-1)/d(i-1);

d(i) = d(i) - xmult*c(i-1); b(i) = b(i) - xmult*b(i-1);

end

u(N+1,n+1) = b(N)/d(N);

for i = N-1:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

for i=1:Nx

d1(i)=(log(x(i)/E)+(r+sigma^2/2)*k*n)/(sigma*sqrt(k*n));

d2(i)=d1(i)-sigma*sqrt(k*n);

exu(i,n+1)=x(i)*normcdf(d1(i))-E*exp(-r*k*n)*normcdf(d2(i));

end

end

plot(x,u(:,1),’k*’,x,u(:,Nt/3),’kd’,x,u(:,2*Nt/3),’ks’,x,u(:,Nt+1),’ko’);

hold
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plot(x,exu(:,1),’k’,x,exu(:,Nt/3),’k’,x,exu(:,2*Nt/3),’k’,x,exu(:,Nt+1),’k’)

legend(’initial’,’n=78’,’n=156’,’n=234’,’exact solution’,2)

xlabel(’x’,’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20);

axis([0 L 0 L-0.5*E])

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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·ú¡_� �ï×¼\�¦ s�6 x
�#� ∆t = 0.0043��� �â
Äºü< ∆t = 0.0068��� �â
Äº\� ��6£§õ� °ú �Ér ���õ�\�¦ %3�

�̀¦ Ãº e����.
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ÕªaË> 1.16: (a) ∆t = 0.0043��� îß�&ñ
ô�Ç �©�I� (b) ∆t = 0.0068��� îß�&ñ
ô�Ç �©�I�

·ú¡"f "î
r�&h� Ä»ô�Ç	�ì�rZO��Ér α_� °úכ\� ���� îß�&ñ
ô�Ç �©�I�ü< Ô�¦îß�&ñ
ô�Ç �©�I�_� ���õ�\�¦ %3�%3�t�ëß�

�<Ê»¡¤&h� Ä»ô�Ç	�ì�rZO��Ér 0A_� ÕªaË> 1.16\�"f �̂¦ Ãº e��1pws� (a)ü< (b) �̧¿º îß�&ñ
ô�Ç �©�I�e���̀¦ SX����½+É

Ãº e����.

3.4.3 æ«�ßjæ« f�¦I·ÕM� ËÂø5�	�&P�ß��

3.5 ÊÁ�]�Å]� Ycâ«çÃ

u(xi, t
n)��H Black-Scholes ~½Ó&ñ
d��_� &ñ
SX�ô�Ç K�\�¦ �����·p��. ��6£§�Ér &ñ
SX�ô�Ç K�\�¦ Ãºu�l�ZO�\� @/

{9��<ÊÜ¼�Ð+�"î
r�&h�Ä»ô�Ç	�ì�rZO�_�²DG�è]X�éß��̧	�\�¦¹1Ô��Hõ�&ñ
s���. �̧×¼ (xi, t
n)\�"f²DG�è]X�éß��̧

	���H ��6£§õ� °ú s� ½̈ô�Ç��.

T (xi, t
n) =

u(xi, t
n+1) − u(xi, t

n)

k
−

σ2x2
i

2

u(xi+1, t
n) − 2u(xi, t

n) + u(xi−1, t
n)

h2

−rxi
u(xi+1, t

n) − u(xi−1, t
n)

2h
+ ru(xi, t

n).

s�]j �̧×¼(xi, t
n)\�"f _�{9��Q���>h\�¦ 
���� y��y��_� �½Ó�̀¦ ��6£§õ� °ú s� ����è­q Ãº e����.

T (xi, t
n) = ut(xi, t

n) +
k

2
utt(xi, t

n) + O(k2)

−
σ2x2

i

2

[

uxx(xi, t
n) +

h2

12
uxxxx(xi, t

n) + O(h4)

]

−rxi

[

ux(xi, t
n) +

h2

3
uxxx(xi, t

n) + O(h4)

]

+ ru(xi, t
n).
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#�l�"f u(xi, t
n)�Ér Black-Scholes ~½Ó&ñ
d���̀¦ ëß�7á¤
�Ù¼�Ð ��6£§s� $í
wn�ô�Ç��.

T (xi, t
n) =

k

2
utt(xi, t

n) −
σ2h2x2

i

24
uxxxx(xi, t

n) − rxi
h2

3
uxxx(xi, t

n) + O(k2) + O(h4)

= O(k) + O(h2). (1.31)

d��(1.31)Ü¼�ÐÂÒ'� "î
r�&h� Ä»ô�Ç	�ì�rZO��Ér 1	� r�çß� &ñ
SX�
��¦ 2	� /BNçß� &ñ
SX��<Ê�̀¦ ·ú� Ãº e����.

��6£§ ���õ�\�¦ SX����
�l� 0AK� ��6£§_� _�Û¼àÔ\�¦ Ãº'��K��Ð��.

3.5.1 ÃZ�k��\� ËÂø5�	�&P�ß��

3.5.2 Áþ���́�\� ËÂø5�	�&P�ß��

Ä»�Qx����c+t�̀v���~½Ó&ñ
d��_��<Ê»¡¤&h�Ä»ô�Ç	�ì�rZO�_�Ãº§4�$í
�̀¦·ú����Ðl�0AK���6£§_�_�Û¼àÔ\�¦Ãº'��

K��Ð��. Áº0A+«>s���Ö�¦s� r = 0.03, ���1lx$í
s� σ = 0.5, �&³F�r�&h�s� t = 0, ëß�l� r�&h�s� T = 1, Õª

o��¦ '���������s� E = 350��� Ä»XO�+þA c+t�̀v���_� ������̀¦ ½̈
���H MATLAB �ï×¼s���. s� M:, �íl�

�̧|	��Ér u(x, 0) = max(0, x − E), T = 0.1, h = 1/N , ∆t = h/375�̀¦ s�6 x
�%i���. MATLAB �ï

×¼3.5.2�̀¦ z�́'��
���� ��6£§_� ���õ�\�¦ %3��̀¦ Ãº e����.
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%%%%%%%%%%%%%%%%%%%%%%% BSex_convergence_test.m %%%%%%%%%%%%%%%%%%%%%%%%%

clear; clc;

E=100; sigma=0.5; r=0.03; L=300; T=0.1;

for iter=1:5

N = 16*(2^iter);

x=linspace(0,L,N); h=x(2)-x(1); k=h/375;

Nt=round(T/k); u(1:N,1:Nt+1)=0;

for i=1:N

if x(i)<= E

u(i,1)=0;

else

u(i,1)=x(i)-E;

end

end

for n=2:Nt+1

u(N,n)=L-E*exp(-r*k*(n-1));

end

exact=u;

for n=1:Nt

for i=2:N-1

u(i,n+1)=u(i,n) + k*((1/2)*(sigma^2)*((i-1)*h)^2*...

((u(i+1,n)-2*u(i,n)+u(i-1,n))/(h^2)) +...

r*(i-1)*h*((u(i+1,n)-u(i-1,n))/(2*h))-r*u(i,n));

end

for i=1:N

d1(i)=(log(x(i)/E)+(r+sigma^2/2)*k*n)/(sigma*sqrt(k*n));

d2(i)=d1(i)-sigma*sqrt(k*n);

exact(i,n+1)=x(i)*normcdf(d1(i))-E*exp(-r*k*n)*normcdf(d2(i));

end

end

hh(iter)=h; tt(iter)=k; F = u(:,Nt+1) - exact(:,Nt+1);

err(iter) = sqrt(sum(sum(F.^2)))/N;

end

Order=[log(err(1)/err(2))/log(2) log(err(2)/err(3))/log(2) ...

log(err(3)/err(4))/log(2) log(err(4)/err(5))/log(2)]’;
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fprintf(’------------------------------------------------\n’)

fprintf(’ h dt l2 error order \n’)

fprintf(’------------------------------------------------\n’)

fprintf(’%8.5f %8.6f %8.6f \n’,hh(1), tt(1) ,err(1))

for iter = 2:5

fprintf(’%8.5f %8.6f %8.6f %8.6f \n’,hh(iter),tt(iter), ...

err(iter),Order(iter-1))

end

fprintf(’------------------------------------------------\n’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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>> bsim_convergence_test

------------------------------------------------

h dt l2 error order

------------------------------------------------

25.80645 0.068817 0.068311

12.69841 0.033862 0.026456 1.368545

6.29921 0.016798 0.009680 1.450521

3.13725 0.008366 0.003479 1.476111

1.56556 0.004175 0.001240 1.488203

------------------------------------------------

3.5.3 æ«�ßjæ« f�¦I·ÕM� ËÂø5�	�&P�ß��

Ä»�Qx���� c+t�̀v���~½Ó&ñ
d��_� ß¼Ï��ß¼ m�c+t��H Ä»ô�Ç 	�ì�rZO�_� Ãº§4�$í
�̀¦ ·ú����Ðl� 0AK� ��6£§_� _�Û¼

àÔ\�¦ Ãº'��K��Ð��. Áº0A+«>s���Ö�¦s� r = 0.03, ���1lx$í
s� σ = 0.5, �&³F�r�&h�s� t = 0, ëß�l� r�&h�

s� T = 1, Õªo��¦ '���������s� E = 350��� Ä»XO�+þA c+t�̀v���_� ������̀¦ ½̈
���H MATLAB �ï×¼s�

��. s� M:, �íl��̧|	��Ér u(x, 0) = max(0, x − E), T = 0.1, h = 1/N , ∆t = h/375�̀¦ s�6 x
�%i���.

MATLAB �ï×¼3.5.3�̀¦ z�́'��
���� ��6£§_� ���õ�\�¦ %3��̀¦ Ãº e����.
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%%%%%%%%%%%%%%%%%%%%%%% BScn_convergence_test.m %%%%%%%%%%%%%%%%%%%%%%%%%

clear; clc;

E=350; sigma=0.5; r=0.03; L=800; T=0.1;

for iter=1:5

Nx = 16*(2^iter);

x=linspace(0,L,Nx); h=x(2)-x(1); k=h/375;

Nt=round(T/k); u(1:Nx,1:Nt+1)=0;

N=Nx-2;

u(:,1)= max(0,x-E);

for n=2:Nt+1

u(Nx,n)=L-E*exp(-r*k*(n-1));

end

exact=u;

for i=1:N

dd(i)=1/k+(sigma*i)^2/2+r; c(i)=-r*i/4 - ((sigma*i)^2)/4;

a(i)=r*(i+1)/4-((sigma*(i+1))^2)/4;

end

for n=1:Nt

d=dd;

for i=1:N

b(i) = u(i+1,n)/k + (sigma*i)^2*(u(i+2,n)-2*u(i+1,n)+u(i,n))/4 ...

+ r*i*(u(i+2,n)-u(i,n))/4 - r*u(i+1,n)/2;

end

u(Nx,n+1)= L - E*exp(-r*k*n); b(N) = b(N) - c(N)*u(Nx,n+1);

for i = 2:N

xmult= a(i-1)/d(i-1); d(i) = d(i) - xmult*c(i-1);

b(i) = b(i) - xmult*b(i-1);

end

u(N+1,n+1) = b(N)/d(N);

for i = N-1:-1:1

u(i+1,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end

for i=1:Nx

d1(i)=(log(x(i)/E)+(r+sigma^2/2)*k*n)/(sigma*sqrt(k*n));

d2(i)=d1(i)-sigma*sqrt(k*n);
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exact(i,n+1)=x(i)*normcdf(d1(i))-E*exp(-r*k*n)*normcdf(d2(i));

end

end

hh(iter)=h; tt(iter)=k; F = u(:,Nt+1) - exact(:,Nt+1);

err(iter) = sqrt(sum(sum(F.^2)))/Nx;

end

Order=[log(err(1)/err(2))/log(2) log(err(2)/err(3))/log(2) ...

log(err(3)/err(4))/log(2) log(err(4)/err(5))/log(2)]’;

fprintf(’------------------------------------------------\n’)

fprintf(’ h dt l2 error order \n’)

fprintf(’------------------------------------------------\n’)

fprintf(’%8.5f %8.6f %8.6f \n’,hh(1), tt(1) ,err(1))

for iter = 2:5

fprintf(’%8.5f %8.6f %8.6f %8.6f \n’,hh(iter),tt(iter), ...

err(iter),Order(iter-1))

end

fprintf(’------------------------------------------------\n’)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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>> bscn_convergence_test

------------------------------------------------

h dt l2 error order

------------------------------------------------

25.80645 0.068817 0.052859

12.69841 0.033862 0.026682 0.986274

6.29921 0.016798 0.018524 0.526444

3.13725 0.008366 0.013077 0.502435

1.56556 0.004175 0.009243 0.500497

------------------------------------------------


