
Operating Splitting Method(OSM)

Time splitting ¢̧��H Fractional step ~½ÓZO�s��� Ô�¦o�Äº��H operator splitting_� l��:r ��s�n�#Q��H ��

6£§õ� °ú ��:

��6£§_� initial value equations� e�����¦ ��&ñ
���.

∂u

∂t
= Lu

#�l�"f L�Ér operators���. s���Ér	כ u\� @/�#� m>h_� ���+þA���½+ËÜ¼�Ð ��r� jþt Ãº e�����¦ ��&ñ
�

��.

Lu = L1u + L2u + · · ·+ Lmu.

¢̧ô�Ç m>h_� operatory��y��\�@/�#� time step nÂÒ'� n+1��t����Ãº u\�¦\O�X<s�àÔ���H scheme�̀¦

·ú��¦ e�����¦ ��&ñ
���. 7£¤,

un+1 = U1(un, ∆t),

un+1 = U2(un, ∆t),

· · ·
un+1 = Um(un, ∆t).

s�]j operator splitting_� ô�Ç \P��Ér ��6£§ \P�\� _�K� ����W&h�Ü¼�Ð \O�X<s�àÔ÷&���"f n\�"f n + 1�̀¦ %3�

>� |̈c �.���s	כ

un+ 1
m = U1(un, ∆t),

un+ 2
m = U2(un+ 1

m , ∆t),

· · ·
un+1 = Um(un+m−1

m , ∆t).
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OSMUc �+ø5� á~
'�×Ça�ÐÏ��+ ��·l�

2	�"é¶ \P�~½Ó&ñ
d��\� @/ô�Ç ��H��K�\�¦ OS~½ÓZO��̀¦ s�6 x�#� Û�¦#Q�Ð�̧2�¤ ���.

2	�"é¶ \P�~½Ó&ñ
d���Ér ��6£§õ� °ú ��.

∂u

∂t
=

∂2u

∂x2
+

∂2u

∂y2
0 < x < 1, 0 < y < 1, t > 0 (1)

s� M: �â
>��̧|	��Ér uxx(0, y, t) = uxx(1, y, t) = uyy(x, 0, t) = uyy(x, 1, t) = 0 (t > 0)s��¦, �íl��̧|	�

�Ér u(x, y, 0) = sin(πx) sin(πy)�̀¦ ëß�7á¤ô�Ç��. K�$3�K���H u(x, y, t) = sin(πx) sin(πy)e−2π2ts���.

���$� ¼#�p�ì�r~½Ó&ñ
d��(1)�̀¦ space steps� h = ∆x = ∆y��� uniform grid\�"f ¼#�	�ì�r ~½Ó&ñ
d��Ü¼�Ð ��H

��r�v���.

un+1
ij − un

ij

∆t
=

un+1
i−1,j − 2un+1

ij + un+1
i+1,j

h2
+

un+1
i,j−1 − 2un+1

ij + un+1
i,j+1

h2
. (2)

s�]j 2D \P�~½Ó&ñ
d��(2)\� �<Ê»¡¤&h�(implicit) splitting scheme�̀¦ &h�6 x�#� &ñ
o����� ��6£§õ� °ú ��.

ũij − un
ij

∆t
=

ũi+1,j − 2ũij + ũi−1,j

h2
, (3)

un+1
ij − ũij

∆t
=

un+1
i,j+1 − 2un+1

ij + un+1
i,j−1

h2
. (4)

�â
>��̧|	��Ér linear boundary condition�̀¦ s�6 x��̧2�¤ ���.

Linear boundary condition�Ér ��6£§õ� °ú s� &ñ
_��)a��.

∂2u

∂x2
(0, y, t) =

∂2u

∂x2
(1, y, t) = 0,

∂2u

∂y2
(x, 0, t) =

∂2u

∂y2
(x, 1, t) = 0, ∀t ∈ [0, T ].

7£¤,

u0,j − 2u1,j + u2,j

∆x2
= 0,

uNx−1,j − 2uNx,j + uNx+1,j

∆x2
= 0,

ui,0 − 2ui,1 + ui,2

∆y2
= 0,

ui,Ny−1 − 2ui,Ny + ui,Ny+1

∆y2
= 0. (5)

s�]j d��(3)\� 0A_� �â
>��̧|	� (5)�̀¦ &h�6 x�l� 0AK�

ũ0,j = 2ũ1,j − ũ2,j , ũNx+1,j = 2ũNx,j − ũNx−1,j ,

ũi,0 = 2ũi,1 − ũi,2, ũi,Ny+1 = 2ũi,Ny − ũi,Ny−1
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0A_� d���̀¦ @/{9����� ��6£§õ� °ú s� &ñ
o�½+É Ãº e����. (>�íß�_� ¼#�_�\�¦ 0AK� α =
∆t

h2
���¦ ���.)

ũ1,j = un
1,j , ũNx,j = un

Nx,j ,

−αũi+1,j + (1 + 2α)ũij − αũi−1,j = un
ij , (6)

for i = 2, · · · , Nx − 1, j = 1, · · · , Ny

��ðøÍ��t��Ð, d��(4)\� 0A_� �â
>��̧|	� (5)�̀¦ &h�6 x�l� 0AK�

un+1
0,j = 2un+1

1,j − un+1
2,j , un+1

Nx+1,j = 2un+1
Nx,j − un+1

Nx−1,j ,

un+1
i,0 = 2un+1

i,1 − un+1
i,2 , un+1

i,Ny+1 = 2un+1
i,Ny

− un+1
i,Ny−1

0A_� d���̀¦ @/{9����� ��6£§õ� °ú s� &ñ
o�½+É Ãº e����. (>�íß�_� ¼#�_�\�¦ 0AK� α =
∆t

h2
���¦ ���.)

un+1
i,1 = ũi,1, un+1

i,Ny = ũi,Ny,

−αun+1
i,j+1 + (1 + 2α)un+1

ij − αun+1
i,j−1 = ũij , (7)

for i = 1, · · · , Nx, j = 2, · · · , Ny − 1

#�l�"f Nxü< Ny��H xü< y_� ?/ÂÒ&h�_� >hÃºs���.

1ststep

���$� d�� (6)�Ér x−~½Ó�¾Ó\�"f �<Ê»¡¤&h�s�Ù¼�Ð �¦&ñ
�)a j\� @/�#� ��6£§õ� °ú s� ����èq Ãº e����.



1 0 0 0 0 . . . 0

−rx 1 + 2rx −rx 0 0 . . . 0

0 −rx 1 + 2rx −rx 0 . . . 0

0 0 −rx 1 + 2rx −rx . . . 0

...
...

...
...

...
. . . 0

0 0 0 0 −rx 1 + 2rx −rx

0 0 0 0 0 0 1




︸ ︷︷ ︸
Ax




ũ1,j

ũ2,j

ũ3,j

ũ4,j

...

ũNx−1,j

ũNx,j




︸ ︷︷ ︸
Ũ

=




un
1,j

un
2,j

un
3,j

un
4,j

...

un
Nx−1,j

un
Nx,j




︸ ︷︷ ︸
bx

7£¤,

AxŨ(:, j) = bx (8)

#�l�"f '��§>= Ax��H tridiagonals� 9, bx��H Nx	�  7�'�s���. ����"f d��(8)�Ér tridiagonal system�̀¦

Û�¦#Q"f  7�'� Ũ(:, j)\�¦ %3��̀¦ Ãº e����.
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2ndstep

s�]j d�� (7)�Ér 0A_� õ�&ñ
õ� 1lx{9��>� Û�¦����)a��. ��ðøÍ��t��Ð d�� (7)�Ér y−~½Ó�¾Ó\�"f �<Ê»¡¤&h�s�Ù¼�Ð
�¦&ñ
�)a j\� @/�#� ��6£§õ� °ú s� ����èq Ãº e����.




1 0 0 0 0 . . . 0

−ry 1 + 2ry −ry 0 0 . . . 0

0 −ry 1 + 2ry −ry 0 . . . 0

0 0 −ry 1 + 2ry −ry . . . 0

...
...

...
...

...
. . . 0

0 0 0 0 −ry 1 + 2ry −ry

0 0 0 0 0 0 1




︸ ︷︷ ︸
Ay




un+1
i,1

un+1
i,2

un+1
i,3

un+1
i,4

...

un+1
i,Ny−1

un+1
i,Ny




︸ ︷︷ ︸
Un+1

=




ũi,1

ũi,2

ũi,3

ũi,4

...

ũi,Ny−1

ũi,Ny




︸ ︷︷ ︸
by

7£¤,

AyUn+1(i, :) = by (9)

#�l�"f '��§>= Ay��H tridiagonals� 9, by��H Ny	�  7�'�s���. ����"f d��(9)�Ér tridiagonal system�̀¦

Û�¦#Q"f  7�'� Un+1(i, :)\�¦ %3��̀¦ Ãº e����.

��6£§�Ér Nx = Ny = 50{9� M:, r�çß�\� ���Ér \P�~½Ó&ñ
d��_� K�\�¦ �����·p MATLAB �ï×¼s���.

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%% OSM_heat2d.m %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

2 clear; clc; clf;

3

4 xleft = 0.0; xright = 1.0;

5 yleft = 0.0; yright = 1.0;

6 Nx = 50; Ny = 50;

7 dx = (xright - xleft)/Nx;

8 %dy = (yright - yleft)/Ny;

9 h = dx;

10 T=0.1; Nt=100; dt=T/Nt;

11

12 alpha = dt/h^2;
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13

14 % initalization

15 Ax(1:Nx, 1:Nx) = 0.0;

16 Ay(1:Ny, 1:Ny) = 0.0;

17 bx(1:Nx) = 0.0;

18 by(1:Ny) = 0.0;

19 u(1:Nx+2,1:Ny+2) = 0.0;

20 old_u = u;

21

22 % x and y points (cell centered grid)

23 for i = 1:Nx+2

24 x(i) = (i-1.5)*h;

25 end

26 for j = 1:Ny+2

27 y(j) = (j-1.5)*h;

28 end

29

30 %%% initial condition %%%

31 for i = 2:Nx+1

32 for j = 2:Ny+1

33 u(i,j) = sin(pi*x(i))*sin(pi*y(j));

34 end

35 end

36

37 % linear boundary condition

38 u(1,:) = 2.0*u(2,:) - u(3,:); u(Nx+2,:) = 2.0*u(Nx+1,:) - u(Nx,:);

39 u(:,1) = 2.0*u(:,2) - u(:,3); u(:,Ny+2) = 2.0*u(:,Ny+1) - u(:,Ny);

40

41 % draw mesh (initial u)

42 figure(1);

43 mesh(u); grid on; axis tight

44 xlabel(’X’,’FontSize’,14); ylabel(’Y’,’FontSize’,14);

45 zlabel(’u(x,y,0)’,’FontSize’,14);

46 title(’2D Heat equation(initial condtion)’,’FontSize’,16);

47 hold on
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48

49 %%% update old_u %%%

50 old_u = u;

51

52 %%% analytic solution (T=0.1) %%%

53 exact_u = u;

54 for i = 1:Nx+2

55 for j = 1:Ny+2

56 exact_u(i,j) = sin(pi*x(i))*sin(pi*y(j))*exp(-2.0*pi^2*T);

57 end

58 end

59

60 % draw mesh (exact u)

61 figure(2);

62 mesh(exact_u); grid on; axis tight

63 xlabel(’X’,’FontSize’,14); ylabel(’Y’,’FontSize’,14);

64 zlabel(’exact u(x,y,0.1)’,’FontSize’,14);

65 title(’2D Heat equation(exact solution)’,’FontSize’,16);

66

67

68 %%% Operator Splitting Method %%%

69 for k = 1:Nt

70

71 %%% 1st step (x-direction) %%%

72

73 % make Ax matrix

74 for i = 1:Nx

75 Ax(i,i) = 1 + 2.0*alpha;

76 end

77 for i = 2:Nx

78 Ax(i-1,i) = -alpha;

79 Ax(i,i-1) = -alpha;

80 end

81 % applying linear boundary condition

82 Ax(1,1) = 1.0; Ax(Nx,Nx) = 1.0;
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83 Ax(1,2) = 0.0; Ax(Nx,Nx-1) = 0.0;

84

85 % make bx matrix

86 for j = 2:Ny+1

87 for i = 2:Nx+1

88 bx(i-1) = old_u(i,j);

89 end

90 % Solve Ax*U=bx

91 u(2:Nx+1,j) = inv(Ax)*bx’;

92 end

93

94 % linear boundary condition

95 u(1,:) = 2.0*u(2,:) - u(3,:); u(Nx+2,:) = 2.0*u(Nx+1,:) - u(Nx,:);

96 u(:,1) = 2.0*u(:,2) - u(:,3); u(:,Ny+2) = 2.0*u(:,Ny+1) - u(:,Ny);

97

98 %%% update old_u %%%

99 old_u = u;

100

101

102 %%% 2nd step (y-direction) %%%

103 % make Ay matrix

104 for j = 1:Ny

105 Ay(j,j) = 1 + 2.0*alpha;

106 end

107 for j = 2:Ny

108 Ay(j-1,j) = -alpha;

109 Ay(j,j-1) = -alpha;

110 end

111 % applying linear boundary condition

112 Ay(1,1) = 1.0; Ay(Ny,Ny) = 1.0;

113 Ay(1,2) = 0.0; Ay(Ny,Ny-1) = 0.0;

114

115 % make by matrix

116 for i = 2:Nx+1

117 for j = 2:Ny+1
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118 by(j-1) = old_u(i,j);

119 end

120 % Solve Ay*U=by

121 u(i,2:Ny+1) = inv(Ay)*by’;

122 end

123

124 % linear boundary condition

125 u(1,:) = 2.0*u(2,:) - u(3,:); u(Nx+2,:) = 2.0*u(Nx+1,:) - u(Nx,:);

126 u(:,1) = 2.0*u(:,2) - u(:,3); u(:,Ny+2) = 2.0*u(:,Ny+1) - u(:,Ny);

127

128 %%% update old_u %%%

129 old_u = u;

130

131 end

132

133 % draw mesh (numerical u)

134 figure(3);

135 mesh(u); grid on; axis tight

136 xlabel(’X’,’FontSize’,14); ylabel(’Y’,’FontSize’,14);

137 zlabel(’Numerical u(x,y,0.1)’,’FontSize’,14);

138 title(’2D Heat equation(numerical solution)’,’FontSize’,16);

139

140 % draw mesh (error)

141 figure(4);

142 mesh( abs(u-exact_u) ); grid on; axis tight

143 xlabel(’X’,’FontSize’,14); ylabel(’Y’,’FontSize’,14);

144 zlabel(’error’,’FontSize’,14);

145 title(’2D Heat equation(numerical-exact)’,’FontSize’,16);

146

147 % maximum error

148 sprintf(’Max_error = %18.16f’, max(max(abs(u-exact_u))))

149 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%


