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Abstract Degradable scaffolds represent a promising solution for tissue engineering
of damaged or degenerated articular cartilage which due to its avascular nature, is
characterized by a low self-repair capacity. To estimate the articular cartilage regen-
eration process employing degradable scaffolds, we propose a mathematical model
as the extension of Olson and Haider’s work (Int. J. Pure Appl. Math. 53:333–353,
2009). The simulated tissue engineering procedure consists in (i) the explant of a
cylindrical sample, (ii) the removal of the inner core region, and (iii) the filling of
the inner region with hydrogels, degradable scaffolds enriched with nutrients, such as
oxygen and glucose. The phase-field model simulates the cartilage regeneration pro-
cess at the scaffold-cartilage interface. It embeds reaction-diffusion equations, which
are used to model the nutrient and regenerated extracellular matrix. The equations
are solved using an unconditionally stable hybrid numerical scheme. Cartilage repair
processes with full-thickness defects, which are controlled by properties of hydrogel
materials and cartilage explant culture based on biological interest are observed. The
implemented mathematical model shows the capability to simulate cartilage repair-
ing processes, which can be virtually controlled evaluating hydrogel and cartilage
material properties including nutrient supply and defected magnitude. In particular,
the adopted methodology is able to explain the regeneration time of cartilage within
hydrogel environments. With the numerical scheme, the numerical simulations are
demonstrated for the potential improvement of hydrogel structures.
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1 Introduction

Articular cartilage is an avascular connective tissue, part of a complex bearing system
characterizing diarthrodial joints, capable to provide load support for an enormous
range of loading conditions. The impossibility to self-regenerate, due to the absence
of blood vessels, drastically limits auto-repairing processes. Tissue engineering using
scaffolds promote chondrocyte differentiation and the formation of cartilage matrix,
inhibit chondrocyte proliferation, which result in the regeneration of defective carti-
lage (Grote et al. 2011; Temenoff and Mikos 2000). Hydrogels, biodegradable and
biocompatible materials, are largely investigated for tissue engineering applications
(Betre et al. 2002; Elisseeff et al. 1999; Nettles et al. 2004; Nguyen and West 2002;
Noguchi et al. 1991; Stile et al. 1999). After implantation, hydrogels slowly degrade
by cellular biosynthesis and proliferation, until the hydrogel is completely replaced
by the cartilage (Davis et al. 2003; Ossendorf et al. 2007; Rydholm et al. 2005; Wil-
son et al. 2002) (see Fig. 1 from Jackson et al. 2001).

To explain experimental results such as Kuo and Tsai (2010)’s work, a mathe-
matical modeling can be a useful tool as it is enable to predict spatial and temporal
control of cartilage repair process (Trewenack et al. 2009) and efficient compared to
expensive experimental studies (Sanz-Herrera et al. 2009). For this purpose, mathe-
matical models for an in vitro experiment are studied for controlling the regeneration
time and the potential improvement of hydrogel structures. As articular cartilage is
avascular, it is natural to consider a full-thickness defect and we consider a cylin-
drical cartilage-hydrogel explant culture. The inner core of the cylindrical cartilage-
hydrogel is removed and is filled with nutrient rich hydrogel. As the movement of
molecules such as nutrients, wastes, oxygen, and matrix macromolecules through the
tissue occurs by diffusion (Darling and Athanasiou 2003; Leddy and Guilak 2003;
Burkitt et al. 1993), the molecular diffusion of nutrients stimulates the proliferation
of chondrocytes, the cellular component of cartilage, and matrix synthesizes in re-
action process (Galban and Locke 1997; Sengers et al. 2007; Wilson et al. 2007), a
system of reaction-diffusion models (Glimm et al. 2012; Murray 2002) for nutrient
and matrix accumulation is considered for the mathematical modeling.

In this paper, the phase-field model is proposed for articular–cartilage regeneration
in hydrogels as an extension research of Olson and Haider’s work (Olson and Haider
2009). They studied the reaction phenomena at the hydrogel–cartilage interface by
idealizing the localized interface which is mathematically modeled by the level set
method and is coupled with the reaction-diffusion system for the nutrient concen-
tration and the newly generated matrix. The level set method, defined in Eulerian
description of a free moving interface, represents an interface as the zero level set of
a continuous function using the signed distance function, follows the movement of
interface by the velocity and keeps interface integrity. The level set method converts
the geometric problem into a partial differential equation to solve the geometric prob-
lem (Min 2010). However, the level set method has a restriction in numerical stability
as it generally uses a numerical scheme such as an explicit scheme, suffers from the
renormalization procedure (Gao et al. 2009).

We model the accumulation of newly generated ECM and the degradation of a
scaffold in an cylindrical in vitro articular cartilage as the phase change by using
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Fig. 1 Articular cartilage
regeneration in the medial
femoral condyle. A: Initial
(immediately after creation of
the lesion), B: 1 week, C: 2
weeks, D: 6 weeks, E: 24 weeks,
and F: 52 weeks (Reprinted
from Jackson et al. (2001), with
pre-permission from the J. Bone
Joint Surg. Am.)

a modified Allen–Cahn equation which is a type of phase-field method (Shirakawa
and Kimura 2005) considering cartilage and hydrogel as separated phases. For the
biological tissue, the phase-field model has the advantages of considering topological
changes and allowing the employment of complex material properties (Yang et al.
2006). We propose an unconditionally stable hybrid method to solve the phase-field
model. The proposed numerical scheme is efficient as the hybrid method uses an
implicit scheme and analytical solutions.

Moreover, biological reaction terms are added and diffusions are treated as a func-
tion of the order parameter of the phase-field. For the reaction term, a well-mixed
population model (Kooi et al. 1998) is implemented as we focus on the kinetics be-
tween nutrients and proliferation of matrix. We employ an unconditionally stable
hybrid method to solve the reaction-diffusion system. Based on hydrogel materials
and cartilage explant culture, parameters are varied to investigate spatial and tempo-
ral control of cartilage repair process. Considering the parameter set compared with
the level set method and allowing the employment of complex material properties,
we focus on the regeneration time of cartilage within hydrogel environments and the
potential improvement of hydrogel structures.

2 The Mathematical Model

In this modeling approach, in vitro cartilage regeneration in a cylindrical tissue ex-
plant is assumed. The core of the cartilage damaged sample has been filled with
a nutrient enriched hydrogel, such as photocrosslinkable hyaluronan (Nettles et al.
2004), polylactic acid (PLA), and elastin-like polypeptide (ELP). Nutrient diffusion
into the cartilage stimulates cell proliferation and cellular biosynthesis of ECM. Then
the newly synthesized ECM reacts to replace the hydrogel with newly formed ECM
having chondrocytes. The complex biological problem is simplified as the mathemat-
ical model especially a reaction diffusion system with spatial and temporal evolutions
for the nutrient concentration (N ) and the newly generated ECM (M). The reaction
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Fig. 2 Schematic illustration of
the cartilage-hydrogel aggregate

phenomena at the hydrogel–cartilage interface are locally defined with the thin inter-
face which is coupled with N and M .

We consider an order parameter φ, the difference between the concentrations
of the two components in a mixture, which indicates cartilage-hydrogel as phases.
The cartilage and hydrogel regions correspond to φ ≈ 1 and φ ≈ −1, respectively.
The zero level set φ = 0 is the location of the interface (Fig. 2).

Define N∗ (kg m−3) and M∗ (kg m−3) as homeostasis concentrations of N

and M , respectively. We denote that the maximal capacity of M as Mmax. Then a
reaction-diffusion system depending on a space and time for a nutrient concentra-
tion N (kg m−3) and a newly generated ECM (extracellular matrix) M (kg m−3) is
considered as (Galban and Locke 1997; Olson and Haider 2009):

∂N

∂t
= ∇ · (DN(φ)∇N

) − KN(φ)
(
N − N∗)(Mmax − M), (1)

∂M

∂t
= ∇ · (DM(φ)∇M

) + KM(φ)
(
N − N∗)(Mmax − M), (2)

where DN (m2 s−1) and DM (m2 s−1) are diffusion coefficients of nutrients and
ECM, respectively.

Note that nutrient transport and synthesis of ECM follows diffusion of molecules.
Moreover, cellular consumption of nutrients and synthesis of ECM are modeled as
the well-mixed population models (Kooi et al. 1998) for the reaction terms. This
modeling approach is realistic as the nutrient consumption and matrix aggrega-
tion are simultaneously occurred (Freed et al. 1994). DN(φ) = 0.5D−

N(1 − φ) +
0.5D+

N(1+φ), DM(φ) = 0.5D−
M(1−φ)+0.5D+

M(1+φ). D−
N,D−

M are defined in the
hydrogel region and D+

N,D+
M are coefficients for the cartilage region. When nutrient

supplies enough to reach the homeostasis N∗, diffusion dominates to N and M , and
the ECM has its maximum to M∗ by reaction terms in Eqs. (1) and (2).

Nutrients are consumed with the nutrient utilization rate KN(φ) (s−1) and the
ECM concentration aggregates with the rate KM(φ) (s−1). The reaction term of N

diminishes at a rate proportional to the matrix Mmax −M , nutrient, and the consump-
tion rate KN(φ) whereas the reaction term of M generates at a rate proportional to
N − N∗, and the aggregation rate KM(φ).

For the consumption rate KN(φ) and the aggregation rate KM(φ), which have
different values between the cartilage and the hydrogel region by means of φ, we let

KN(φ) = kN

1 + φ

2
, KM(φ) = kM

1 + φ

2
, (3)
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Fig. 3 (a) Free energy, F(φ) = 0.25(φ2 − 1)2. (b) Axisymmetric domain with boundary conditions

respectively. In this expression, KN(φ) = KM(φ) = 0 are naturally assumed in the
unseeded hydrogel region.

For the governing equation of the order parameter φ, we propose the modified
Allen–Cahn equation considering M as a diffuse mobility factor. As the Allen–
Cahn equation shows inherent motion by mean curvature, the additional directional
anisotropy of the order parameter φ is incorporated through M (Taylor and Cahn
1998). It should be noted that the interfacial effect is added as a term βMF(φ). The
proposed governing equation for φ is

φt = −α
(
M∗ + M

)(F ′(φ)

ε2
− �φ

)
+

√
2β

2ε

(
M∗ + M

)√
F(φ), (4)

where F(φ) = 0.25(φ2 −1)2, positive constants α, β , and ε. Note that α and β are the
rate controlling the degradation of the hydrogel. The Helmholtz free energy density
F(φ) is shown in Fig. 3(a). ε is the gradient energy coefficient related to the thick-
ness of the interfacial transition of the phase-field, α is the parameter corresponding
to the Allen–Cahn equation which influences to the curvature, and β affects to the
interfacial transposition. The initial conditions are given by

N(r, z,0) =
{

NH , 0 < r < a,

N∗, a < r < R,
(5)

M(r, z,0) = 0, (6)

where NH is the initial nutrient concentration of the nutrient-rich hydrogel.
The boundary conditions of N are given as Dirichlet boundary, interpreted as nu-

trient source, at z = H and r = R, which are upper and right-hand sides, respec-
tively. Nutrient source affects to the spatial and temporal regeneration which will be
discussed in Sect. 4.1. The boundary conditions for N , M , and φ are imposed as
no flux which is zero Neumann boundary. Our axisymmetric domain with boundary
conditions is depicted in Fig. 3(b).



A. Yun et al.

Fig. 4 Schematic of curvature-dependent cell aggregation. The first cell layer (dark gray circles, left-hand
side) and the first and second cell layers (right-hand side, the second layer is represented with bright gray
circles) with the same cell densities

To see the curvature effect in the axisymmetric domain, a schematic representation
of curvature-dependent cell aggregation is depicted by circles in Fig. 4. The left-hand
side of Fig. 4 shows the first cell layer (darker gray circles) and the right-hand side
shows the first and second cell layers where the second cell layer is represented with
brighter gray circles. Though two layers have the same cell densities, the second
layer goes inward rapidly by the curvature effect. Inspection of Fig. 4 reveals that the
aggregation speeds up to the core which will be observed in simulations in Sect. 4.

The nondimensional parameters are employed to have non-dimensional N , M ,
and DN for the numerical calculations:

Ñ = N

N∗ , M̃ = M

M∗ , Γ̃N (φ) = KN(φ)N∗

D−
N

, Γ̃M(φ) = KM(φ)M∗

D−
N

,

D̃N(φ) = DN(φ)

D−
N

, D̃M(φ) = DM(φ)

D−
N

, γ̃N = kN

D−
N

,

γ̃M = kM

D−
N

, δ = Mmax

M∗ , t̃ = tD−
N.

(7)

Then we have the governing equations in the axisymmetric form:

D−
NN∗∂Ñ

∂t
= N∗

r

(
D−

ND̃N(φ)rÑr

)
r
+ N∗(D−

ND̃N(φ)Ñz

)
z

− D−
NΓ̃N(φ)

N∗
(
N∗Ñ − N∗)(M∗δ − M∗M̃

)
, (8)

D−
NM∗∂M̃

∂t
= M∗

r

(
D−

ND̃M(φ)rM̃r

)
r
+ N∗(D−

ND̃M(φ)M̃z

)
z

+ D−
NΓ̃M(φ)

M∗
(
N∗Ñ − N∗)(M∗δ − M∗M̃

)
, (9)

∂φ

∂t
= −α

(
δM∗ + M̃M∗)

(
F ′(φ)

ε2
− �φ

)

+
√

2β

2ε

(
δM∗ + M̃M∗)√F(φ). (10)
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The governing equations are re-written omitting the tilde notation, the governing
equations on the domain Ω = (0,1) × (0,H/R) are:

∂N

∂t
= 1

r

(
DN(φ)rNr

)
r
+ (

DN(φ)Nz

)
z
− ΓN(φ)(N − 1)(δ − M), (11)

∂M

∂t
= 1

r

(
DM(φ)rMr

)
r
+ (

DM(φ)Mz

)
z
+ ΓM(φ)(N − 1)(δ − M), (12)

∂φ

∂t
= −α(δ + M)

(
F ′(φ)

ε2
− �φ

)
+

√
2β

2ε
(δ + M)

√
F(φ). (13)

The initial conditions are assumed as

N(r, z,0) =
{

NH /N∗, 0 < r < a/R,

1, a/R < r < 1,
(14)

M(r, z,0) = 0, (15)

φ(r, z,0) = tanh
r − a/R

2
√

2ε
. (16)

Boundary condition r = 1 and z = H/R

Case (1) N = 1
Case (2) N = NH /N∗

We denote Case (1) given as the boundary condition for the nutrient N = 1 and
Case (2) given as N = NH /N∗ on r = 1 and z = H/R. Case (1) implies the lack
of nutrient supply and Case (2) is abundant nutrient supply.

3 Numerical Solution

We employ a finite difference method to solve the nutrient concentration N(r, z, t),
the newly generated matrix M(r, z, t), and the order parameter φ(r, z, t) in the
cylindrical coordinates (r, z). Let us first discretize the given computational domain
Ω = (0,1) × (0,H/R) as a uniform grid with a space step h = 1/Nr = H/(RNz)

and a time step �t = T/Nt for a total time T . Let [0,1] and [0,H/R] be partitioned
by

0 = r1/2 < r1+1/2 < · · · < rNr+1/2 = 1,

0 = z1/2 < z1+1/2 < · · · < zNz+1/2 = H/R

then the cells Iik cover Ω = [0,1] × [0,H/R]. Let Ωh = (ri , zk) be the set of cell-
centers where

ri = (ri−1/2 + ri+1/2)/2, zk = (zk−1/2 + zk+1/2)/2.
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We assume M , N and φ are on the cell-centers. The numerical approximations of the
solution are denoted as

Nn
ik ≡ N(ri, zk, tn) = N

(
(i − 0.5)h, (k − 0.5)h,n�t

)
, (17)

Mn
ik ≡ M(ri, zk, tn) = M

(
(i − 0.5)h, (k − 0.5)h,n�t

)
, (18)

φn
ik ≡ φ(ri, zk, tn) = M

(
(i − 0.5)h, (k − 0.5)h,n�t

)
, (19)

where i = 1, . . . ,Nr , k = 1, . . . ,Nz, and n = 0, . . . ,Nt . Here Nr , Nz, and Nt are the
number of nodes for r , z, and t directions, respectively. We define the discrete dif-
ferentiation operator as ∇hφi+ 1

2 ,k
= (φi+1,k − φik)/h, ∇hφi,k+ 1

2
= (φi,k+1 − φik)/h

and the discrete Laplacian operator as �hφik = (∇hφi+ 1
2 ,k

−∇hφi− 1
2 ,k

+∇hφi,k+ 1
2
−

∇hφi,k− 1
2
)/h. Using the above notations, we solve Eqs. (11) and (12) using a hybrid

numerical scheme based on the operator splitting scheme (Li et al. 2010). This op-
erator splitting method divides its differential operator into the first order ordinary
differential equations which are solved analytically and implicitly. With following
two steps, we have Nn+1

ik and Mn+1
ik from initially given Nn

ik and Mn
ik .

Step (1) The following first order ordinary differential equations are solved ana-
lytically using Nn

ik and Mn
ik :

Nt = −ΓN(φ)(N − 1)(δ − M), Mt = ΓM(φ)(N − 1)(δ − M). (20)

Then we have

N
n+ 1

2
ik = 1 + (

Nn
ik − 1

)
eΓN(φn

ik)(M
n
ik−δ)�t , (21)

M
n+ 1

2
ik = δ + (

Mn
ik − δ

)
eΓM(φn

ik)(1−Nn
ik)�t . (22)

Step (2) The diffusion equations are discretized using the implicit scheme as fol-
lows:

Nn+1
ik − N

n+ 1
2

ik

�t
=

DN(φn

i+ 1
2 ,k

)r
i+ 1

2 ,k

h2rik

(
Nn+1

i+1,k − Nn+1
ik

)

−
DN(φn

i− 1
2 ,k

)r
i− 1

2 ,k

h2rik

(
Nn+1

ik − Nn+1
i−1,k

)

+
DN(φn

i,k+ 1
2
)

h2

(
Nn+1

i,k+1 − Nn+1
ik

)

−
DN(φn

i,k− 1
2
)

h2

(
Nn+1

ik − Nn+1
i,k−1

)
, (23)
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Mn+1
ik − M

n+ 1
2

ik

�t
=

DM(φn

i+ 1
2 ,k

)r
i+ 1

2 ,k

h2rik

(
Mn+1

i+1,k − Mn+1
ik

)

−
DM(φn

i− 1
2 ,k

)r
i− 1

2 ,k

h2rik

(
Mn+1

ik − Mn+1
i−1,k

)

+
DM(φn

i,k+ 1
2
)

h2

(
Mn+1

i,k+1 − Mn+1
ik

)

−
DM(φn

i,k− 1
2
)

h2

(
Mn+1

ik − Mn+1
i,k−1

)
. (24)

We use a multigrid method to solve Step (2) (Briggs 1987; Trottenberg et al. 2001)
and a numerical method introduced in Shin et al. (2011) is applied to have the values
of DN and DM .

To solve the governing equation (13) efficiently, we propose a hybrid numerical
scheme using the operator splitting scheme (Li et al. 2010). We introduce the inter-
mediate variable φ∗ and φ∗∗ to split the operator. Our hybrid method for φ proceeds
with following three steps:

Step (1) For the first order ordinary differential equation, we solve the following
equation using φn

ik :

φt =
√

2β

2ε

(
δ + Mn

ik

)√
F

(
φn

ik

)
. (25)

Then we have the analytic solution by using the separation of variables as follows:

φ∗
ik = φn

ik − 1 + (φn
ik + 1)e

√
2β(δ+Mn

ik)�t/ε

−φn
ik + 1 + (φn

ik + 1)e
√

2β(δ+Mn
ik)�t/ε

.

Step (2) φt = α(δ + M)�φ is solved implicitly using φ∗
ik as follows:

φ∗∗
ik − φ∗

ik

�t
= α

(
δ + Mn

ik

)
�hφ

∗∗
ik . (26)

To solve Step (2), we use the multigrid method (Briggs 1987; Trottenberg et al.
2001).

Step (3) For the first order ordinary differential equation, we solve the following
equation using φ∗

ik :

φt = − α

ε2
(δ + M)F ′(φ). (27)

Then we have the analytic solution by using the separation of variables as follows:

φn+1
ik = φ∗∗

ik√
e−2α(δ+Mn

ik)�t/ε2 + (φ∗∗
ik )2(1 − e−2α(δ+Mn

ik)�t/ε2
)

.

The solution of Step (1)–Step (3) allows to obtain φn+1
ik from the given φn

ik .
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Table 1 Parameter set for level
set (Olson and Haider 2009) and
phase-field

Cases Mean curvature Speed of moving interface

Level set 0.0001 or 0.0005 0.001 or 0.005

Phase-field α = 0.0001 or 0.0005 β = 0.001 or 0.005

4 Numerical Results

In this section, we present numerical results for spatial and temporal articular carti-
lage regenerations using our proposed model. Our numerical results include the pa-
rameter set for the phase-field model comparing with the level set, convergence test,
temporal evolution of the N , M , and φ with different nutrient supply, different ma-
trix synthesis rate, and magnitude of defected region. For the diffusion coefficient, we
impose ten times higher values for hydrogel than cartilage (Nettles et al. 2004) as the
nutrient concentration is water-rich whereas most of cartilage is comprised largely
of collagen fibers (Leddy and Guilak 2003). A reference value is D−

N = 8000 µm2/s
which lies in the range of 600–8000 µm2/s (Nettles et al. 2004). In articular carti-
lage, the range of diffusion coefficients was 50–70 µm2/s (Nettles et al. 2004). There-
fore, diffusion coefficients D−

N = 1, D+
N = 0.01, D−

M = 0.1, and D+
M = 0.001 (Ol-

son and Haider 2009) are used, unless otherwise specified where a reference value
is D−

N = 1 from the nondimensionalization. H/R = 1, a/R = 0.5, and a constant
ε = 8h/(2

√
2 tanh−1(0.9)) are considered. We assume that Mmax = 2M∗ then we

have δ = 2. The nutrient rich hydrogel NH has ten times higher nutrient concentra-
tion of cartilage at homeostasis N∗, that is NH /N∗ = 10. As the values of γN and
γM are not available experimentally, we vary γM to demonstrate the effect of γM and
γN = 0.01 is used. Numerical solutions are calculated on the computational domain
Ω = (0,1) × (0,1). For whole numerical simulations, the interface φ is captured at
the level 0.

4.1 Parameter Set for Phase-Field Model

We numerically determine the values of parameter α and β for Eq. (13). Here, we
fix M = 0 to compare the theoretical values. When α = 1 and β = 0 (see Fig. 5(a)),
φ follows the mean curvature and R satisfies theoretical value R(t) = √

0.25 − 2t

(Li et al. 2010) on the radially symmetric domain. When α = 0 and β = 1 (see
Fig. 5(b)), the speed of the moving interface is 1 as the traveling wave solution of
φ is φ = tanh(x − t)/

√
2ε. Remark that the temporal aggregation speeds up to the

core by the effect of axisymmetric domain and this behavior will be shown in the rest
of the simulations.

To match the parameter set for the phase-field method, we compare the parameter
set from the level set method (Olson and Haider 2009) as Table 1.

Unless otherwise specified, we use scaled values α = 0.0001 and β = 0.001.

4.2 Convergence Test

To verify the accuracy of our proposed scheme, we perform a convergence test with
mesh refinements. Here, a fixed value ε = 0.015 and nutrient source N = 5 are used.



A Phase-Field Model for Articular Cartilage Regeneration

Fig. 5 Parameter set (a) mean curvature R where the solid lines represent the numerical results and circles
show the theoretical results for α and (b) speed of the moving interface at T = 0.1 for β

Fig. 6 Convergence test with
mesh refinements

We use finer spatial mesh sizes up to four levels, such as, h = 1/2n for n = 6,7,8,
and 9. For each mesh size, numerical calculation is run until the time T = 0.1 with the
time step size �t = 0.001h. The overlapped contour of φ is calculated with 64 × 64,
128 × 128, 256 × 256 and 512 × 512 spatial grid nodes. The convergence of our
proposed scheme is clearly observed with mesh refinements in Fig. 6.

4.3 Sensitivity Study

Numerical simulations with varying values of γM and supply of the nutrient source
are performed to investigate the regeneration time and hydrogel environment. The
fixed values γN = 0.01, α = 0.01, and β = 0.1 are used and numerical solutions are
computed with a spatial step size h = 1/64 and a temporal step size �t = 0.005. In
this section, the overlapped temporal evolution of φ at the level 0 is drawn with 11
intervals from initial to final time.

The result presented in Fig. 7 shows how the matrix synthesis rate γM and the nu-
trient source influence to the regeneration time and spatial cartilage-hydrogel aggre-
gation. As the growth factors affect on the rate of matrix synthesis, different values of
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Fig. 7 Overlapped temporal evolution of φ for Case (1), (a) γM = 0.05, T = 1.5, and (b) γM = 1,
T = 1.25. For Case (2), (c) γM = 0.05, T = 1.5, and (d) γM = 1, T = 1.05

γM are simulated. When the nutrient supply is restricted, Case (1), a small value of the
matrix synthesis rate γM = 0.05 needs to evolve until the total time T = 1.5 whereas
twenty times higher matrix synthesis rate γM = 1 totally aggregates in T = 1.25. The
interface is advected largely along the top region, which shows slow regeneration at
the top which occurs by a limited nutrient source. We observe that regeneration pro-
cesses are almost similar whereas the total time for γM = 1 is almost 1.2 times faster
than γM = 0.05. Therefore, the more the synthesis rate affects to the faster reaction
speeds.

Next, we impose the sufficient nutrient supply Case (2) which is shown in the sec-
ond row of Fig. 7. The results show consistent results from the previous test as the re-
stricted synthesis rate (c) γM = 0.05 needs more total regeneration time T = 1.5 than
(d) γM = 1 having the elapsed time T = 1.05. As supply of the nutrient is enough,
the interface proceeds rapidly inward direction at the top. Temporally, (d) γM = 1
shows 1.4 times faster regeneration than (c) γM = 0.05 whereas the spatial regener-
ation shape is almost similar. By the nutrient sources, Case (2) is 1.19 times faster
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Fig. 8 Evolution of φ with boundary conditions (a) Case (1), (b) N = 4, (c) N = 7, and (d) Case (2)

than Case (1). Overall, we observe that a supply of nutrient affects to the spatial
regeneration and increasing values of reaction terms speeds up the evolution.

We consider the spatial control with varying nutrient supply by different material
properties of hydrogels. The boundary conditions (a) Case (1), (b) N = 4, (c) N = 7,
and (d) Case (2) are considered for the total time T = 1.25.

The other parameters are the same as the previous section. The result in Fig. 8
reveals that increasing nutrient supply is obviously affects to the faster spatial and
temporal regenerations. Due to the nutrient source, cartilage tissue aggregates to the
core with higher speed at the top with sufficient nutrients. Depending on the geometry
of cartilage damage, controlled spatial regeneration is able to be considered.

4.4 Temporal Evolution of N , M and φ

We illustrate the temporal evolution of N , M and φ with Case (1) and Case (2)
to observe the nutrient consumption and matrix aggregation. Parameters γM = 1,
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γN = 0.01, α = 0.01, and β = 0.1 are chosen. Numerical solutions are computed
with uniform space mesh h = 1/64 and the time step �t = 0.0005.

First, temporal evolutions of N , M and φ with the boundary condition Case (2)
are simulated. Figure 9(a) shows the overlapped temporal evolution of φ with 11 in-
tervals from initial to final time (the total time T = 1.075 is used). Results (b) show
the nutrient concentration N at t = 0 (second row), T/2 (third row), T (fourth row),
and (c) illustrate M at t = T/10 (top row), T/2 (second row) and T (bottom row), re-
spectively. The bottom line on the rz-plane in (b) shows the contour of the interface
φ at each corresponding time. Results (d) show interface φ at t = 0 (second row),
T/2 (second row), T (fourth row), respectively. The aggregation of interface φ goes
to the inward direction incorporating with the evolution of M . As the nutrient sup-
plies enough, the repair process at the top region speeds up than the bottom region.
By the effect of Dirichlet boundary on the boundary, N has substantially higher at the
boundary and becomes evenly distributed. M has the relatively high concentration at
the interfacial region as shown with the overlapped thicker dark line. Then the bottom
row of Fig. 9 represents φ = 0 isosurface of 3D configurations, which is obtained by
replacing the axisymmetric domain to three-dimensional geometry and correspond-
ing to φ at t = T/10, T/3, T/2, and T from the left to the right, respectively. The
lasting repair of cartilage is visually demonstrated.

Next, the boundary condition Case (1) is investigated with the total time T = 1.25.
The other parameters are the same as the previous test and the results shown in Fig. 10
are arranged with the same order of Fig. 9. These results suggest that the speed of
turnover, captured with φ, is faster at the bottom region relative to the top region
by the lack of nutrient supply. Moreover, M has high concentration at the interfacial
region, which is the same as the previous test. However, the region near the boundary
of M shows relatively low density by the lack of the nutrient supply. Though the
temporal cartilage repair process slowly occurs compared to Fig. 9, the complete
regeneration is observed.

4.5 Effect of Damaged Magnitude

Effects of the defective sizes are investigated by varying the initial conditions of the
interface φ. The boundary condition Case (2) is adopted. Numerical solutions are
computed with a uniform space mesh h = 1/64 and the time step �t = 0.0009.

The different defective sizes are assumed such as a/R = 0.25 and a/R = 0.75.
The overlapped temporal evolutions of φ from initial to final time with 9 intervals are
shown in Fig. 11 (a) a/R = 0.25 with the total time T = 1.35 and (b) a/R = 0.75
with the total time T = 2.25. The consistent spatial evolutions are observed regardless
of the defective sizes and the temporal evolution shows almost similar pattern in spite
that small defective cartilage regenerates faster.

Next, restricted nutrient consumption of hydrogel is investigated in the simulation.
The initial conditions for φ is given as

φ(r, z,0) =
{−1, r − z < 0.7,

1, otherwise.
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Fig. 9 Spatial and temporal aggregation of Case (2) : (a) overlapped 11 temporal evolution of φ (level 0).
(b) N , (c) M , and (d) φ at time t = 0 (second row), t = T/2 (third row), and t = T (fourth row). Bottom
row: Corresponding 3D configuration (bottom row) for (a) T/10, (b) T/3, (c) T/2, and (d) T (T = 1.075)
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Fig. 10 For γM = 1 and γN = 0.01 with Case (1): (a) overlapped 11 temporal evolution of φ. (b) N ,
(c) M , and (d) φ at time t = 0 (second row), t = T/2 (third row), and t = T (fourth row). Bottom row:
Corresponding 3D configuration (bottom row) for T/10, T/3, T/2, and T (T = 1.25)
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Fig. 11 Interface φ with different defective sizes for (a) a/R = 0.25 and (b) a/R = 0.75

With a temporal step size �t = 0.001, we simulated temporal evolutions of N , M ,
and φ, and the same arrangement as simulations in Sect. 4.4 are used for results
in Fig. 12. Likewise.. the previous investigation, M has high concentration at the
interfacial region. The complete regeneration is able to be occurred regularly though
relatively small proportion of nutrient source is supplied from the boundary.

Note that we fix the volume fraction of hydrogel as π/8 in Case (2) and the tempo-
ral evolutions of hydrogel-volume fractions are investigated. We consider the cylin-
drical shape, the truncated cones with gradients m = −1 (lack of nutrient supply)
and m = 1 (adequate nutrient supply). Overall, we fix the nutrient concentration as 5.
Then resulted volume fraction of scaffold on Fig. 13 explains that a cone shape with
the gradient of 1 shows the rapid regeneration whereas the lack of nutrient supply
results in the slow regeneration process.

5 Conclusions

We have proposed the phase-field method as a mathematical modeling for articular
cartilage regeneration in degradable scaffolds. The spatial and temporal control of
cartilage repair process is simulated using the mathematical modeling. The phase-
field model simulates the hydrogel and cartilage interface where hydrogel turns into
newly generated cartilage which has been studied by using the level set method (Ol-
son and Haider 2009). Both the phase-field and level set methods simulate the dy-
namics involving a transitional region and approach to the equilibrium. However,
the level set method could distort the dynamics, while the phase-field method keeps
the same dynamics in numerics as those in the continuum PDEs in image prob-
lems. The phase-field model improves the numerical stability, where we proposed
an unconditionally stable hybrid method, and eliminates the renormalization proce-
dure.
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Fig. 12 (a) Overlapped 11 temporal evolution of φ. (b) N , (c) M , and (d) φ at time t = 0 (second row),
t = T/2 (third row), and t = T (bottom row) (T = 0.75)

In the modeling, a reaction-diffusion system is embedded to describe the nutrient
and newly generated matrix. To explain the regeneration process, we have presented
an unconditionally stable hybrid numerical method. We investigated convergence of
our proposed numerical method, the effect of parameters which can be varied by hy-
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Fig. 13 Volume fraction of
scaffold with cylindrical shape
(dotted line), truncated cone
with −1 (dashed line), and
truncated cone with 1
(dashed-dot line)

drogel mechanical properties and cartilage environment. Moreover, we consider the
regeneration time of cartilage and the potential improvement of hydrogel structures.

The simulated results were obtained with parameter values having experimental
properties of hydrogel for providing nutrients supply which is interested biological
field (Shakeel et al. 2013). The nutrient supply and physical magnitude of detected
region affect to the time and spatial regeneration process. We expect our model gives
guide as an in vitro experiment with the different initial shapes and material proper-
ties. As the diffusive interface models are in consistent with the statistical, physics,
and thermodynamics through the variational problems, the biological problems re-
lated to the physics are easier to corporate with the phase-field model. Therefore,
we expect the seeded hydrogel, the important part of tissue engineering resulted
in the overall performance of scaffolds (Li et al. 2001), could study with our ap-
proach.
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