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1. Introduction

The relaxation process of the magnetization distribution in a ferromagnetic material is described by the Landau-Lifshitz
(LL) equation [1,2]. Numerical analysis has played an important role in the investigation of various issues in ferromagnetic
materials [3-6]. Recent developments in modeling, analysis, and numerics of ferromagnetism were discussed in survey
articles [7,8]. In this paper, we consider the gyromagnetic term in the Landau-Lifshitz equation with a forcing

om(x, t)
T:—m(x,t)xAm(x,t)+f(x,t), XxeR,0<t<T, (1)

where m(x, t) = (u(x, t), v(x, t), w(X, t)) is a magnetization vector field and £2 c R? (d = 1, 2, 3) is a domain. At the
domain boundary 952, we will use either homogeneous Neumann or periodic boundary condition. It is obvious that Eq. (1)
with f = 0 has a length-preserving property during the evolution process. To see this, we do scalar multiplication of Eq. (1)
with m.

om

W-m:—(mxAm)-m:O. (2)
Then, 3|m|?>/dt = 0, which implies |m(x, t)| is constant for all t and each x. And we assume that [m(x, 0)| = 1. Let
E(m(x, t)) be an energy defined by E(m(t)) := ||[Vm(t) ||fz(m. By taking an inner product of Eq. (1) with Am, we obtain

om

W-Am:—(mxAm)'Amzo. (3)
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Fig. 1. Cell centered grid.

Using homogeneous Neumann or periodic boundary conditions, from Eq. (3) we have

om om Jm om
0= — - Amdx = —  —ds — V— : Vmdx
2 at FYe) Jat on Q ot

1dE
_ 1 (m(t))’ (4)
2 dt
which implies that E(m(t)) is constant and this problem has an energy conservation property. Here, n is a unit normal vector
to 352 and the operator ‘" is defined as A : B = ) ;; a;by.

The Crank-Nicolson (CN) scheme is a popular implicit method for solving partial differential equations with second-
order accuracy in time and space [9]. However, the method does not always produce accurate results when it is applied to
the Landau-Lifshitz equation. It is the objective of this article to enumerate the problems and then to propose an accurate
and robust numerical solution algorithm. One- and two-dimensional discrete schemes for the discretized Landau-Lifshitz
equation with an exact solution are described and numerically solved using a nonlinear multigrid method. Also, we show
that the proposed scheme has a second-order convergence in space and time numerically.

The paper is organized as follows. In Section 2, we describe the discrete scheme of Landau-Lifshitz equation. And we
present the nonlinear multigrid method for the discrete system. In Section 3, the numerical results showing performance of
the proposed scheme are given. Conclusions are made in Section 4.

2. Crank-Nicolson method
2.1. Discretization

For simplicity of presentation, we will describe spatial and temporal discretizations of the governing equation in one-
dimensional space. Two- and three-dimensional spaces are straightforward extensions. Let us first discretize the given
computational domain £2 = (0, 1) as a uniform grid with the number of grid points Ny, a space step h = 1/Ny, and a
time step At = T/N;. Let us denote the numerical approximation of the solution by

m; = m(x;, t") = (uf, v}, w}')

1
(u((i —0.5)h, nAt), v((i — 0.5)h, nAt), w((i — 0.5)h, nAt)),
wherei=1,...,Nyandn =0, 1, ..., N.. We use a cell centered discretization. See Fig. 1.

Neumann boundary condition is m,(0, t) = m,(1, t) = 0. Therefore, we put the my = m; and my,; = my, as the
boundary condition. The Crank-Nicolson scheme is given as

mrH—l —m" mn+l m" mn—H m"
- 2* X A 2* + (5)

where Ay, is the standard discretization of A:

1
Apm; = P(miﬁ —2m; +m;_q).

Let E;(m") be the discrete energy defined by

1

Bum®) = 2 3 [ty — )+ (o = vf)” + (0 — wf)’]

i=1

1
h Z [Imf,, —m{'|].
i=1

We note that in [ 10] established a weak convergence of the approximate solutions to weak solutions of the Landau-Lifshitz
equation.

2.2. Properties of the scheme

First, we show that the scheme (5) conserves the magnitude of magnetization.

mn—H —m" 1
At
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Taking an inner product of Eq. (6) with m"t! + m", we obtain
n+1 __ n
% Lm™ 4 m) = — (m’”'% % Ahm'ﬂ'%) .m"™! +m") =0,
hence
n+1 |2 |m | (7)

Second, we show that the discrete energy is conserved. Forming an inner product between Eq. (6) and A,(m"*! 4+ m"),
we obtain

|m

mn+l —m"
At
It follows that

cAym"™ 4+ m") = — (m”+% x Ahm"““%) - Ap(m"™ +m") = 0.

(mn+1 _ mn) . Ah(mn+1 4 mn) —0. (8)

Summation Eq. (8) overi = 1, ..., Ny leads to

Ny
> Tt —m) - Ayt 4+ m) = 0. 9)
i=1

Using Eq. (7) and periodic boundary condition, Eq. (9) becomes

Nx
> (em* miH —2m] - m],)=0. (10)
p

Now, we get the following energy conservation:

+1 +1 +1,2 2
Em"") —E(m") = 72 (Im;) —m™' 12 — im,, — m??)
i=1
1 Nx
+1 +1,2 2 +1 +1
- EZ ?+1| —|m,+1| + Im{ " — Im{|* = 2m{" - m{ + 2my m:+1) 0,

where we have used Egs. (7) and (10).

Finally, we show that the truncation error of the scheme is second order in time and space. Let u, v, w be the exact solution
of the partial differential equation (1) without a forcing term. Then, the local truncation error of the first component of the
equations is

1 n+1 _ .n n+1 n n+1 n n+1 n n+1 n
it U Ui + vt A wi twi ) w tw A vt
T2 =

At 2 2 2 2

= @™ +o(ac) + ( "2 ot )) ((wxx)}”% +0(?) + O(At2)>
n+l 2 n+l 5 5
- (wi S+ O(At )) ((vxx)i 24 O(h*) + O(At ))

1
= (U + VW — u)z)xx):-1+2 + 0(h?) + 0(At?).
Since u, v, w is the solution of the differential equation so

n+2

(U + VW — WUy); ° =0.

Therefore, the principal part of the local truncation error is

n+

T, P _ 0(h%) + 0(At?).

1

For the second and third components of the equations, we get same results.

2.3. Solving the nonlinear system—a nonlinear multigrid method

Multigrid methods are generally accepted as among the fastest numerical methods for solving these types of partial
differential equations. Since the scheme (5) is nonlinear, we use a nonlinear full approximation storage (FAS) multigrid
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method to solve the nonlinear discrete system (5) at the implicit time level. A pointwise Gauss-Seidel relaxation scheme
is used as the smoother in the multigrid method. See the reference text [11] for additional details and background. The
algorithm of the nonlinear multigrid method for solving the discrete equation is: First, let us rewrite Eq. (5) as

Nm"") = ¢", (11)

where the nonlinear system operator (N) is defined as
n+1 ny1, At n+1
N(m"™) =m"" + 7(m X Apm)
and the source term is
At
¢"=m" — T(m x Apm)" + AtF3

In the following description of one FAS cycle, we assume that a sequence of grids §2 (§2¢_1 is coarser than £2; by factor 2).
Given the number f of pre- and post-smoothing relaxation sweeps, an iteration step for the nonlinear multigrid method
using the V-cycle is formally written as follows [11]:

FAS multigrid cycle
m™ K = FAScycle(k, m™F, Ny, $™*, B).

That is, m™* and m™ ¥ are the approximation of m"+"¥ before and after an FAScycle. If £2; is the finest mesh and
m+1,k _ amk n+1 __ qam+1,k
o0 ’ - . ) .
[lm m™*||, < tol, then we let m m Now, we define the FAScycle

Step (1) Pre-smoothing

m™* = SMOOTH? (m™*, Ny, ¢™"), (12)

which means performing 8 smoothing steps with the initial approximation m™¥, source term (I)“‘k, and SMOOTH relaxation
operator to get the approximation m™X. In its component form, Eq. (11) becomes

n+1 n+1
u; At ViApWwi — Wi Apv;
U,.n+l + — | wiApu; — u;Apw; = (I):1 fori=1,..., Ny. (13)
w!t! Ui Apvi — VAl

The main idea of the proposed scheme is a cancelation. Note that

Wi—1 — 2W; + Wit Vi1 — 20; + Vi
ViApwi — wiApv; = v 2 —w; 2
Wi—1 + Wi Vie1 + Vit
- 1 h2 wl h2
= vjAhwi—wiAhvi for i = ],...,NX, (14)

where Apw; = (wi_ + wiyq)/h?. Similarly, we have
wiAnlli — U Apw; = wiAptt; — Ui Apwy, (15)
Ui Apvi — ViApll; = Ui Apv; — viApl;. (16)
This cancelation stabilizes the scheme. By Eqs. (14), (15) and (16) we rewrite the above equation.

u! o
Al =18,
wht! Vi

1

where
1 EA w,”+1 —EA;,UI"“L1
At ? I T c b
A= | —— A 1 Attt | =(-c 1 a
At At b —a 1
~ 1 ~ 1
7AhU{l+ —7Ahu?+ 1

and (e, Bi, ;)" is the right-hand side term in Eq. (13). Then using Cramer’s rule, we obtain

@ oM Wty = 1/1Ai (A, JAil, JAisl),  i=1,..., Ny

1 1
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where A  is obtained by replacing the jth column of A; with (o, 8;, vT.
Al =14+ a® + b* + 2,
Ai1l = a;i(14a*) — Bi(c — ab) + yi(ac + b),
|Ai2| = ai(ab + ¢) + Bi(1 4 b*) — yi(a — bo),
|Ai 3| = ai(ac — b) + Bi(a + bc) + yi(1+ ).

We can rewrite Eq. (11) as a matrix form:

1 ¢ —b
(—c 1 a )m;‘“: i (17)

b —a 1
where
At -~ At - At -~
a=—AuM, b= —Ap"™", and c= —Auw".
2 2 2
To derive a Gauss-Seidel type iteration, we replace m"*! in Eq. (17) with m™¥ if @ < i, otherwise with m™, i.e.,
1 c —b
—c 1 a @M= (18)
b —a 1
where
-m,k Lk -m,k m,k —m,k k
0= At 0y Uy b— At ittt Vi o= At Wity Wiy
2 h? ' 2 h? ' 2 h? '

Step (2) Coarse grid correction
e Compute the defect: d™ = ¢™* — N, (m™F).
o Restrict the defect and m™ : d™*~1 = =1 (d™k), m™k—1 = [~ (m™k).
The restriction operator I,’:_l maps k-level functions to (k — 1)-level functions.

dVx;, y) = IF'd* (x; »)—1 dx_1,y_ 1) +dC_ 1,y 1) +Fd &, 1,y 1) Fd X1,y 1)
1 J)) — Yk lay] - 4 i,j’.yj,j 1727y1+7 H,isyj,j i+§7yj+j .

e Compute the right-hand side: (l)”"‘_1 = d™k 1 4 Ny (™).
e Compute an approximate solution m™*~1 of the coarse grid equation on §2;_1, i.e.

Nk_](mm.kfl) — ¢n,k71. (-19)

If k = 1, we apply the smoothing procedure in (12) to obtain the approximate solution. If k > 1, we solve (19) by
performing a FAS k-grid cycle using m™*~! as an initial approximation:

m™*! = FAScycle(k — 1, m™* ', Ni_q, ™71, B).

e Compute the coarse grid correction (CGC): ¥™*~1 = m™k—1 — m™k-1,

e Interpolate the correction: ¥™k = [f_ ™K1,

e Compute the corrected approximation on §2;; m™fter CGCk — mk 4 ymk

Step (3) Post-smoothing: m™*1* = SMOOTH? (m™2fter C¢C.k N, - ™K). This completes the description of a nonlinear
FAScycle. After we get a solution after one FAScycle, using an updated source term, we repeatedly perform iterations until
the numerical solution converges.

Now we consider the scheme with no cancelation. We rewrite Eq. (13).
ul_‘l+l

1
Al o | =¢! fori=1,...,N,.
wt!

To discuss the stability of the Crank-Nicolson scheme, we compute the characteristic polynomial of A;.
det(Ai —AD = (1 -2+ 1 -1 @+ b +3).

The three eigenvalues of A; are

A =1, M=1+ivVa2+b2+c2, and A3 =1-—iva?+ b2+ c2.
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Thus, the three eigenvalues of A; ' are
)/1=1/)\1, )/2=1/)\.2, and )/3=1/)\3

The absolute values of three eigenvalues ofAi_] are

1
<1

ly2l = lysl = <
’ T ittt
Without cancelation, a, b, and ¢ are small compared to 1, on the other hand, with cancelation a> + b*> 4+ ¢? ~ 0(1/h%).
Therefore, 1/4/1 + a® + b2 + ¢2 ~ 0(h?) « 1 and this makes the iterations stable.

|V1| = 1’

3. Numerical results

In this section we perform numerical experiments with exact solutions to verify the second-order accuracy of the
proposed scheme in time and space. Without the forcing term, we also show the energy conservation property.

3.1. One space dimension

3.1.1. Convergence test
We consider one-dimensional Landau-Lifshitz equation with a source:

m =-mxmy+f on2=(0,1). (20)
An exact solution of Eq. (20) is

(ue> cos(x*(1 — x)?) sin(t)

mé = | v° sin(x*(1 — x)?) sin(t)

w® cos(t)
In its component form, the forcing term f = m{ + m® x m, can be calculated as follows.

cos(X) cos(t) + [(X")? sin(X) — X" cos(X)] sin(t) cos(t)
f = | sin(X) cos(t) — [(X")? cos(X) + X" sin(X)] sin(t) cos(t) | ,
—sin(t) + X" sin(t)

where X = x%(1 —x)2. Now, we will solve Eq. (20) with an initial condition m(x, 0) = (0, 0, 1) and zero Neumann boundary
condition; i.e., my = 0at 32 = {0, 1}. We define the numerical error ] = m] —m°®(x;, t") fori = 1, 2, ..., N,. The discrete
l,-norm and the maximum norm are defined as

n n

el . @
lle"|l, = Z —— and |e"||oc = max /e -ef.
3Ny 1<i<Ny

1<i<Ny

To obtain an estimate of the convergence rate, we performed a number of simulations on a set of increasingly finer grids.
We computed the numerical solutions on uniform grids, h = 1/2" forn = 6,7, 8, 9 and 10. For each case, we ran the
calculation to time T = 1with a time step At = 0.32 h. Fig. 2 shows the numerical results for the one-dimensional equation:
(@) u, (b) v, (¢) w, and (d) m at T = 1. The numerical results agree very well with the exact solution. The errors and rates
of convergence are given in Table 1. The results suggest that the scheme is indeed second-order accurate in space and time.
Also, the convergence results imply the preservation of the length of the vector field, m.

We calculate the stability constraint for the proposed scheme and take a similar test problem in [12]. We try to find the
maximum At corresponding to different spatial grid sizes h so that stable solutions can be computed up to T = 1. The
results are shown in Table 2 and we obtain stable solutions for all five mesh sizes. The results indicate that the proposed
CN scheme is practically unconditionally stable because time step constraint from accuracy concern is more restrictive than
one from stability of the numerical scheme.

3.1.2. Energy conservation
Next, we investigate the energy conservation property when f = 0. An exact solution of the equation is

u(x, t) = sin(e) cos(kx + tk? cos(w)),
vé(x, t) = sin(e) sin(kx + tk* cos(x)),
wé(x, t) = cos(a).
We see that the function m(x, t) = (u®(x, t), v(x, t), wé(x, t)) satisfies Eq. (1). Now we apply an initial condition to Eq. (1)
(up, vg, wo) = (sin(a) cos(kx), sin(e) sin(kx), cos(a)),

where « = 7 /4, k = 2, and a periodic boundary condition is applied; i.e., my = my, and my,1 = m;.
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Fig. 2. Magnetization distribution for one-dimensional equation: (a) u, (b) v, (c) w,and (d)matT = 1.

Table 1

0.06

The I, and maximum norms and convergence rates with space step h = 1/Nj, time step At = 0.32 h, total time T = 1, and an iteration convergence

tolerance of 1071°,

Case 64 Rate 128 Rate 256 Rate 512 Rate 1024
lle" I, 6.5E—5 1.99 1.6E—5 1.99 4.1E—6 2.00 1.0E—6 2.00 2.5E-7
le™ [l oo 1.1E—4 1.99 2.7E-5 1.99 6.7E—6 2.00 1.7E—6 1.99 42E-7
Table 2
Stability constraint of At for the proposed scheme.
Mesh size h=1/64 h=1/128 h =1/256 h=1/512 h=1/1024
Time step At >h At >h At >h At >h At >h
Table 3

The I, and maximum norms and convergence rates with space step h = 1/Nj, time step At = 0.32 h, total time T = 1, and an iteration convergence

tolerance of 1071°,

Case 64 Rate 128 Rate 256 Rate 512 Rate 1024
eI, 2.8E—2 1.98 6.9E—3 1.99 1.7E-3 1.99 43E—4 1.99 1.1E—4
lle"lloo 4.8E—2 1.98 1.2E-2 1.99 3.0E-3 1.99 7.5E—4 1.99 1.9E—4

Theoretically, this energy is constant irrespective of time. Now we confirm that numerically. Fig. 3 shows a numerical
result for the evolution of the discrete energy up to time T = 1 by the proposed scheme with N, = 64,h = 1/N,, and
At = 0.32 h. We can see that the conservation of energy holds. Fig. 4 shows magnetization distribution for one-dimensional
equation: (a) u, (b) v, (c) w, and (d) m at T = 1 without forcing term and periodic boundary condition.

We also calculated the rate of convergence. The errors and rates of convergence are given in Table 3. The results suggest
that the scheme is indeed second-order accurate in space and time.
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Fig. 4. Magnetization distribution for one-dimensional equation: (a) u, (b) v, (c) w, and (d) m at T = 1 without forcing term and periodic boundary
condition.

3.2. Two space dimensions

In this section we perform two-dimensional numerical experiments with exact solutions to verify the second-order
accuracy of the proposed scheme in time and space. Without the forcing term, we also show the energy conservation

property.
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Table 4
The I, and the maximum norms and convergence rates for m of CN scheme with space step h = 1/Ny, time step At = 0.32 h, total time T = 0.01, and an
iteration convergence tolerance of 10~1°,

Case 64° Rate 1282 Rate 2562 Rate 5122 Rate 10247
le" s, 6.6E—9 1.99 1.6E—9 1.99 4.1E—10 1.99 1.0E—10 2.00 2.6E—11
lle™loo 1.3E-8 1.99 3.4E-9 1.98 8.4E—10 2.00 2.1E—10 2.00 5.3E—11

3.2.1. Convergence test
The two-dimensional equation on §2 = (0, 1) x (0, 1) with zero Neumann boundary conditions is considered. An exact
solution is

u® cos(x*(1 — x)%y*(1 — y)?) sin(t)

m’ = [ v° | = | sin(x*(1 = x)%y*(1 — y)?) sin(t)
w® cos(t)

The forcing term f = (f1, f2, f3) = m{ + m°® x Am® can be calculated as follows.

fi = cos(XY) cos(t) + [(Y2(X)? + X2(Y")?) sin(XY) — (YX" 4+ XY") cos(XY)] sin(t) cos(t),
fo = sin(XY) cos(t) — [(Y2(X')? + X2(Y")?) cos(XY) + (YX" 4+ XY") sin(XY)] sin(t) cos(t),
f3 = —sin(t) + (YX” + XY") sin?(t),

—_

where X = x*(1 — x)?, Y = y?>(1 — y)?, and prime denotes a derivative of functions with respect to its argument variable.
Now, we will solve the following equation with an initial condition m(x, y, 0) = (0, 0, 1).

m; = —m x (My + my,) +f (21)
with zero Neumann boundary condition
mX(O’ y’ t) = mx(]7y7 t) = my(xv 07 t) = my(xa 15 t) = 0

We let e,fj‘. = mg- —m°(x;, y;, t") fori=1,2,...,Nyandj =1, 2, ..., N,. The discrete /,-norm and the maximum norm
are defined as

" eg : e;} n = n n

e, = and ||e"|lx max max ./e’ - ek,

’ [/
1<i<Ny 1<j<Ny 3NXNy 1<i<Ny 1<j<Ny

We performed a number of simulations on a set of increasingly finer grids to calculate the rate of convergence. The results
are shown in Table 4. The [; and the maximum norms and convergence rates for m of CN scheme with space step h = 1/N,,
time step At = 0.32 h, total time T = 0.01, = /24, and an iteration convergence tolerance of 10~'°. The results suggest
that the scheme is indeed second-order accurate in space and time.

3.2.2. Energy conservation
We consider Eq. (1) in its component form with the source term f = 0 on the two-dimensional unit domain. An exact
solution of the equation is
u(x,y, t) = sin(x) cos(k(x + y) + 2tk? cos(a)),
vé(x, y, t) = sin(a) sin(k(x + y) + 2tk? cos(x)),
wé(x,y, t) = cos(w),
where « = /24, k = 2m. We see that the function m(x, y, t) = (u°(x, y, t), v’(x,y, t), wé(x, y, t)) satisfies Eq. (1). Now
we apply an initial conditions to Eq. (1)
(U0, vo, wo) = (sin(a) cos(k(x + ¥)), sin(a) sin(k(x + y)), cos(a))
and a periodic boundary condition is applied; i.e.,
my; = my, j, my,; =my; forl<j<N,
mio =My, My =m; forl<i<N,

Table 5 shows the I, and maximum norms and convergence rates with space step h = 1/N,, time step At = 0.32 h,
total time T = 0.01, « = /24, and an iteration convergence tolerance of 10~'°, The results suggest that the scheme is
second-order accurate in space and time.

Fig. 5 shows the orthogonal projection of the vector field 0. 1m of the numerical solution onto the xy plane at (a) T = 0

and (b) T = 0.1. We observe that the solution at T = 0.1 is a translation of the initial configuration without changing its
magnitude. Here we scaled m as 0.1m for a visual clarity.
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Table 5
The I, and maximum norms and convergence rates with space step h = 1/Nj, time step At = 0.32 h, total time T = 0.01, « = /24, and an iteration

convergence tolerance of 1071°,

Case 642 Rate 1282 Rate 2562 Rate 5122 Rate 10242
[le™ I, 7.8E—4 1.97 2.0E—4 1.99 5.0E-5 1.99 1.3E-5 1.99 3.1E-6
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Fig. 5. 2D Landau-Lifshitz equation with periodic boundary condition. (a) initial vector field (b) the numerical solution at T = 0.1.
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Fig. 6. A temporal evolution of the discrete energy of the numerical solution.

Next, we test an energy conservation property. We define a discrete energy as

Ny Ny

Em") =Y 3| gy —ul)” + vy — )"+ (wlhy — wh)” + (ufyy — 1)

i=1 j=1

2

+ (v — ”3)2 + (Wi — w;})z

Theoretically, this energy is constant irrespective of time. Now we confirm that numerically. Fig. 6 shows the time evolution
of the energy E(m") with Ny = N, = 64, h = 1/Ny, At = 0.32h, T = 0.01, and ¢ = 7 /24. As expected from (4), the
energy is constant throughout the evolution.

4. Conclusion

In this paper, we have proposed a Crank-Nicolson time stepping procedure for LL equation which has a second-order
convergence in time and space. We overcame the difficulties with CN scheme associated with LL equation by a cancelation.
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We used a nonlinear multigrid method for handling the nonlinearities of the discrete system at each time step. We
validated our numerical algorithm by various numerical experiments. We tested the second-order convergence and an
energy conservation of the proposed scheme. We also showed that the time step restriction for the stability is less restrictive
than the accuracy. As future research, the full version of Landau-Liftshitz equation will be investigated.
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