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a b s t r a c t

In this paper, we propose a phase-field model for the shape transformation
and its simple numerical method. The proposed phase-field model is based on
the Allen–Cahn equation, which is a second-order nonlinear parabolic partial
differential equation and originally arises from modeling phase separation in alloys.
The numerical scheme is a hybrid method using the operator splitting method.
To validate the proposed phase-field model for the shape transformation, we
perform two- and three-dimensional shape metamorphosis. The proposed phase-
field model is also compared with the linear interpolation. The computational
results demonstrate that the proposed mathematical model satisfactorily and
naturally simulate the shape transformation.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Shape transformation has many applications in various fields such as remote sensing technique, medicine,
graphic technique, and special effects creation [1,2]. Shape transformation can be performed between objects
of two- and three-dimensional shapes. In the related previous work [3], metamorphosis of solid models
represented as k level-set in a set of surface points S = {x : ϕ(x, t) = k}, which is governed by the following
partial differential equation:

ϕt(x, t) = |∇ϕ(x, t)|τ(x, t),

where τ is the signed distance transform. In order to do three-dimensional (3D) morphing, the authors in [4]
used the strain field interpolation. Linear strain interpolation is used for producing morphing results to
avoid oscillations in local size over time. However, this method gives uneven rates of shape change overtime
in cases of very large deformations. To overcome it, the authors proposed modified strain interpolation which
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is to force the lengths of edges parallel to the coordinate axes to change linearly with time because the strain
field arises due to length changes of line segments. The authors in [5] proposed a mathematically well-defined
method and a Eulerian approach was constructed for mapping surfaces with different topologies. This work
was mainly to find the implicit functions for the input meshes, and the zero level sets were visualized with the
marching cube algorithm, then interpolated the functions with a morphing technique. By finding the velocity
field that tracks the zero level sets, at last they detected the singular areas and removed them. The authors
in [6] proposed four shape morphing methods using an elliptic partial differential equation (PDE). They
adapted the Bloor–Wilsons PDE method originally introduced by Bloor and Wilson to generate free-form
surfaces [7]. It expressed the solution of a given PDE in terms of a Fourier series. In addition, extensive
researches on shape transformation or morphing were performed, using variational implicit functions [8],
Poisson equation-based interpolation [9] and object-space morphing [10]. The main purpose of this study
is to propose a phase-field model for shape transformation and its simple numerical scheme. The major
advantages of the proposed phase-field model are its simplicity and ability to simulate naturally shape
transformation.

The paper is organized in the following manner. In Section 2, we describe the governing equation and
numerical solution algorithm. To simulate the shape transformation, we perform the numerical experiments
using the proposed phase-field model in Section 3. In Section 4, conclusions are given.

2. Governing equation and numerical solution algorithm

2.1. Governing equation

We propose the modified Allen–Cahn (mAC) equation for the morphological transformation as follows:

∂ϕ(x, t)
∂t

= −F ′(ϕ(x, t))
ϵ2

+ ∆ϕ(x, t) + α
√
F (ϕ(x, t))(ψ(x) − ϕ(x, t)), (1)

where x ∈ Ω , t > 0, ϕ(x, t) is the phase-field, ϵ is an interfacial transition layer related parameter, α is a
fidelity parameter, and F (ϕ) = 0.25(ϕ2 − 1)2 is a double-well potential. We set the source shape by ϕ(x, 0)
and the target shape by ψ(x). Here, we assume min

x∈Ω
ψ(x) = −1 and max

x∈Ω
ψ(x) = 1 because of the choice of

the double-well potential. Otherwise, we redefine the target as

ψ(x) :=
2ψ(x) − max

x∈Ω
ψ(x) − min

x∈Ω
ψ(x)

max
x∈Ω

ψ(x) − min
x∈Ω

ψ(x) . (2)

We can also derive Eq. (1) using the gradient flow in L2 of the Liapunov energy functional [11]:

E(ϕ) :=
∫
Ω

[
F (ϕ)
ϵ2

+ 1
2 |∇ϕ|2 + α

2

((
ϕ3

3 − ϕ

)
ψ − F (ϕ)

)]
dx. (3)

By taking the variational derivative of Eq. (3) in the L2(Ω) space, we obtain Eq. (1) from ∂ϕ/∂t = −δE/δϕ.
Furthermore, we have energy dissipative law, dE/dt = −

∫
Ω

(∂ϕ/∂t)2
dx. The basic mechanism of the

proposed phase-field model will be described in detail in Section 3.1. Substituting α = 0 in Eq. (1) gives
the classical AC equation [12,13] which describes the process of phase separation in a binary alloy. In [14],
the authors proposed a modified AC equation with a different source term for the piecewise constant
Mumford–Shah functional for image segmentation.
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2.2. Numerical solution algorithm

First, we discretize Eq. (1) in three-dimensional space Ω = (a, b) × (c, d) × (e, f). Let Ω = {(xi, yj , zk) :
xi = a + h(i − 0.5), yj = c + h(j − 0.5), zk = e + h(k − 0.5), 1 ≤ i ≤ Nx, 1 ≤ j ≤ Ny, 1 ≤ k ≤ Nz} be the
cell-centered discrete domain, where Nx, Ny, and Nz are the number of spatial points, h = (b−a)/(Nx−1) =
(d− c)/(Ny − 1) = (e− f)/(Nz − 1) is the uniform grid size. Let ϕn

ijk = ϕ(xi, yj , zk, n∆t), where ∆t is the
temporal step size. Applying the operator splitting method to split Eq. (1) into the diffusion, reaction, and
fidelity term:

∂ϕ(x, t)
∂t

= ∆ϕ(x, t), (4)

∂ϕ(x, t)
∂t

= −F (ϕ(x, t))
ϵ2

, (5)

∂ϕ(x, t)
∂t

= α
√
F (ϕ(x, t))(ψ(x) − ϕ(x, t)). (6)

Then, the numerical solution of the governing equation (1) can be found in the following three steps. As the
first step, the diffusion term (4) is solved by the explicit Euler method

ϕ∗
ijk − ϕn

ijk

∆t
= ∆dϕ

n
ijk, (7)

where ∆dϕ
n
ijk = (ϕn

i+1,j,k +ϕn
i−1,j,k +ϕn

i,j+1,k +ϕn
i,j−1,k +ϕn

i,j,k+1 +ϕn
i,j,k−1 − 6ϕn

ijk)/h2. As the second step,
the reaction term (5) is solved using the closed-form solution obtained from separation of variables

ϕ∗∗
ijk = ϕ∗

ijk

/√(
1 −

(
ϕ∗

ijk

)2
)
e

− 2∆t
ϵ2 +

(
ϕ∗

ijk

)2
. (8)

These two steps consist of the explicit hybrid numerical scheme for the AC equation [15]. Finally, we use
the fully implicit Euler method for the fidelity term (6)

ϕn+1
ijk − ϕ∗∗

ijk

∆t
= α

√
F
(
ϕ∗∗

ijk

)
(ψijk − ϕn+1

ijk ). (9)

From Eq. (9), we get

ϕn+1
ijk =

(
ϕ∗∗

ijk + ∆tαψijk

√
F
(
ϕ∗∗

ijk

))/(
1 + ∆tα

√
F
(
ϕ∗∗

ijk

))
. (10)

Let ∥ϕn∥∞ = max
i,j,k

|ϕn
ijk| for n = 0, 1, 2, . . . be the discrete l∞-norm.

Theorem 1. If ∥ϕ0∥∞ ≤ 1, then the proposed numerical scheme (7), (8), (10) has a time step constraint
for stability as ∆t ≤ h2/6 and ∥ϕn+1∥∞ ≤ 1 for all n ≥ 0.

Proof. Without loss of generality, let ∥ϕn∥∞ ≤ 1 for some n. By using the discrete von Neumann stability
analysis, the stability condition for the first step, Eq. (7), is ∆t ≤ h2/(2d), where d is the dimension of
the computational space [16]. Therefore, for the three-dimensional case, the stability constraint for the time
step is ∆t ≤ h2/6. For the second step, Eq. (8), it is unconditionally stable and |ϕ∗∗

ijk| is bounded by 1 if
|ϕ∗

ijk| ≤ 1, which is satisfied because of the discrete maximal principle for the diffusion equation. For the
third step, Eq. (10), it is unconditionally stable and |ϕn+1

ijk | is bounded by 1 if |ϕ∗∗
ijk| ≤ 1, i.e.,

|ϕn+1
ijk | ≤

|ϕ∗∗
ijk| + ∆tα|ψijk|

√
F
(
ϕ∗∗

ijk

)
1 + ∆tα

√
F
(
ϕ∗∗

ijk

) ≤
1 + ∆tα

√
F
(
ϕ∗∗

ijk

)
1 + ∆tα

√
F
(
ϕ∗∗

ijk

) = 1, (11)
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Fig. 1. (a) and (e) are the source and target shapes, respectively. (b)–(d) are the snapshots of ϕ(x, y, t) at t = 20∆t, 100∆t, and
320∆t, respectively.

Fig. 2. Snapshots of the mesh plots of transforming shape and the evolving fidelity term over time in the first and second rows,
respectively. In the first row, solid line is the zero level set of ϕ.

where we have used Eq. (2), |ψijk| ≤ 1. Therefore, the overall time step constraint is ∆t ≤ h2/6 and
∥ϕn+1∥∞ ≤ 1 for all n ≥ 0. □

3. Numerical experiments

3.1. Basic mechanism of the proposed phase-field model

First, we describe the basic mechanism of the proposed phase-field model using a simple example in the
two-dimensional (2D) domain, Ω = (−0.5, 0.5)2. Let ϕ(x, y, 0) and ψ(x, y) be the source (Fig. 1(a)) and
target (Fig. 1(e)) shapes:

ϕ(x, y, 0) = tanh
(

0.3 −
√

(x+ 0.15)2 + (y + 0.15)2
√

2ϵ

)
,

ψ(x, y) = tanh
(

−
√

max(x∗, 0)2 + max(y∗, 0)2 − min(max(x∗, y∗), 0)√
2ϵ

)
,

where ϵ = 0.03, x∗ = |x− 0.15| − 0.3, and y∗ = |y − 0.15| − 0.3. The process of transforming the source to
target shapes over time is shown in Fig. 1. Here, Nx = Ny = 100, h = 0.01, ∆t = 0.15h2, and α = 6000 are
used.

The first and second rows in Fig. 2 show the mesh plots of transforming ϕ and the evolution of the

fidelity term α

√
F
(
ϕ∗∗

ijk

)
(ψijk − ϕn+1

ijk ) over time, respectively. At t = 320∆t, the value of fidelity term is
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Fig. 3. Temporal evolution of the total energy E(ϕn).

Table 1
Errors and rates of convergence for ϕ. Note that the size of time step is ∆t = 0.025h2.

(h, h/2) (1/16, 1/32) Rate (1/32, 1/64) Rate (1/64, 1/128) Rate (1/128, 1/256)e
∆t,h


2
0.1279 1.994 0.0321 2.032 0.0078 2.003 0.0019

almost zero except the corner regions of the square, which implies that transformation approaches a steady
state. Therefore, the basic mechanism of the proposed phase-field model is as follows: The AC equation
part preserves smooth phase transition layer. Meanwhile, the fidelity term adds the phase-field value toward
target position and subtracts the phase-field value outside the target position.

3.2. Convergence test

We conduct a convergence test to show that the proposed scheme is first-order accurate in time and
second-order accurate in space. We use the same initial condition and parameters used in Section 3.1

except for mesh size and time step size. Let
e∆t,h


2 =

√∑
i,j

(
e∆t,h

ij

)2
/
(
N∆t,h

x N∆t,h
y

)
be the discrete

l2-norm of relative error, where e∆t,h
ij is an error between coarse and fine values defined as e∆t,h

ij =⏐⏐⏐ϕ∆t,h
ij − 0.25

(
ϕ
∆t/4,h/2
2i−1,2j−1 + ϕ

∆t/4,h/2
2i−1,2j + ϕ

∆t/4,h/2
2i,2j−1 + ϕ

∆t/4,h/2
2i,2j

)⏐⏐⏐ . The rate of convergence is defined by log2(e∆t,h


2
/
e∆t/4,h/2


2

)
. Table 1 shows the result of rate of convergence at t ≈ 0.0001, which shows that

the proposed numerical method is temporally first-order and spatially second-order. Note that we can use
high-order temporal schemes. However, in this study, we focus on a simple and robust scheme.

3.3. Shape transformation in two-dimensional space

Let us consider a more complex example which is image transformation from a larva shape source into a
butterfly shape target using the proposed phase-field model. Fig. 3 depicts a transformation from the larva
to butterfly shapes at the indicated times with temporal evolution of the total energy E(ϕn). According to
the result, the total energy is non-increasing. Here, h = 1/356, ∆t = 0.15h2, ϵ = 4h, and α = 105 are used.
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Fig. 4. (a) and (f) are the source and target shapes, respectively. (b)–(e) are the snapshots of ϕ(x, y, z, t) at t = 8∆t, 20∆t, 34∆t,
and 70∆t, respectively.

Fig. 5. (a), (b), and (c) are snapshots of shape transformation at t = 34∆t with ϵ = h, ϵ = 0.5h, and ϵ = 0.25h, respectively. (d),
(e), and (f) are snapshots of deformation at t = 34∆t with K = 0.05, K = 0.25, and K = 0.5, respectively.

3.4. Shape transformation in three-dimensional space

3.4.1. Effect of ϵ and α
Next, we study the effect of parameter ϵ on the shape transformation dynamics. We consider a sphere of

radius 0.6 with center at (−0.3,−0.3,−0.3) as a source shape and a unit cube with center (0.3, 0.3, 0.3) as a
target shape in domain Ω = (−1, 1)3 with Nx = Ny = Nz = 64 as shown in Fig. 4(a) and (f), respectively.
Fig. 4(b)–(e) show snapshots of shape transformation from sphere to cube with ∆t = 0.15h2, ϵ = 0.5h, and
α = 25000.

Now, we change the parameter ϵ by doubling or halving it and repeat the previous test with the same
conditions. Fig. 5(a), (b) and (c) show snapshots of transformation at the same time t = 34∆t with ϵ = h,
ϵ = 0.5h, and ϵ = 0.25h, respectively. We can see that speed of transformation is fast when ϵ becomes larger.
Conversely, when ϵ becomes smaller, the rate of change is slow and the shape is not smooth.

Next, we investigate the effect of α on the shape transformation dynamics. We generalize α to control
the speed of the dissolution and the growth. We define the fidelity parameter as α(ψ) = λψ if ψ > 0;
otherwise α(ψ) = −λKψ, where K is a scaling factor and λ = 25000. Fig. 5(d), (e), and (f) show snapshots
of deformation at t = 34∆t with different values of K = 0.05, 0.25, and 0.5, respectively. The fidelity
parameter α(ψ) controls the speed of deformation.

3.4.2. Complex shape case
Finally, we consider more complex 3D shapes such as Stanford Bunny (Fig. 6(a) and (g)) and Stanford

Armadillo (Fig. 6(f) and (l)) for the source and target shapes, respectively. We set Nx = Ny = Nz = 200,
h = 0.005, ∆t = 0.15h2, ϵ = 0.5h, and α = 5 × 105. Fig. 6(b)–(e) show snapshots of shape transformation
from Bunny to Armadillo using the proposed phase-field model.

We present a linear interpolation result for comparison.

ϕL(x, y, z, θ) = (1 − θ)ϕ(x, y, z, 0) + θψ(x, y, z), for 0 ≤ θ ≤ 1.
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Fig. 6. (a) and (f) are the source and target shapes, respectively. (b)–(e) are the snapshots of ϕ(x, y, z, t) at t = 20∆t, 40∆t, 60∆t,
and 150∆t, respectively. (g) and (l) are the source and target shapes, respectively. (h)–(k) are the snapshots of ϕL(x, y, z, θ) at
θ = 0.49999, 0.5, 0.50001, and 1, respectively.

For increasing θ values, Fig. 6(h)–(k) show snapshots of shape transformation from Bunny to Armadillo
using the linear interpolation. As shown in the top row in Fig. 6, the shape structure changes continuously
and smoothly when the proposed phase-field model is used. The bottom row in Fig. 6 demonstrates the
sudden and unnatural morphological deformation that scope out of our intuition.

4. Conclusions

In this article, we proposed the modified Allen–Cahn equation for the shape transformation and its simple
numerical method. The numerical scheme is explicit, therefore, its implementation is easy and it does not
have any domain size restriction. To validate the proposed phase-field model for the shape transformation, we
performed two- and three-dimensional shape metamorphosis. The numerical results demonstrated that the
proposed mathematical model satisfactorily and naturally simulate the shape transformation. An interesting
future work will be developing a much more faster algorithm.
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