:') Available online at www.sciencedirect.com

R 1 H Computer methods
ScienceDirect o od
g - mechanics and
S— engineering
ELSEVIER Comput. Methods Appl. Mech. Engrg. 372 (2020) 113382

www.elsevier.com/locate/cma

A phase-field model and its efficient numerical method for two-phase
flows on arbitrarily curved surfaces in 3D space

Junxiang Yang, Junseok Kim"

Department of Mathematics, Korea University, Seoul, 02841, Republic of Korea

Received 7 June 2020; received in revised form 13 August 2020; accepted 14 August 2020
Available online 28 August 2020

Abstract

Herein, we present a phase-field model and its efficient numerical method for incompressible single and binary fluid flows
on arbitrarily curved surfaces in a three-dimensional (3D) space. An incompressible single fluid flow is governed by the
Navier—Stokes (NS) equation and the binary fluid flow is governed by the two-phase Navier—Stokes—Cahn—Hilliard (NSCH)
system. In the proposed method, we use a narrow band domain to embed the arbitrarily curved surface and extend the NSCH
system and apply a pseudo-Neumann boundary condition that enforces constancy of the dependent variables along the normal
direction of the points on the surface. Therefore, we can use the standard discrete Laplace operator instead of the discrete
Laplace—Beltrami operator. Within the narrow band domain, the Chorin’s projection method is applied to solve the NS equation,
and a convex splitting method is employed to solve the Cahn—Hilliard equation with an advection term. To keep the velocity field
tangential to the surface, a velocity correction procedure is applied. An effective mass correction step is adopted to preserve
the phase concentration. Computational results such as convergence test, Kevin—Helmholtz instability, and Rayleigh—Taylor
instability on curved surfaces demonstrate the accuracy and efficiency of the proposed method.
© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

The Navier—Stokes (NS) equation is a well-known mathematical model used to describe the dynamics of
incompressible fluid flows. However, the existence of the nonlinear advection term typically results in difficulties
in the analytical study of the NS equation. Therefore, the NS equation must be solved using numerical methods.
To overcome the difficulty arising from a coupling of the pressure and velocity, a projection method [1,2] was
developed. Based on the classical projection method, Shen [3] proposed a pressure correction approach to improve
the accuracy of the pressure on the boundary. To efficiently solve problems with a large density ratio, a pressure
stabilized method [4] was developed. In addition, various computational approaches for solving the NS equation
have been proposed [5—12].

Compared with a single fluid flow, a binary (two-phase) fluid flow is more important because several physical
problems contain more than one component. During the past 20 years, the phase-field method has become
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an effective technique for modeling multi-phase problems because a topological change in the interface can be
implicitly captured by solving the equation. The most well-known phase-field model for multi-phase flow problems
is the Navier—Stokes—Cahn-Hilliard (NSCH) equation. Previous publications have reported the applications of the
NSCH equations in multi-component fluid flows [13-24]. Although many computational methods work well for the
NSCH equations in two- and three-dimensional spaces, most of them are limited to rectangular or cuboid domains.

The evolution of a dynamic system on an arbitrarily curved 3D surface is an important problem. Various practical
numerical schemes have been developed for solving the partial differential equations with scalar variables, such as
the Cahn—Hilliard (CH) [25-29], Allen—Cahn (AC) [30,31], phase-field crystal (PFC) [32,33], and Ohta—Kawasaki
(OK) equations [34]. However, there have been few numerical simulations of fluid flows on arbitrarily curved
3D surfaces. At present, the discrete exterior calculus (DEC) method and surface finite element method are two
effective methods for solving the NS equation on a curved surface. A conservative scheme for the incompressible
NS equation on surfaces was proposed by Mohamed et al. [35]. The proposed scheme has a second- and first-order
accuracy for structured and unstructured meshes, respectively. Nitschke et al. [36] applied the DEC method to solve
the fluid equation with a vorticity-stream function on curved surfaces. Using the surface finite element, Reuther
and Voigt [37] solved the incompressible NS equation on curved surfaces. Recently, Yang et al. [38] developed a
practical numerical scheme for simulating the NS equation on a curved surface. In their study, the velocity field and
pressure are both defined at the cell corners. Ambrus et al. [39] used the lattice Boltzmann method to investigate
the two-phase hydrodynamic phase separation on a torus. Nitschke et al. [40] investigated the phase separation and
buoyancy-driven flow on a sphere and torus by applying the finite element approach. In the present study, a staggered
marker-and-cell (MAC) [41] mesh is applied, i.e., the velocities are stored at the cell edges, and the pressure and
phase variable are stored at the cell centers. To the best of our knowledge, this is the first study focusing on single
and two-phase incompressible fluid flows on a curved 3D surface by using the finite difference method and MAC
mesh.

We use a projection method [1] to solve the incompressible NS equation. Using a velocity correction step, we
keep the velocity field tangential to the surface. The convex splitting method [42] is used to solve the CH equation
and an effective mass correction algorithm is adopted to preserve the mass conservation. The proposed scheme is
simple to implement because the standard seven-point finite difference Laplace operator is used.

The remainder of this paper is organized as follows. In Section 2, we describe the incompressible NSCH model
in a narrow band domain in a 3D space. In Section 3, we provide the numerical solutions for the NS equation and
the convective CH equation. Various numerical experiments are presented in Section 4. Finally, some concluding
remarks are provided in Section 5.

2. Incompressible NSCH system on a narrow band domain

We briefly review the following dimensionless incompressible NSCH system on a curved surface S in a 3D
space R3.Forxe S, t > 0,

ou(x, ) 1
PP, 1)) ( +u(x, 1) - Vyu(x, t)) =—Vp(X, 1) + —— (X, 1)Vip(x, 1)
ot BoCn
1 P&, 1))
+ R—eVs [, D) (Vsux, 1) + Voux, )] + 2 & (D
VS : u(Xa t) - 07 (2)
0 1
¢§9X’ 2 + Vi - [o(x, Hu(x, )] = — Agu(x, 1), 3
t Pe
w(x, 1) = F(¢(x, 1)) — Cn* A p(x, 1). 4
Note that p(x,t) = p(x,1) + #qub(x, t)u(x, t) is a modified pressure field and p(x, ¢) is the original pressure

field. In addition, u(x, 1) = (u(x, 1), v(X, 1), w(X, 1)), ¢(x,t), and u(x, t) are the velocity field, phase variable, and
chemical potential, respectively. In addition, F(¢(x,1)) = F(¢) = 0.25(¢> — 1)? is the fourth-order polynomial
potential functional and F'(¢(x, t)) = F'(¢) = ¢> —¢ is the derivative of F(¢) with respect to ¢. Note that V; = PV
and A; = V- (PV) indicate the surface gradient operator and surface Laplace-Beltrami operator, respectively, where
P =1-(Vd)"'Vd [32,43,44]. Here, d : R?> — R is a signed distance function and S = {x € R3| d(x) = 0}. Let
s = {y| y = x+6n(x) for |6] < §, x € S} be the §-neighborhood narrow band of S, where n(x) is a unit normal
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Fig. 1. Schematic illustration of (25, 32, S, and cp(x).

vector at X. The dimensionless parameters used are as follows: the Reynolds number Re = p.L.U./1., the Cahn
number Cn = €/L., the Bone number Bo = We/Frz, where We = chchC/cr is the Weber number, Froude
number Fr = U./+/gL., and Peclet number Pe = U.L./(M.). Here, p. and 7. are the characteristic density and
viscosity, respectively. In addition, L., U., o, g, M, and u. are the characteristic length, characteristic velocity,
surface tension coefficient, gravitational acceleration, mobility, and characteristic chemical, respectively, and € is a
small positive parameter related to the width of a diffusive interface. The density and viscosity of the whole system
is defined as p(¢(x, 1)) = p1(1 + (x, 1)/2 + pa(1 — P(x, 1)/2, N(D(x. 1)) = Ni(1 + $(x, 1)/2 + 121 — P(x, 1))/2,
where p; and p, are the densities of fluid 1 and fluid 2, and 7, and 7, are the viscosities of fluid 1 and fluid 2,
respectively. More details on various dimensionless parameters are provided in [45]. If § is small, then p, ¢, and
have constant values in the direction normal to S. Thus, P = I is approximately satisfied, and the Laplace—Beltrami
operator can be replaced by the standard Laplace operator [46]. Next, we extend Eqs. (1)—(4) to the narrow band
domain (25:

ou(x, t) 1
p(d)(x’ t)) < + ll(X, t) : VU(X, t)) = _Vp(xi t) + —M(Xv I)V¢(X1 t)
at BoCn

1 ¢ p(P(X, 1))
+ R—ev [n(ex, D)(Vu(x, 1) + Vux, 1))] + —a B ®)
V.ux,t) =0, (6)
@ 1V [ D, ] = A, 1), %

t Pe
w(x, 1) = F'(¢(x, 1) — Cn> Ad(x, 1), (®)

where x € (25 and ¢t > 0. We use pseudo-Neumann boundary conditions for p, ¢, and u:

px, 1) = plep(x), 1), ¢(x,1) = P(cp(X), 1), w(x, 1) = pu(cp(x),t) on 3%, )

where cp(x) € S for x € 92 [47] (see Fig. 1). A detailed discussion of the boundary conditions of the velocity
field is provided in Section 3.

3. Numerical solutions

In this section, we present the numerical solutions for the NSCH system. The NSCH system is discretized in
2 =(a,b)x(c,d)x (e, f) embedding 2;UUsUVs;UW;s. Let Ny, N,, and N, be positive integers, h = (b—a)/N, =
(d —¢)/Ny = (f —e)/N, be the space step, and " = Xijx = i, yj,z) =@+ (G = 0.5h,c+ (j —0.5h, e +
(k—=0.5)h)1<i <N,,1<j<N,,1=<k=<N,} be the set of cell centers. The sets of cell edges are defined as
Ul = (1 = Oy 10920 = @+ b, e+ (= 0.5 e + (k=05 0= i < Ny, 1 = j < Ny 1 <k < Na),
vh= X1 =Gny ) =@+ 0 =09k e+ jhet k=091 =i =N:,0=j =Ny, 1 =k=N},
Wi = (X1 = (i Yy 20 ) = @+ G = 0.5, c+ (= 0.5)h, e+ kM| 1 =i <Ny 1< j <Ny, 0<k < NoJ,
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In this study, the discrete pressure p, phase variable ¢, and chemical potential u are stored at the cell centers,
and the discrete velocities u, v, and w are stored at the cell edges. Let u” v Y 1> Piiks iy and

4.k i Wikt
Lo AN, VX e nAD, wix L nAD, PXiji. nAD), (xiji. n A1),
and u(X;ji, nAt), respectively, where At is the time step. Let d : R® — R be the signed distance function and
S ={x e R d(x) =0}. Let 2 = {Xijx| Idijx| < 8|Vnd;jx|} be the discrete narrow band domain, where V,d;jr =
(di-k—l,jk_di—lhjk, di,j+l,k _di,j—l,kv d,‘j,k_‘_] —d,‘j'k_| )/(2h) and § > \/§]’l The discrete narrow band domains containing
values at cell edges are defined as U} = {XH-%,jk’ Xi—%,jk' X € 2, v = {Xi,j+%,k’ Xi,j—%,kl Xk € 028,
Wsh = {xij’kJr%, Xijyk7%| Xjjk € Qf}, respectively. Let ANt = {Xijx| Lij|Vriijk| # 0} be the discrete boundary for
the cell centers. Here, /;;x = 0 if x;x € £2f'; otherwise I;;x = 1. The discrete boundary for the cell edges U}, 9V,
and 8W§1 can be easily defined in the same way. We first define the temporal discretization of the NSCH system
as follows:

" . L
Wi, be discrete approximations of u(x;,

0" 't —w = —p"u" - Vu' — Vpn+] + 1 WV e"
At BoCn
1 p"
—V - ["(Vu+Vva'y , 10
+ 2oV [ Vet Ve T+ e (10)
V.u'tl =0, (11)
¢n+1 _¢n 1
" __v. n — A n+1’ 12
A7 (pu)" + g Ak (12)
M”+1 — (¢I‘l+1)3 _ ¢n _ CnZA(ﬁnH, (13)

where p" = p(¢"), n" = n(¢"), and g = (0, 0, —1). Here, the temporally first-order accurate, semi-implicit scheme
is used for Eqgs. (10)—(13). The surface tension, gravity, and velocity components on the right-hand side of Eq. (10)
are treated explicitly, and the pressure gradient is treated implicitly. In Eqgs. (12) and (13), all Laplacian parts are
treated implicitly, and the convection term is treated explicitly. Following the idea of a convex splitting method, in
Eq. (13), we treat the nonlinear convex and concave parts implicitly and explicitly.

3.1. Navier—Stokes solver

In this section, we solve the NS equation in the fully discrete space U sh U Vah U Wsh using the following steps:

Step 1. Define the divergence-free initial discrete velocities u® L 0 L w? 1> and the initial discrete
+3.0k7 i j+g.k ij.k+5

i

phase variable ;.

Step 2. The intermediate velocities u* |, , v* | ,and w* | are calculated as follows:
i+5.jk" ij+y.k ij.k+5
u* =u" |,  — A" V") 1 . + LDu(u") |
i+1,jk i+ jk heJig 3 jk Rep, 1 i+l jk

At n
MH—%,/k i1k — Pl (14)
BoCnp" | h
i+5,jk
v =" — At@" - Vpv"), o1, + LDv(u”). 1
ij+3 .k ij+ik i j+3 .k Rep[’H%’k ij+lk
At
4+ 'ui,j+%’k b i1 — Pijk (15)
BoCnp" | h
i,j+5.k
w’ =uw" — At@@" - Vyu™),. Dw(@"),,
lj,k+% U,k+% ( h )kaJr% Re'oij,lH—% ( )l],kﬂ‘%
At
N Mij,k-&-% ¢,‘nj,k+1 - ¢,an _ At p (16)
BoCnp" | h Fr2®’
ij.k+>
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where ,0 =0. 5(101+1 ]k—l—puk) ,o =0. 5(pl s k—}—puk) and ,0 =0. S(pl] k+1—|—puk) For the advection
term, the ﬁrst order upwind scheme 1s 51mple and stable [48,49]. To achleve a second-order spatial accuracy, the
central difference has been widely used in some previous studies [50,51]. However, the classical central difference
scheme suffers from a stability problem. In our approach, we use a second-order essentially non-oscillatory (ENO)
scheme [52,53] to discretize the advection terms in Eqs. (14)—(16). For example, the advection term in Eq. (14) is
discretized as follows:

l+2 Jjk

- Viyu). . — .
(u hu),+%,jk L (u1+1 jk — uljk)
vz /—— k + vl+1,_} Lk + vl ]+ k + vl+l /+ k _
m Wipl jrde T Hipl i1k
Wi ke +wz+l;k1+w k+'+w

i+, ke (_
+ m u,

The algorithm for calculating i; 1, jx is given as

_ h o1
Uiyl jk = Uk + E)’(l 20—+ 5))),

. 1
/= i+ 5 if wip1 >0,
i+ % otherwise,
o = Mk Mk g = Uiy, jk — Uijk oo if el <8I,
- h ’ - h ’ ~ | B otherwise,

where u; 41 jx = 0.5 (ul. 3k +u; 1 jk). The other quantities are calculated in a similar manner. The discrete

2’ 2’ . . . .
advection terms for v and w are presented in Appendix. The spatial discretization for the viscosity term in Eq. (14)
is defined as

2 (n(d)i-‘rl,jk)(upr%’jk - ui+%,jk) - 77(¢ijk)(ui+%yjk - uif%,jk))
D“(“)H%,jk = 02

na(“i+%,j+1,k - ui+%,jk) - ”b(”i+%,jk - ui+%,j71,k)

12

n“(vi+1,j+%,k - vi,j+%,k) - nb(viJrl,jf%,k - Ui,jf%,k)
n2

nC(ui+%,j,k+1 - ui+%,jk) - ”d(“w%,jk - ui+%,j,k71)
n2

"c(wi+1,j,k+% - wij,k+%) - nd(wiJrl,j,kf% - wij,kf%)
h? ’

where the n,, np, 1., and n, are defined as follows:

Na = 0.25 (n(diji) + (i1, jx) + 0(Pij1.4) + 0 Dis1,j+1.6)) »
M = 0.25 (n(¢ijx) + (i1, k) + (i j—1.6) + n(dis1,j-1.6)) ,
e = 0.25 (n(dij) + 1 @it1, i) + 1 @it1, k1) + 1 Bijk+1)) -
na = 0.25 (n(@ijx) + 1(@it1,j&) + N Dis1,jk—1) + n(Pijr—1)) -

The similar definitions are used for computing Dv(u); j+ik and Dw(u)

ijk+5
Step 3. We solve Eqgs. (17) and (18)

bl — g 1 v, pit! (17)
At - pn hp k)
Vil =0, (18)
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Taking the discrete divergence operation to Eq. (17) and using Eq. (18), we obtain the following:

1 1
n+1 *
Vii-\ —=Vip =—V,-u’, (19)
o At
where
1
n+1
Vi - (_nvhp,’jk
P
n+1 n+1 n+1 n+1 n+1 n+1
Pivijk | Pi—1jk | Pij+ik  Pij—1k | Pijk+1 | Pijr-1
n + n + n + n + n + n
P P 1. P. . 1 L. . 1 P... 1 P... 1
i+5.,jk i—5,jk i,j+5.k i,j—75.k ij.k+5 ijk—5
1 1 1 1 1 1
1 2
- n + n + n + n + n + n p?j]z /h ’
P 1. L. 1 L. . 1 P 1 | P
i+5.jk i—5.jk i,j+75.k i,j—7.k ijk+5 ijk—5
* * * * * *
u —u v —v w —w
. i+3.k i—g gk Cij+ik ij-hik ijk+y ijk—%
Vh . lli ik —
4 h h h

The Jacobi-type iteration is used to solve Eq. (19). To obtain a unique solution, we take the following pressure
correction step after each Jacobi-type iteration:
1
n+l,m+1 _  n+lm+l n+1,m+1

Dijk = Pijk - W Z ijk )
) h
X; jkeng
where #Qah is the total number of points in Qah containing cell centers. The Jacobi-type iteration is applied until the
following condition is satisfied with a given tolerance,

n+1,m+1

I,
Ip - pn+ m”LZ(Qgt) < tol,

where p"T1m+1 and p"*t1™ are the solutions after the (m + 1)th and mth iterations. Then, let p"+! = prtim+1,
Step 4. Finally, compute the updated velocity field.

At
ulH—l = u* — ther-l. (20)

3.1.1. Boundary conditions for pressure and velocity field

When we solve the pressure Poisson equation in a regular domain, the zero-Neumann boundary condition
Vp-n =0 is appropriate. In our study, a simple and effective pseudo-Neumann boundary condition is used for the
pressure at the ghost points and is defined as

pijk = pep(xijx)) for Xk € 3],

where
Vid;jk

|Vidiji|?
Because cp(x;jx) is generally not a grid point, the boundary value p(cp(x;jx)) is obtained using the trilinear
interpolation method. Although our spatial discretization is second-order accurate, the boundary value obtained
by a trilinear interpolation is not a strict zero-Neumann boundary, and the computational accuracy may be slightly
affected (see the numerical results in Section 4.4). For each x;;; € 9Nk, we compute cp(x;;x) using Eq. (21) and
find the cube cell, [x;, X;41) X [V, Ym+1) X [2n, Zu41) containing the point cp(x;j). Let (a1, a2, 03) = cp(X;jk) — Ximn’
then,

cp(Xiji) = Xijk — dijk. 21

pep(x;jr)) = [(h — ar)(h — a2)(h — &3) pymn + 1 (h — 02)(h — 023) Prs1,mn
+(h —apaz(h — a3)prmrin +@r10o(h — a3) pretm+1n
+(h — a1)(h — )z pin, vt + a1 (h — @) Pry 1 monr
+ (h — @1)203 Prms i+t + Q10203 Prgtmat st | /B (22)
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Fig. 2. Schematic illustrations of trilinear interpolation for the boundary values in (a) two- and (b) three-dimensional spaces.

Schematic illustrations of the interpolation in two- and three-dimensional spaces are shown in Figs. 2(a) and (b),
respectively. Note that this type of pseudo-Neumann boundary condition has been successfully applied to various
scalar-valued functions on curved surfaces [30,32].

To define the values of the velocity field at ghost points, we consider the following three approaches:
Approach 1. Based on the closest point method, the boundary values of velocities u, v, and w are directly defined
by using a similar idea as the pseudo-Neumann boundary condition in Eq. (22) (see Fig. 2), where u, Lk =

h _ h _
u(cpu(XH_%’jk)) for Xi_‘_%’jk e dU¢, vi,j+%,k = v(cpv(xi,H%’k)) for Xi7j+%’k € dVy', and wl.j’k+% = w(cpw(xij.“%))

h " .
for Xij,k+% € 0Wj'. The definitions of u(cpu(xi+%,jk)), U(CPV(XL_H%,;())’ and w(cpw(xij’k_k%)) are as follows:
(cpu(x, 1 ;) = X AN
u u(x. 1 . =X.,1 454, - ———F= 1.
i+5,jk i+5,jk 2 i+5,jk’
2 2 [V, Udi+%,jk| 2
(epv(X, ;11 ) ALY
vepvX; i 1 ) =X 1y — —————Vd, 1,
L]ty LJT7 |thd[,j+%,k| LT3
(epw(x, . 1) MAATIE
w(cpw(X; =X, - —=_Wd.. ,
Y z;,kJr% 1],k+% |V]1Wd | |2 1],k+%
1],k+2

where Udi+%,jk = 0.5(diy1,jx + diji), leﬁﬁ%,k = 0.5(d;, j+1,x + djjr), and Wdij,kJr% = 0.5(dij k41 + diji)-
Approach 2. From the viewpoint of a Helmholtz—Hodge decomposition, the divergence-free velocity field u
obtained should satisfy u - n = 0 at the boundary. It is evident that Approach 1 does not satisfy this condition.
Instead of directly computing u(cpu(x, 1 ’ jk)), v(epv(x; il 1)), and w(cpw(x, ikl )) from the interpolations of u,
lj, a~nd u()i, \ive .compute the values of u(cpu(x; 1 ’jk)), v(cpv X; it L ) w(cpw(xij‘ Kl )) by using the corrected values
u, v, and w, i.e.,

iu=u— (u-m)m. (23)

where t = (&, v, w) and u = (u, v, w). The basic idea of this approach is that the velocity field at each ghost
point is corrected to be the tangential direction of the curved surface. By using this approach, the boundary velocity
normal to the surface is suppressed. The derivation of Eq. (23) is discussed in Approach 3.

Approach 3. When the NS equation is solved on a curved surface, it is desirable to keep the updated velocity field
tangential to the surface. Although the velocity field at each ghost point is corrected in Approach 2, the velocity
field in the entire narrow band domain is still arbitrarily distributed. To resolve this problem, a correction algorithm
for the complete velocity field is used: First, obtain the updated velocity field u"*! in Step 4 and let u** = u"*!.
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tangent plane

Fig. 3. Schematic illustration of velocity correction step.

Then, let m be the unit vector normal to S and Am be the normal component of u**, i.e., (u** —im)-m = 0, which
implies A = uw** - m. The final corrected velocity field is defined as

' =™ — - mm. (24)

Fig. 3 shows a schematic illustration of the velocity correction steps. Note that this approach works as an

augmented projection step after Step 4. In each time cycle, Approach 3 corrects the entire velocity field and makes

the component of the velocity field normal to the surface almost zero. Owing to this correction, the boundary value

of the velocity field can be easily computed using the method in Approach 1, and the condition u - n = 0 is

approximately satisfied at the curved boundary. The numerical test in Section 4 shows that Approach 3 results in
the best divergence-free condition among the three approaches.

3.2. Advective Cahn—Hilliard solver

For x;j € 2", the fully discrete forms of Eqs. (12) and (13) are written as follows:

ot — o,
I I
Vi e = Al

wie = @) — ol — Cn Anglit, (25)

where the standard seven-point Laplace operator for ¢ is defined as Ap¢ijx = (iy1, jk +Pi—1, jk + i j+1.6+bi j—1.k+
ijik+1 + Pijr—1 — 6;jx)/ h2. The conservative scheme of the advection term in Eq. (25) is defined as follows [54]:

Vi - (Wi = (Pu)x + (dv)y + (Pw),)ijx
ui+%,jk(¢i+l,jk + Gijk) — u,-_%,jk((pijk + Pi-1.jx)

2h
U,»’H%,k(¢i,j+1,k + Pijk) — Ui’j,%’k(d)ijk + i j—1.4)
2h
wij,k+%(¢ij,k+l + Pijk) — w,'j,k,%(dh'jk + Pijk—1)
+ 2h '

The pseudo-Neumann boundary conditions are used for ¢ and . For the given values ¢, and u;;,, we compute
d){‘jj;l and ,u;‘;l by iterating the following Eqs. (26) and (27) until the stopping criterion is satisfied, i.e., [|¢" 1" +! —
| L2l < tol. Because (¢l.”;,§1)3 is nonlinear with respect to ¢}, the following Newtonian-type linearization
is used in the iterations:

+1,m+1\3 +1,m\3 +1,my\2 +1,m+1 +1,
(@Y A (@Y 4 3 @ = g™,
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where ¢" ! and ¢"+1"+! are the results after the mth and (m + 1)th rounds of Jacobi-type iterations.

n+1,m+1 6 n+1,m+1 n
o ijk _ Piji

= Vi - (pw);

At Peh? At
+1, +1, +1, +1, +1, +1,

N N e e e I W s T

+ o’ ; (26)
6Cn
1, 1,m+1 1,m+1 1,

_ |:3(¢anJkr m)2 :|¢[an]2 m+ + M[nJJ]Z ,m+ _d)z]k 2(¢[an1: m)

an n+1,m n+1,m n+1,m n+1,m n+1,m n+1,m 27
- h2 ¢i+l,jk+¢i—1,jk+¢i$j+l.k+¢i,j—l,k+¢ij,k+l +¢ij.k—l . ( )

3.2.1. Mass correction step

The mass conservation is a basic property of the CH model. However, because it is not a strict zero-Neumann
boundary condition in a finite difference framework, the pseudo-Neumann boundary condition may cause a
nonphysical mass loss. To correct the mass loss, an effective mass correction algorithm [55] is used, which is
brieﬂy described in the method as follows. For the conservative CH model, we require

Z ¢ln}J]€1 #Qh Z ¢Uk ’ #Qh Z ¢Uk (28)

X,]A€ .Q Xijk€ .Q Xijk € .Q

If the converged solution of Egs. (26) and (27) is ¢/}, then let ¢/ = ¢/'t' + L,/ F(¢/;i"). The auxiliary multiplier
can be calculated as follows to satisfy Eq. (28):

L= Y (- X JF@ED. (29)
x,-jke .le xijke Q(;l
Thus, the corrected phase variable is expressed as follows:
Tn+1
ZX,‘jkG Q{? <¢gk - (pl‘]-;(_ )
an+1
injke n F(¢ile: )

Further details on this technique can be found in [55].

F(ol5h. (30)

n+1 _ In+l
b =i T ik

Remarks. In our approach, an effective pseudo-Neumann boundary condition is used. The boundary values are
calculated from the interpolation technique. Although this technique is easy and practical for defining the boundary
values, the pseudo-Neumann boundary condition is not a strict zero-Neumann boundary condition, and thus it is
difficult to analytically prove the energy stability of the entire system. However, the numerical results in Section 4
show that the discrete energy dissipation can still be obtained for various complex 3D surfaces. Furthermore, we
only focus on the implementation of our method for the fluid flows on various curved surfaces. For convenience, a
first-order temporal discretization is used and the classical projection method is adopted for solving the NS equation.
Note that the second-order temporal schemes and the recently developed fluid model with large density ratios [4,21]
may be more interesting, and our proposed method can be directly applied to these schemes and models. However,
this will be covered in a future study.

4. Numerical experiments

We conduct various numerical tests to show the effectiveness and accuracy of the proposed method. The single
fluid flows on a sphere and torus surfaces are considered to show the divergence-free condition and effectiveness.
Then, standard two-phase fluid flows, such as the Kelvin—Helmholtz instability, hydrodynamic coarsening, and
Rayleigh—Taylor instability, are investigated on various 3D surfaces. In all simulations, the initial velocity field
and phase variable are defined in the narrow band domains Us U Vs U Ws and (2, respectively. Unless otherwise
specified, the viscosity-matched condition, i.e., n; : 7, = 1 : 1 is used.
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(a) (b) (c)
Fig. 4. Circulation flow on the sphere with respect to Approaches (a) 1, (b) 2, and (c) 3. The images are taken at r = 2.67.
Table 1
Values of Div obtained by Approach 3 at some specific moments.
Time Div Time Div Time Div
t=0.27 2.20e—3 t = 1.20 1.90e—3 t =193 1.60e—3
t =0.53 2.10e—3 t =133 1.80e—3 t = 2.00 1.60e—3
t = 0.67 2.10e—3 t =147 1.80e—3 t=213 1.60e—3
t = 0.87 2.00e—3 t = 1.60 1.70e—3 t =233 1.50e—3
t = 1.00 1.90e—3 t = 1.80 1.70e—3 t = 2.67 1.40e—3

4.1. Divergence-free test

A divergence-free condition is an important property of an incompressible NS equation. It is well known that the
classical projection method based on the Helmholtz—Hodge decomposition can satisfy the divergence-free condition
in theory. However, in actual computations, improper boundary conditions of the velocity field can significantly
affect the numerical results of an intermediate velocity field and pressure Poisson equation, and can then violate
the discrete divergence-free condition. In Section 3.1.1, we proposed three types of approaches for defining the
velocity boundary conditions. To test the practicability of those three approaches, we consider the circulation flow
on a sphere in the domain 2 = (—1, 1)°. The signed distance function is d(x, y, z) = /x2 4+ y2 4+ z2 — 0.6. The
initial velocity fields are defined as

ulx,y,z,00=—-y, vlx,y,z,00=x, wx,y,z 0 =0. 31

The parameters applied are as follows: & = 0.033, At = 0.2k, Re = 50, and tol = 1073, The images at t = 2.67
are shown in Figs. 4(a), (b), and (c) with respect to Approaches 1, 2, and 3, respectively. It is evident that Approach
1 causes a nonphysical evolution of the velocity field. Both Approaches 2 and 3 lead to the desired circulation flow
on the surface. To quantitatively investigate the divergence-free condition, we define the average discrete divergence
as follows:

__ 1 Uipl jk
Div=— 2
#‘le Z

—u. : V. . L= 0. . w,. —w,.
i—%.jk n ij+d. ij—%.k ijk+t ijk—1

h h h ’

h
Xjjk€ ‘Qb'

where .Qah is the discrete narrow band domain containing all cell centers and #(Zg‘ is the total number of points in
0! In Fig. 5, we plot the temporal evolutions of Div with respect to the three approaches. Table 1 lists the values
of Div obtained by Approach 3 at some specific moments. As we can see, Approach 3 approximately satisfies the
discrete divergence-free condition in a lengthy simulation. Thus, Approach 3 is used in the numerical calculation
of the NS equation.

4.2. Tolerance test

In all simulations, the stopping tolerance of the iterations for the pressure Poisson equation is set as fol = 1073,
To verify whether this tolerance is sufficiently small in the present study, we chose three different tolerances:
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0.8 T .
Div —o— Approach 1
0.7+ —o— Approach 2 |-
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0.6

0.5

0.4
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0.2

Fig. 5. Temporal evolutions of discrete divergence with respect to the three approaches.

0.12 ‘
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0.07 | 1
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0.06 ‘ ‘ ‘ ‘ ‘
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Fig. 6. Temporal evolutions of discrete kinetic energy with respect to different tolerances.

tol = 1073,107*, and 107> to test the dissipation of the total kinetic energy, which is a basic property of the
NS equation. The initial conditions and computational domain were set to be the same as those in Section 4.1. The
discrete total kinetic energy is defined as follows:

_ P 1 2 2 1 2 2
Ek_E 2 Z <Mi+%,jk+ui7%,jk)+§ Z (Ui,j+%,k+vi,j—%,k>

Xijk€ Q{S Xijk € Qg’
T2 (W, )| (32)
2 ijk+} ijk—1 ’
x,v‘,-ke .le
where p = 1 is used. Note that the above weighted summations have been extensively used in previous

studies [21,56]. In Fig. 6, we plot the temporal evolution of Ej with respect to different tolerances and almost
the same results can be observed, which indicates that ol = 1073 is sufficiently small to obtain accurate solutions.
Thus, in the following tests, tol = 1073 is used, unless otherwise specified.



12 J. Yang and J. Kim / Computer Methods in Applied Mechanics and Engineering 372 (2020) 113382

Fig. 7. Single fluid flow on a torus.

Table 2
Comparison with the previous results [36,37]. Here, |u|y,i, and [ulmax
are the minimum and maximum magnitudes of the velocity field,

respectively.
Previous Present
[l min 0.02 0.0203
[u|max 0.12 0.1232

4.3. Flow on a torus

To verify the practicability of the proposed method, we consider the fluid flow on a torus embedded in

2 = (—4,4)>. The signed distance function of a torus is d(x, y,z) = \/(\/xz + y2 —2)2 4+ z2 — 0.5. The initial
velocity field is given by

y—2xz —x —2yz Jx+y-=2
, Y, 7O = —, , ¥, ’0 =, s Y, ,0 =
0= gea ey MO B 0= gy v 2 0= s

The following numerical parameters are used: 7 = 0.067, At = 0.25h2, and Re = 50. We show the images
at different computational moments in Fig. 7, and can see that the initial velocity field evolves into a circulation
flow over time. Note that similar phenomena were observed in the previous studies [36,37], in which the authors
investigated the minimum and maximum magnitudes of the velocity field on a torus. Table 2 indicates that the
previous and present results are in good agreement.

4.4. Accuracy test for two-phase system

To estimate the spatial and temporal convergence rates, we consider the two-phase fluid system on a sphere with
the following signed distance function d(x, y, z) = /x2 + y2 4+ z2 — 0.8. The full domain is 2 = (=2,2). The
initial conditions are defined as
0.5—/(x —0.8?2+y2 422

V2e 7
”(x’y,Z,O)Z_ya 'U(.x,y,Z,O)Z.x, w(xvy7za0)=0'
The simulations are performed by varying h = 0.44, 0.22, 0.11, and 0.055. The time step is At = 0.00142 and the

other numerical parameters are as follows: Re = 10, € = 0.24, Cn = ¢, and Pe = 1. The effects of the surface
tension and gravity are ignored. The successive error for ¢ between two different mesh sizes is defined as follows:

¢(x,y,z,0) = tanh

1
h, At < h/2,At/4+¢h/2,At/4 +¢h/2,At/4k+¢h/2,At/4

el = ¢ - =
ijk = Pijk g \P2i2jk 2i-1,2j,2k T P2i2j-1,2 2i,2j,2k—1

h/2, At /4 h)2, At /4 12, At )4 hy2, At /4
+ ¢2i—],2j—1,2k + ¢2i,2j—l,2k—l + ¢2i—1,2j,2k—1 + ¢2i—1,2j—1,2k—1 .
In addition, the successive errors for u, v, and w between two different mesh sizes are defined as follows:

" Y 1 Y1 /2 A/ %A %A/
iy gk T itk 4\ 2i+b2j2 0 T2i+d2j-12k 0 T2i+3.2j.0k-1 0 T2i+h2j-126-1 )7
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Table 3
Errors and convergence rates with different mesh sizes at t = 3.95e-4.
h 0.44 —0.22 0.22 —0.11 0.11 — 0.055
L-error: ¢ 0.865 0.243 0.066
rate: 1.832 1.880
Ly-error: u 1.808 0.412 0.131
rate: 2.134 1.653
Ly-error: v 1.975 0.496 0.133
rate: 1.993 1.899
Ly-error: w 5.5e-3 1.6e—3 3.390e—4
rate: 1.781 2.239
v h, At L ( 2 Arya h/2, At/4 h/2, At /4 h/2, At/4
e .1, =V . 1, —=V,. . 1 v_. 1 V... . 1 U, o s
i,j+5.k i,j+5.k 4 2i,2j+5,2k 2i—1,2j+5,2k 2i,2j45,2k—1 2i—1,2j+5,2k—1
1 2,At/4 2,At/4 2,At/4 2,At/4
et = whd (WA MR MRA A )
l],k+§ 1‘1,k+§ 4 21,2],2k+§ 21—1,2],2k+§ 21,2]—1,2k+7 21—1.2]—1,2k+7

We define the L>-error for ¢ as

”¢h,Az _ ¢h/2,At/4

P GALEN

h
x,-/-ke 'QS

lz2(ap) =

In addition, the weighted L%-errors for u, v, and w are defined as

1
h,At . h/2,At/4 — - u 2 u 2 3
||z u ||L2(Q§1) E ) <(ei+é,jk) + (eifé,jk) )h )
\ X,'jkE Q‘?
1
nAr _ h/2.At/4 _ L v 2 v 2\ 53
v v ||L2(Q§') = E ) ((el.!jJr;,k) + (ei,j—%,k) )h )
\ Xjjk€ Qg
1
AL b2, At)4 _ L w 2 w 2\ 53
|lw w ”LZ(le) E 3 <(eij,k+é) + (eij,k—%) ) h.
x,-jke Q{é’

The convergence rate for ¢ is defined as

||¢h,At _ ¢h/2,AI/4”L2(Q£1)

||¢h/2,At/4 _ ¢h/4,A1/16”L2(ﬂ§,/2

rate = log,
)

The convergence rates for u, v, and w are similarly defined. The simulations are performed until + = 3.95e-4.
We list the errors and convergence rates in Table 3. The results show that the proposed scheme has approximately
second-order accuracy in space and first-order accuracy in time. Note that we used the pseudo-Neumann boundary
condition and computed the boundary values by interpolations, and the accuracy of the numerical results may be
slightly affected by this implementation.

4.5. Kelvin—Helmholtz instability on a sphere

The Kelvin—Helmbholtz instability is a typical example of two-phase fluid flow [57]. When a difference in velocity
exists at the interface of two different fluids, a small disturbance develops there over time and the interface rolls up
to form a vortex shape. This well-known fluid instability can be used to describe the formations of various natural
phenomena, such as a billow cloud. To investigate the formation of the Kelvin—Helmholtz instability on a sphere,
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Fig. 8. Kelvin—Helmholtz instability on a sphere. The colorbars reflect the value of ¢. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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Fig. 9. Temporal evolution of average concentration of Kelvin—Helmholtz instability. The insets are images corresponding to the specific
computational moments.

we consider the following initial conditions:

—RO +0.5R7 4+ 0.06 cos(51ﬂ)>

P(x,y,2,0) = tanh(
y Ve
u(x,y,z,0) = ¢(x,y, 2,00y, v(x,y,z,0) = —¢(x,y,z,0x, wx,y,z,0)=0,

where R = 0.8 is the radius of a sphere, 8 = cos™!(z/r), ¥ = tan~!(y, x) with x # 0, and r = /x2 + y2 + z2.
The signed distance function d(x, y, z) = /x2 + y2 + z2 — R is defined in 2 = (-1, 1)3. During the simulation,
we consider & = 0.025, At = 0.4h%, Re = 5000, ¢ = 0.024, Cn = ¢, and Pe = 1/€. The effects of the surface
tension and gravity are omitted. We display the images at different computational moments in Fig. 8.

For a two-phase incompressible flow, mass conservation is an important issue. We plot the temporal evolution
of the average concentration ¢ = ﬁ injk c o q)lf‘jk in Fig. 9. As evident from the figure, the mass conservation

is well satisfied by our proposed method.




J. Yang and J. Kim / Computer Methods in Applied Mechanics and Engineering 372 (2020) 113382 15

1 1 1
Ho.s 0.5 05
(a) 10 0 0
H 05 05 05
R -1 -1
i 1 1
05 05 05
(b) 0 10 0
05 05 05
A -1 =1
1 1 1
05 05 05
(C) 10 10 0
05 0.5 05
1 -1 -1

Fig. 10. Images of the Kelvin—-Helmholtz instability with respect to different Reynolds numbers: (a) Re = 50, (b) Re = 500, and (c)
Re = 5000. The images from left to right in each row are taken at t = 0.75, 1.15, and 1.5, respectively. The colorbars reflect the value of
¢. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The Reynolds number Re plays an important role in fluid dynamics, and we will now briefly investigate the
effect of Re on the dynamics of a two-phase Kelvin—-Helmholtz instability. Three different values of Reynolds
number, Re = 50, 500, and 5000, are considered in the simulations. The evolutions with respect to different Re
are displayed in Fig. 10. We can see that the roll-up is further developed with the increase in Re. When Re is
small, the effect of the fluid viscosity is dominant, which significantly suppresses the evolution of the interface.

4.6. Effect of viscosity ratio

To show the effect of the viscosity ratio on the dynamics of a two-phase flow on a curved surface, we consider
the Kelvin—Helmholtz instability on a sphere with the same initial conditions and parameters as in Section 4.5.
Figs. 11(a), (b), and (c) display the images of the Kelvin—Helmholtz instability with respect to different viscosity
ratios: n; : p = 1:1, 1:5,and 1 : 10, respectively. With an increase in the viscosity of fluid 2, the interfacial
dynamics are suppressed.

4.7. Coarsening dynamics

To demonstrate the dissipation of the total energy of the NSCH model, we consider the coarsening dynamics on
3D surfaces in the presence of a fluid flow. The domain is {2 = (=2, 2)*, and a signed distance function, d;(x, y, z7) =
VX2 + y2 + 72— 1.6 and a scalar function, dy(x, y,2) = (x> +y> = 1)+ @2 +22 =12+ 2+ 22— 1>+ (x> =1+
(y2—1)?+(z>—1)*> =2 are used. The initial phase variable is defined randomly, i.e., ¢(x, v, z, 0) = 0.5rand(x, y, z),
where rand (x, y, z) is a random number between —1 and 1. The initial velocity field is set to zero. We use 7 = 0.067
as the spatial step. The following parameters are used: At = 0.2h%, Re = 100, € = 0.064, Pe =1, Cn = ¢, and
Bo = 1/Cn. The effect of gravity is not considered. The results at different computational moments are shown in
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Fig. 11. Images of Kelvin—Helmholtz instability with respect to different viscosity ratios: (a) ny :mp =1:1, (b) ny : 2 =1:5, and (c)
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(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 12, and we can see that the phase separates over time. We define the discrete total energy E; as follows:

2 0 — ) . — b )
E, = Z |:C7n <(¢1+1,jkhz ¢ljk) + (¢l,]+1,/;12 ¢ljk)

X,’jke .Qg’
+(¢ij,k+1 — ¢ijk)?
h2
where Ej is the total discrete kinetic energy defined in Section 4.2. The temporal evolutions of the discrete total

energy on {2; and (2, are shown in Figs. 13(a) and (b), respectively, and we can see that the energy is non-increasing
on a 3D surface.

) + F(¢ijk)j| n + Ex,

4.8. Rayleigh—Taylor instability on a sphere

When a heavier fluid is located above another lighter fluid, a small disturbance on the interface will cause
the heavier fluid to roll and fall, forming a spike structure, whereas the lighter fluid floats up to form a bubble.
This phenomenon is called the Rayleigh-Taylor instability [15,54], which is an important buoyancy-driven two-
phase flow problem appearing in various scientific and industrial fields. In a three-dimensional space, we know that
the direction of gravitation force g = (0,0, —1) is always downward. To consider the gravitational effect on the
arbitrarily curved surface, we use the same correction step as in Section 3.1.1 to treat the gravity field, i.e.,

g'=g—(g-mm,
where m is the unit vector normal to the surface, and g* is an effective gravity field tangential to the surface. The
signed distance function is d(x, y,z) = /x2+ y2 + z2 — 0.8. The same initial conditions as in Section 4.5 are
used. The numerical parameters are as follows: & = 0.025, Ar = 4h%, Re = 3000, € = 0.024, Pe = /e, Cn =

€, p1:p» =3:1,and Fr = 0.58. The surface tension is ignored, i.e., Bo = oco. From the results in Fig. 14, the
roll-up of a heavier fluid can be clearly observed.
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Fig. 12. Coarsening dynamics on curved surfaces. The colorbars reflect the value of ¢. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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Fig. 13. Temporal evolutions of the discrete total energy on a curved surface.

4.9. Buoyancy-driven flow on a bunny surface

To verify that the proposed method can be used to simulate a two-phase fluid flow on a more complex surface,
we consider the buoyancy-driven flow on a bunny surface embedded in 2 = (0, 69)>. The initial conditions are

defined as follows:
— 34.5 4+ 0.06rand ,
¢(x,y,z,0) = tanh (Z + 0.06rand(x, y z)>’
V2e
u(x,y,z,0) =vx, y, 2,0 =w,yz0=0. (34)

The following numerical parameters are used: & = 0.5, At = 0.1h%, Re = 3000, ¢ = 0.48, Pe =042, Cn =
€ p1:pp=3:1,and Fr = 0.58. We do not consider the effect of the surface tension. The numerical results
shown in Fig. 15 indicate that the proposed method can be effectively used for simulating a two-phase flow with
gravitational force on a complex surface.

(33)

5. Conclusions

In this paper, we presented a phase-field model and its efficient numerical method for the incompressible single
and binary fluid flows on arbitrarily curved surfaces in a three-dimensional space. The incompressible two-phase
fluid flow is governed by the NSCH system. In the proposed method, we used a narrow band domain to embed the
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Fig. 14. The Rayleigh-Taylor instability on a sphere. The colorbars reflect the value of ¢. (For interpretation of the references to color in

this figure legend, the reader is referred to the web version of this article.)
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Fig. 15. The buoyancy-driven flow on a bunny surface. The colorbars reflect the value of ¢. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

arbitrarily curved surface and extended the NSCH system to the narrow band domain. We used a pseudo-Neumann
boundary condition on the boundary of the narrow band domain, which enforces the dependent variables to be
constant along the normal direction of the points on the surface. We can therefore use the standard discrete Laplace
operator instead of the discrete Laplace—Beltrami operator. The Chorin’s projection method was applied to solve
the NS equation and a convex splitting method was employed to solve the CH equation with an advection term.
To make the velocity field tangential to the surface, a velocity correction procedure was applied. An effective mass
correction step was adopted to preserve the phase concentration. Computational results such as a convergence test,
Kevin—Helmbholtz instability, and Rayleigh-Taylor instability on curved surfaces demonstrated the accuracy and
efficiency of the proposed method. Note that the proposed method can be used to study arbitrary N-component
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(N > 3) incompressible fluid flows or a hydrodynamically coupled surfactant system on 3D curved surfaces.
Furthermore, our method will be extended to simulate multi-phase flow phenomena on the surfaces of planets.
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Appendix

We briefly describe the discrete advection terms for v and w. We discretize the advection term in Eq. (15) as
follows:

Wi d gt UL gt U L g e T UL e
i~j+%,k - 4h i+
Vij+lk _ _
h (Ui,j+1,k - Uijk)
Wijk+d + Wijk-1 + Wi j 1kt + Wi jr1k—1 (_
4h
The algorithm for calculating v; ;11 is given as

(u- Vyv)

+

_ h 1
Vi j+1.k = Vik + EVU(I -2 -+ 5))),

l _ J—I—% lf Ui,j-H,k > 0,
Jj+ % otherwise,

w, = Dk TVl g Vidtlk = Vitk _ oo if feu] < (B,
v h P h VT B, otherwise,
where v; jyix = 0.5(y; JIER: +v . 1 ). The other quantities are similarly computed. We then discretize the

advection term in Eq. (16) as follows:

g g e i it
w;

u-Vyw).., 1 = 1 L =W, 1 1)
( h )U,k+§ 4h 5. Jk+5 i—5.J.k+5
Vijad e TVl TV T L -
ah Wijrdtd = Wi i Ll
W1
ijk+5 ,_ _
n (wij,k-H - wijk) .

The algorithm for calculating w;; x4 is given as

_ h 1
Wijkr1 = Wijs + EJ/w(l —2(—(k+ E)))’
| = k + % if Wij k+1 > 0,
k + % otherwise,
_ Wiji — Wiji-1 _ Wij 41 — Wij oo i el < Bl
Fw = h > Pu= h > Yw = { B, otherwise,

where w;j i1 = O.S(wij’k +3 Fw; 1 ). The other quantities are similarly computed.
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