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In this paper, we propose an automatic binary data classification method using a modified
Allen-Cahn (AC) equation. The modified AC equation was originally developed for image
segmentation. The equation consists of the AC equation with a fidelity term which enforces the
solution to be the given data. In the proposed method, we start from a coarse grid and refine the
grid until the accuracy of the data classification reaches a given tolerance. Therefore, we can
avoid a laborious trial and error procedure. For a numerical method for the modified AC
equation, we use a recently developed explicit hybrid scheme. We perform several 2D and 3D
computational tests to demonstrate the performance of the proposed method. The computa-
tional results confirm that the proposed algorithm is automatic.

Keywords: Binary data classification; modified Allen—Cahn equation; operator splitting method.

1. Introduction

Data classification is an important technique in analyzing data by separating un-
structured data into meaningful structures. Classification is assigning one of the
classes, which is agreed in advance to new data. Data classification involves learning
labeled datasets and then generating decision boundary that separates each class.
Therefore, techniques of generating decision boundary are such an important part
of the classification. There are many kinds of techniques for generating decision
boundary, such as support vector machine (SVM),”" artificial neural networks
(ANNs),*!'? random forest (RF),° and so on. Advanced techniques of data classifi-
cation producing good results are announced.'*'®!? In addition to classification
techniques mentioned above, classification methods based on solving partial
differential equations are also being studied. One of them is the technique using the
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Allen—Cahn (AC) type equation. The AC equation was originally introduced as a
phenomenological model for anti-phase domain coarsening in a binary alloy.?
The AC equation has been successfully used to model a class of problems such as

414 and the mixture of two incompressible

image in painting,'® image segmentation,
fluids.'>1¢

Using this feature, dual algorithm for segmentation has been proposed.”” It is
based on a penalty of dual variable along the edges, which only requires to solve a
vectorial AC equation with linear V(div)-diffusion where operator splitting method
(OSM) and fast Fourier transform (FFT) are implemented in time and space, re-
spectively. Garcia-Cardona et al.” developed two graph-based algorithms for the
multi-class segmentation of high-dimensional data by using a diffusive interface
model. One is based on the gradient descent with convex splitting method and the
other uses the Merriman—Bence—Osher (MBO) method. In this paper, we propose an
automatic binary data classification method using AC type equation. Jeong and
Kim!! proposed an explicit hybrid numerical scheme to solve the AC equation. This
algorithm proceeds in two steps. First, we solve the linear diffusion term by using the
explicit scheme and solve the nonlinear term by using the closed-form solution
thereafter. Bertozzi and Flenner presented the modified AC equation which adding
a fitting term to the original AC equation for classification. In the previous
research, there is a study on the accuracy and efficiency but not on mesh size of
computational domain to solve the AC equation. Therefore, we propose an algorithm
to find the mesh size automatically by solving the modified AC equation as an
explicit hybrid scheme. The main purpose of this study is twofold: (a) the data
conformation to the computational grid and (b) a new automatic binary classifica-
tion algorithm.

The outline of this paper is as follows. We describe the governing equation in
Sec. 2. Section 3 explains the numerical solution algorithm. We present the numerical
results for several datasets in Sec. 4. Concluding remarks are given in Sec. 5.

2. Governing Equation

Because we are interested in binary data classification using the AC equation with a
data fitting term, we briefly review the AC equation.’
9p(x,t) _ F'(¢(x,1))
FT p + Ap(x,t), x€Q, t>0,
n-Vo(x,t) =0, x€dQ, t>0,

where QO C R? (d = 2,3) is a domain, x = (z,y) or x = (z,9, 2), n is outward unit
normal vector on 9, ¢(x,t) is the phase-field function, F(¢) = 0.25(¢% — 1)2, € is
constant which is related to the interface transition thickness. It was originally
introduced as a phenomenological model for anti-phase domain coarsening in a bi-
nary alloy.® The AC equation is the L?-gradient flow of the Ginzburg-Landau free
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energy functional:

o) = | (F 0 +§|v¢|2)dx.

By minimizing this energy functional £(¢), we have motion by mean curvature
dynamics and smooth interfacial transitions. We apply the properties of the AC
equation to data classification. In order to classify binary data, we want to minimize
the following free energy functional:

o) = [ (F50 4 31900 +5 60— 1) Jax, 0

where A is a fidelity parameter and f is a fitting term to a given data. By minimizing
the free energy functional equation (1), the modified AC equation can be obtained in
L? sense using the gradient descent method:
0P(x,t F'(p(x,t
ooet) . FOD) | Ao t) 4 MFx) — 0 0], x€Q 130, (2)
n-Vo(x,t) =0, x€9Q, ¢>0.

3. Numerical Scheme

In this section, a numerical scheme for the modified AC equation is presented in
three-dimensional space Q = (L,, R,) x (L, R,) x (L, R,). Two-dimensional nu-
merical scheme can be similarly defined. Let N,, N,, and N, be positive integers,
h=(R,-L,)/N,=(R,—L,)/N, = (R, — L,)/N, be the uniform mesh size, and
U, = {(%,y;, z)|x; = Ly +ih, y; = L, +jh, 2z, = L, +kh,0 <i < N,,0< 5 <
N,,0 < k < N,} be the discrete computational domain. Let ¢} be approximations
of ¢(x;,y;, 2, nAt), where At is the time step. We split the governing equation into
the following three equations using the operator splitting method:

WD _ A1), @
Oolmt) | _Fiott) "
0p(x,t)

D001 _ N f) — ot )], )

For 0 <i < N,,0<j<N,0<k<N,, first we solve Eq. (3) using the explicit
Euler method with the homogeneous Neumann boundary condition:

P = O
1] R n
JT = Ahéf’ijk, (6)

where Apdly = (Aiqjx + Ofign + Ohjern + Ofjip T Pl + Oljamr — 607) /B
Here, we use the one-sided difference for the homogeneous Neumann boundary
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condition: @oj = Prjk, Gior = Pitks Pijo = Pijts PNk = ON,~1jk> PiNk = PiN,~1ks
bijn. = bijN.—1- Next, we solve the nonlinear equation

M) Yije(t) — 2()

o €2
analytically with the initial condition 1, (0) = QSZF and then set zj):ﬁ? = ;i (At).
That is,
n+i
Pag Pijk_
isk n+i _2At RN
[1-— (¢ijk )Plem e + (‘z’iij)Q
Finally, we solve the fidelity equation for q’)%l
n'J];l _ (b”"l:%
g % n+1
St P A (fy - 631, (7
Rewriting Eq. (7), we have
n+2
ol — Pijp’ + AALSiji
ik —

1+ AAt

This scheme is explicit, therefore, we do not need to solve a system of discrete
equations implicitly and it is very fast. For the stability of the scheme, we have the
constraint, At < 0.5h2/d, where d is the dimension of space.”!

4. Numerical Experiments

In this section, we perform numerical experiments to automatically find an efficient
grid for several datasets such as two moons, Archimedean spiral, two linked tori,
gyroid surface in 2D or 3D. We start from a coarse grid and recursively refine the grid
until the accuracy of the data classification reaches a given tolerance. We have
different computational domains Q = (L,, R,) x (L,, R,) x (L,, R,) for each case.
We consider a time step At=ah?/d with «=0.24 and d=2 or d=3,
N, = (R, - L,)h+1, Ny= (R, — L,)h+1, N, = (R, — L,)h + 1, where h is grid
size. Here, we use ¢ = hm/(2+v/2tanh~1(0.9)) with positive constant m.

In the modified AC equation, the fidelity term is a fitting term to a given data.
Because the given data is scattered in computational domain £, i.e. points from the
given data may or may not be on grid points and the information should be dis-
tributed to adjacent grid points. Figure 1 illustrates the process of distributing in-
formation to adjacent grid points for one point data. Figure 1(b) illustrates the
bilinear weighted distribution process to adjacent grid points when there is data of
value 1 as shown in Fig. 1(a). Similarly, Fig. 1(d) illustrates the distribution process
when there is data of value —1 as shown in Fig. 1(c).

If there are multiple data of 1 in a cell, then we assign the largest value to each
grid point. Figures 2(a)-2(c) show the process of assigning values to each grid point
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Fig. 1. Schematic illustration of the process of configuring a fidelity term one data in a cell. (a) is data
with value 1, (b) is the linearly weighted distribution from (a), (c) is data with value —1, (d) is the linearly
weighted distribution from (c).

when there are multiple data of 1 in a cell. Similarly, we assign the smallest value to
each grid point if there are multiple data of —1 in a cell. Figures 2(e)-2(f) show the
process of assigning values to each grid point when there are multiple data of —1 in
a cell.

If there are multiple data mixed of 1 and —1 in a cell as shown in Fig. 3(a), we
perform these positive and negative values separately and then sum these two matrix
values as shown in Figs. 3(b)-3(d). Figure 4 shows the allocation of information for
the two moons data to each grid point.

The accuracy of all experiments is calculated using the given data. The experi-
mental class of data is determined using the solutions of the modified AC at the four
vertices of the cell to which data belongs. The data is determined to be a class of —1 if

0.56 0,24 0.56

0.24

Fig. 2. Schematic illustration of the process of configuring a fidelity term multiple data in a cell. (a)—(b)
are the linearly weighted distribution from data with value 1, (c) is a result to assign the largest value to
each grid point, (d)—(e) are the linearly weighted distribution from data with value —1, (f) is a result to
assign the smallest value to each grid point.
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Fig. 3. Schematic illustration of the process of configuring a fidelity term mixed data. (a) is data mixed
with value 1 and —1, (b)—(c) are the linearly weighted distribution separately, (d) is sum of (b) and (c).
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Fig. 4. Fidelity of two moons data.

the bilinear weighted sum of the four solutions is negative, otherwise a class of 1 is
determined. The accuracy is defined as

1 L TCG) + EC)
E‘N; 2 ’

where N is the number of data and TC and EC are true class and experimental class
of data, respectively.
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Fig. 5. Two moons data.

4.1. Two-dimensional data classification

The modified AC equation can be applied to classifying binary data. We consider two
moons data, Archimedean spiral sample and Ho & Kleinberg’s checkerboard dataset
for 2D with a time step At = ah?/2, a = 0.24, € = ¢4, A = 50 and tolerance 0.995.

4.1.1. Two moons data

Two moons data is constructed such that two half circles exist with radius of one.
Each half circle consists of five hundred pieces of data, one half circle takes the value
of —1 and the other takes the value of 1. That is, the data set has a thousand points.
To generate data sets, first, the center of the upper half circle is the origin and the
center of the lower half circle is (1, 0.5). In other words, the data follows:

(z1,y1) = (cos(6),sin(f)) and (z9,ys) = (cos(d) + 1, —sin(h) + 0.5).

Then, adding random noise with a Gaussian distribution having standard deviation
0.1 to each data coordinate yields

(z1,91) + (21,22) and  (z3,72) + (21, 22),

where z1,2, ~ N(0,0.1). The goal is to classify the two half circles by using the
proposed algorithm for the modified AC equation in Q = (1.5,2.5) x (—1,1.5), see
Fig. 5. We use parameters such as h = 0.02, N, = 201, N, = 126. Figure 6 shows the
process of solving the modified AC equation using the parameters given above at
t =0, 50At, 100At and 250A¢. The left figures show the classification area of each
class, the solid line is the area that classifies one class, and the dotted line is the area
that classifies the other class. The right figures show the solution of the modified AC
equation for each condition.

Next, we perform an adaptive mesh refinement by reducing mesh size h by half,
beginning with a coarse mesh and until accuracy reaches a given tolerance. Figure 7
shows the process of classifying two moons data. The accuracies for the number of
grid (N, N,) = (9,6) and (17,11) are 0.990 and 0.995, respectively. Therefore, for
this data, grid size (N,, N,) = (17,11) is guaranteed to be at least 0.995.
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4.1.2. Archimedean spiral

In Fig. 8, the given data has two Archimedean spiral structures. The initial points are
generated by Archimedean spiral function as

(z1,91) = ((a+b0) cos(0), (a + bb) sin(0)),
(29,y2) = (—(a+ b0) cos(), —(a + bb) sin(h)),

where a = 0.9 and b = 0.3 control the spiral rotation and the distance between
successive turnings, respectively. We add random noise with a Gaussian distribution
having standard deviation 0.15 to each data coordinate. Each data structure has one
of the values —1 and 1. We apply the modified AC equation to this data samples to
get a curve that classifies the data.

The goal is to find the grid size with the accuracy of the given tolerance as a result
of classifying the two Archimedes spiral structure data using the proposed algorithm
in Q =(—4.5,4.5) x (—4,4). The process of classifying the two Archimedes spiral

(b)

Fig. 6. Data classification process at (a) Initial condition, (b) 50 iterations, (c) 100 iterations and (d) 250
iterations.
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Fig. 6. (Continued)

structure data is shown in Fig. 9. The accuracies for the number of grid (N,, N,) =
(10,9) and (19,17) are 0.950 and 0.998, respectively. Therefore, for this data, the grid
size (N, N,) = (37,33) is guaranteed to be at least 0.995.

4.1.3. Ho & Kleinbergs checkerboard

We consider Ho & Kleinbergs checkerboard dataset as shown in Fig. 10. It was used
to show the nonlinear classification.?’ It contains two classes of samples produced
under uniform distribution and its form is a checkerboard tile of 4 x 4. Each data
class has one of the values —1 and 1 alternatively. We apply the modified AC
equation to this data sample to get a curve that classifies the data.

The goal is to find the grid size with the accuracy of the given tolerance as a result
of classifying the checkerboard dataset using the proposed algorithm in
Q=(-0.1,1.1) x (—0.1,1.1). The process of classifying the checkerboard data is
shown in Fig. 11. The accuracies for the number of grid (N,, N,) = (13,13), (49, 49)
and (385, 385) are 0.559, 0.885 and 0.998, respectively. Therefore, for this data, the
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1.5

Fig. 7. Accuracies with different mesh sizes: (a) h = 0.5, accuracy = 0.990 and (b) h = 0.25, accuracy =
0.995. In the left figure, solid line is the decision boundary for classifying data and dots are the data that
failed classification.

N
T

-4.5 -1.5 1.5 45

Fig. 8. Archimedean spiral.
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Fig. 9. Accuracies with mesh sizes: (a) h =

(b)
1.0, accuracy = 0.950 and (b) h = 0.5, accuracy = 0.998. In

the left figure, solid line is the decision boundary for classifying data and dots are the data that failed

classification.
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Fig. 10.

Checker board dataset.
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Fig. 11.  Accuracy for different mesh sizes: (a) h = 0.1, accuracy = 0.559; (b) h = 0.025, accuracy = 0.885;
and (c) h = 0.003125, accuracy = 0.998. In the left column, solid line is the decision boundary for classifying
data and dots are the data that failed classification. In the right column, mesh plots are shown.
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grid size (N, N,) = (385,385) guarantees the accuracy of the classification to be at
least 0.995.

4.2. Three-dimensional data classification

In this section, experiments are conducted in a similar way to experiments for 2D. We
consider two linked tori, two conchospiral and gyroid data as three-dimensional data.
Unless otherwise noted, the following parameters are used: time step At = «h?/3 with
a=0.24, e=¢, A=050, computation domain = (0,1) x (0,1) x (0,1), and
tolerance 0.995.

4.2.1. Two linked tori

Two linked tori data are illustrated in Fig. 12(a). The initial data consist of two
circles as follows:

(581 (97 p)v % (97 p)v 21 (07 p)) = (al + TCOS(Q)v bl + TSiH(&), Cl)? (8)
('TZ(G’ P), y2(0’ p)) 22(07 p)) = (a2 + TCOS(G)v b2a cy + ’I“Sin(p)), (9)

where 6,p € [0,27), radius r =0.25, and centers (aq,by,c;) = (0.375,0.5,0.5),
(ag, by, co) = (0.625,0.5,0.5). We add random noise with a Gaussian distribution
having standard deviation 0.025 to each data coordinate. The values of the data
generated by Egs. (8) and (9) are 1 and —1, respectively. The number of data is five
hundreds per circle, hence a thousand data are used.

Figure 12(b) shows the decision boundary surface computed from the modified
AC equation to classify two linked tori data with following parameters h = 0.005 and
N, = N, = N, = 201. Figures 13(a)-13(c) show the accuracy results with 0.726,
0.980 and 1.0 for the number of grid (N,,N,,N,) = (11,11,11),(21,21,21) and
(41,41,41), respectively. Therefore, for this data, the grid size (N,,N,,N,)=
(41,41, 41) guarantees the accuracy of the classification to be at least 0.995.

09 02 09 02

(a) (b)

Fig. 12. (a) Two linked tori in three-dimensional space. (b) Surface classifying two linked tori data.
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Fig. 13. Classification process in three-dimensional space with (a) h =0.1, accuracy = 0.726,
(b) h =0.05, accuracy = 0.980 and (c) h =0.025, accuracy = 1.0. Surface is the decision boundary
classifying data and dots are the data that failed classification.

4.2.2. Two conchospiral

The two conchospiral dataset is illustrated in Fig. 12(a). The initial data consist of
two conchospirals as follows:

(m1,91,21) = (a+ 76 cos(0)/4m, b+ r6, sin(6,) /47, c + ab,), (10)
(T2, Y2, 20) = (a + 70, cos(0y)/4m, b+ 18, sin(0s) /47, c + abs), (11)

where 0 < 0; < 4m, m < 6, < 57, radius r = 0.4, and center (a,b,c) = (0.5,0.5,0.1).
We add random noise with a Gaussian distribution having standard deviation 0.025
to each data coordinate. The values of the data generated by Eqgs. (10) and (11) are 1
and —1, respectively. The number of data is five hundreds per conchospiral, hence a
thousand data are used.

Figure 14(b) shows the decision boundary surface computed from the modified
AC equation to classify two conchospiral data with following parameters h = 0.005
and N, = N, = N, = 201. Figures 15(a)-15(c) show the accuracy results with 0.622,
0.970 and 0.996 for the number of grid (N,, Ny, N,) = (11,11,11),(21,21,21) and
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Fig. 14. (a) Two conchospiral in three-dimensional space. (b) Surface classifying two conchospiral data.

05 M

(©)

Fig. 15. Classification process in three-dimensional space with (a) h=0.1, accuracy = 0.622,
(b) h = 0.05, accuracy = 0.970, and (c) h = 0.025, accuracy = 0.966. Surface is the decision boundary
classifying data and dots are the data that failed classification.
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(41,41,41), respectively. Therefore, for this data, grid size (N,, N,, N,) = (41,41, 41)
is guaranteed to be at least 0.995.

4.2.3. Schoen gyroid

The Schoen gyroid is an infinitely connected minimal surface and the surface par-
titions space into two disjoint but congruent regions, hence the volume fraction of
each phase is 0.5. The initial points are generated by gyroid surface function as

[ +1 if sin(37mx) cos(3my) + sin(372) cos(3mx) + sin(3my) cos(37z) > 0,
¢(,9,2) = { —1 otherwise,
where z,y, z € [0.2,0.8]. The dataset is selected randomly from ¢ = 1 and ¢ = —1 by
five hundred each, hence a total of a thousand is used. We add random noise with a
Gaussian distribution having standard deviation 0.02 to the coordinated of selected
data. Figure 16(a) illustrates the initial data and Fig. 16(b) shows the decision
boundary surface with h = 0.005 and N, = N, = N, = 201. Figures 17(a)-17(d)
show the accuracy results of 0.477, 0.729, 0.920 and 0.995 for the number of grid
(N,,N,, N.) = (11,11,11), (21,21, 21), (81,81,81) and (321,321,321), respectively.
Therefore, for this data, the grid size (N,, N,, N,) = (321,321, 321) guarantees the
accuracy of the classification to be at least 0.995.

4.2.4. Performance comparison

In this section, to validate the effectiveness of our proposed algorithm, we compare
the performance of our algorithm and SVM on the two examples. Example 1 is the
artificially generated Ripley’s synthetic dataset. It contains 250 points and is gen-
erated from mixtures of two Gaussians. Figure 18 shows the classification results for

Fig. 16. Gyroid surface point data in three-dimensional space.
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Fig. 17. Classification process for gyroid data with (a) h = 0.1, accuracy = 0.477, (b) h = 0.05,
accuracy = 0.729, (c) h = 0.0125, accuracy = 0.920 and (d) h = 0.003125, accuracy = 0.995. Surface is the
decision boundary for classifying data and dots are the data that failed classification.

Table 1. Classification accuracy on examples.

Example 1 Example 2
Accuracy (%)  Accuracy (%)
SVM 90.6 95.56
Proposed algorithm 98.0 99.70

Example 1. Figures 18(a) and 18(b) show the results of the SVM and the proposed
algorithm, respectively.

Example 2 is Ho & Kleinbergs checkerboard dataset. It contains two classes of
samples produced under uniform distribution and its form is a checkerboard tile of
4 x 4. Figure 19 shows the classification results for Example 2. Figures 19(a) and 19(b)
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Fig. 18. Performance comparison on Example 1. (a): Reprinted from Peng and Xu'” with permission
from Springer Nature.

7

Fig. 19. Performance comparison on Example 2. (a): Reprinted from Peng and Xu'” with permission

from Springer Nature.

show the results of the SVM and the proposed algorithm, respectively. For the results
of the SVM, please refer to Peng and Xu.'”

Table 1 shows the result of performance comparison for the two examples. For Ex-
ample 1, the accuracy of our algorithm is about 98.0% and the accuracy of SVM is 90.6%.
For Example 2, the accuracy of our algorithm is about 99.7% and the accuracy of SVM is
95.56%. It can be seen that accuracy of our algorithm gives better classification.

5. Conclusions

We presented an automatic binary data classification method using the AC equation
with a fidelity term. The fidelity term enforces the solution to be the given data.
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Automatic Binary Data Classification Using a Modified Allen—Cahn Equation

In the proposed method, we start from a coarse grid and refine the grid until the
accuracy of the data classification reaches a given tolerance. Therefore, we can
avoid a laborious trial and error procedure. To demonstrate the performance of the
proposed algorithm, we carried out several 2D and 3D computational tests such as
two moons, Archimedean spiral, Ho & Kleinbergs checkerboard, two linked tori,
two conchospiral and gyroid surface. The computational results confirmed that the
proposed algorithm is automatic.
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