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In this paper, we propose an automatic binary data classi¯cation method using a modi¯ed

Allen–Cahn (AC) equation. The modi¯ed AC equation was originally developed for image

segmentation. The equation consists of the AC equation with a ¯delity term which enforces the

solution to be the given data. In the proposed method, we start from a coarse grid and re¯ne the
grid until the accuracy of the data classi¯cation reaches a given tolerance. Therefore, we can

avoid a laborious trial and error procedure. For a numerical method for the modi¯ed AC

equation, we use a recently developed explicit hybrid scheme. We perform several 2D and 3D

computational tests to demonstrate the performance of the proposed method. The computa-
tional results con¯rm that the proposed algorithm is automatic.

Keywords : Binary data classi¯cation; modi¯ed Allen–Cahn equation; operator splitting method.

1. Introduction

Data classi¯cation is an important technique in analyzing data by separating un-

structured data into meaningful structures. Classi¯cation is assigning one of the

classes, which is agreed in advance to new data. Data classi¯cation involves learning

labeled datasets and then generating decision boundary that separates each class.

Therefore, techniques of generating decision boundary are such an important part

of the classi¯cation. There are many kinds of techniques for generating decision

boundary, such as support vector machine (SVM),2,7 arti¯cial neural networks

(ANNs),8,10 random forest (RF),6 and so on. Advanced techniques of data classi¯-

cation producing good results are announced.1,13,18,19 In addition to classi¯cation

techniques mentioned above, classi¯cation methods based on solving partial

di®erential equations are also being studied. One of them is the technique using the
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Allen–Cahn (AC) type equation. The AC equation was originally introduced as a

phenomenological model for anti-phase domain coarsening in a binary alloy.3

The AC equation has been successfully used to model a class of problems such as

image in painting,15 image segmentation,4,14 and the mixture of two incompressible

°uids.12,16

Using this feature, dual algorithm for segmentation has been proposed.22 It is

based on a penalty of dual variable along the edges, which only requires to solve a

vectorial AC equation with linear r(div)-di®usion where operator splitting method

(OSM) and fast Fourier transform (FFT) are implemented in time and space, re-

spectively. Garcia-Cardona et al.9 developed two graph-based algorithms for the

multi-class segmentation of high-dimensional data by using a di®usive interface

model. One is based on the gradient descent with convex splitting method and the

other uses the Merriman–Bence–Osher (MBO) method. In this paper, we propose an

automatic binary data classi¯cation method using AC type equation. Jeong and

Kim11 proposed an explicit hybrid numerical scheme to solve the AC equation. This

algorithm proceeds in two steps. First, we solve the linear di®usion term by using the

explicit scheme and solve the nonlinear term by using the closed-form solution

thereafter. Bertozzi and Flenner presented the modi¯ed AC equation which adding

a ¯tting term to the original AC equation for classi¯cation. In the previous

research, there is a study on the accuracy and e±ciency but not on mesh size of

computational domain to solve the AC equation. Therefore, we propose an algorithm

to ¯nd the mesh size automatically by solving the modi¯ed AC equation as an

explicit hybrid scheme. The main purpose of this study is twofold: (a) the data

conformation to the computational grid and (b) a new automatic binary classi¯ca-

tion algorithm.

The outline of this paper is as follows. We describe the governing equation in

Sec. 2. Section 3 explains the numerical solution algorithm. We present the numerical

results for several datasets in Sec. 4. Concluding remarks are given in Sec. 5.

2. Governing Equation

Because we are interested in binary data classi¯cation using the AC equation with a

data ¯tting term, we brie°y review the AC equation.3

@�ðx; tÞ
@t

¼ �F 0ð�ðx; tÞÞ
�2

þ��ðx; tÞ; x 2 �; t > 0;

n � r�ðx; tÞ ¼ 0; x 2 @�; t > 0;

where � � Rd ðd ¼ 2; 3Þ is a domain, x ¼ ðx; yÞ or x ¼ ðx; y; zÞ, n is outward unit

normal vector on @�, �ðx; tÞ is the phase-¯eld function, F ð�Þ ¼ 0:25ð�2 � 1Þ2, � is
constant which is related to the interface transition thickness. It was originally

introduced as a phenomenological model for anti-phase domain coarsening in a bi-

nary alloy.3 The AC equation is the L2-gradient °ow of the Ginzburg–Landau free
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energy functional:

Eð�Þ ¼
Z
�

F ð�Þ
�2

þ 1

2
jr�j2

� �
dx:

By minimizing this energy functional Eð�Þ, we have motion by mean curvature

dynamics and smooth interfacial transitions. We apply the properties of the AC

equation to data classi¯cation. In order to classify binary data, we want to minimize

the following free energy functional:

Eð�Þ ¼
Z
�

F ð�Þ
�2

þ 1

2
jr�j2 þ �

2
ð�� fÞ2

� �
dx; ð1Þ

where � is a ¯delity parameter and f is a ¯tting term to a given data. By minimizing

the free energy functional equation (1), the modi¯ed AC equation can be obtained in

L2 sense using the gradient descent method:

@�ðx; tÞ
@t

¼ �F 0ð�ðx; tÞÞ
�2

þ��ðx; tÞ þ �½fðxÞ � �ðx; tÞ�; x 2 �; t > 0; ð2Þ
n � r�ðx; tÞ ¼ 0; x 2 @�; t > 0:

3. Numerical Scheme

In this section, a numerical scheme for the modi¯ed AC equation is presented in

three-dimensional space � ¼ ðLx;RxÞ � ðLy;RyÞ � ðLz;RzÞ. Two-dimensional nu-

merical scheme can be similarly de¯ned. Let Nx, Ny, and Nz be positive integers,

h ¼ ðRx � LxÞ=Nx ¼ ðRy � LyÞ=Ny ¼ ðRz � LzÞ=Nz be the uniform mesh size, and

�h ¼ fðxi; yj; zkÞjxi ¼ Lx þ ih; yj ¼ Ly þ jh; zk ¼ Lz þ kh; 0 � i � Nx; 0 � j �
Ny; 0 � k � Nzg be the discrete computational domain. Let �n

ijk be approximations

of �ðxi; yj; zk;n�tÞ, where �t is the time step. We split the governing equation into

the following three equations using the operator splitting method:

@�ðx; tÞ
@t

¼ ��ðx; tÞ; ð3Þ
@�ðx; tÞ
@t

¼ �F 0ð�ðx; tÞÞ
�2

; ð4Þ
@�ðx; tÞ
@t

¼ �½fðxÞ � �ðx; tÞ�: ð5Þ

For 0 < i < Nx, 0 < j < Ny, 0 < k < Nz, ¯rst we solve Eq. (3) using the explicit

Euler method with the homogeneous Neumann boundary condition:

�
nþ 1

3

ijk � �n
ijk

�t
¼ �h�

n
ijk; ð6Þ

where �h�
n
ijk ¼ ð�n

i�1;jk þ �n
iþ1;jk þ �n

i;jþ1;k þ �n
i;j�1;k þ �n

ij;kþ1 þ �n
ij;k�1 � 6�n

ijkÞ=h2.

Here, we use the one-sided di®erence for the homogeneous Neumann boundary
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condition: �0jk ¼ �1jk, �i0k ¼ �i1k, �ij0 ¼ �ij1, �Nxjk ¼ �Nx�1;jk, �iNyk ¼ �i;Ny�1;k,

�ijNz
¼ �ij;Nz�1. Next, we solve the nonlinear equation

@ ijkðtÞ
@t

¼  ijkðtÞ �  3
ijkðtÞ

�2

analytically with the initial condition  ijkð0Þ ¼ �
nþ 1

3

ijk and then set �
nþ 2

3

ijk ¼  ijkð�tÞ.
That is,

�
nþ 2

3

ijk ¼ �
nþ 1

3

ijkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1� ð�nþ 1

3

ijk Þ2�e�2�t
� 2 þ ð�nþ 1

3

ijk Þ2
q :

Finally, we solve the ¯delity equation for �nþ1
ijk

�nþ1
ijk � �

nþ 2
3

ijk

�t
¼ �ðfijk � �nþ1

ijk Þ: ð7Þ

Rewriting Eq. (7), we have

�nþ1
ijk ¼ �

nþ 2
3

ijk þ ��tfijk

1þ ��t
:

This scheme is explicit, therefore, we do not need to solve a system of discrete

equations implicitly and it is very fast. For the stability of the scheme, we have the

constraint, �t < 0:5h2=d; where d is the dimension of space.21

4. Numerical Experiments

In this section, we perform numerical experiments to automatically ¯nd an e±cient

grid for several datasets such as two moons, Archimedean spiral, two linked tori,

gyroid surface in 2D or 3D. We start from a coarse grid and recursively re¯ne the grid

until the accuracy of the data classi¯cation reaches a given tolerance. We have

di®erent computational domains � ¼ ðLx;RxÞ � ðLy;RyÞ � ðLz;RzÞ for each case.

We consider a time step �t ¼ �h2=d with � ¼ 0:24 and d ¼ 2 or d ¼ 3,

Nx ¼ ðRx � LxÞhþ 1, Ny ¼ ðRy � LyÞhþ 1, Nz ¼ ðRz � LzÞhþ 1, where h is grid

size. Here, we use � ¼ hm=ð2 ffiffiffi
2

p
tanh�1ð0:9ÞÞ with positive constant m.

In the modi¯ed AC equation, the ¯delity term is a ¯tting term to a given data.

Because the given data is scattered in computational domain �, i.e. points from the

given data may or may not be on grid points and the information should be dis-

tributed to adjacent grid points. Figure 1 illustrates the process of distributing in-

formation to adjacent grid points for one point data. Figure 1(b) illustrates the

bilinear weighted distribution process to adjacent grid points when there is data of

value 1 as shown in Fig. 1(a). Similarly, Fig. 1(d) illustrates the distribution process

when there is data of value �1 as shown in Fig. 1(c).

If there are multiple data of 1 in a cell, then we assign the largest value to each

grid point. Figures 2(a)–2(c) show the process of assigning values to each grid point

S. Kim & J. Kim

2150013-4

In
t. 

J.
 P

at
t. 

R
ec

og
n.

 A
rt

if
. I

nt
el

l. 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
N

E
W

 E
N

G
L

A
N

D
 o

n 
10

/2
3/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



when there are multiple data of 1 in a cell. Similarly, we assign the smallest value to

each grid point if there are multiple data of �1 in a cell. Figures 2(e)–2(f) show the

process of assigning values to each grid point when there are multiple data of �1 in

a cell.

If there are multiple data mixed of 1 and �1 in a cell as shown in Fig. 3(a), we

perform these positive and negative values separately and then sum these two matrix

values as shown in Figs. 3(b)–3(d). Figure 4 shows the allocation of information for

the two moons data to each grid point.

The accuracy of all experiments is calculated using the given data. The experi-

mental class of data is determined using the solutions of the modi¯ed AC at the four

vertices of the cell to which data belongs. The data is determined to be a class of�1 if

(a) (b) (c)

(d) (e) (f)

Fig. 2. Schematic illustration of the process of con¯guring a ¯delity term multiple data in a cell. (a)–(b)
are the linearly weighted distribution from data with value 1, (c) is a result to assign the largest value to

each grid point, (d)–(e) are the linearly weighted distribution from data with value �1, (f) is a result to

assign the smallest value to each grid point.

(a) (b) (c) (d)

Fig. 1. Schematic illustration of the process of con¯guring a ¯delity term one data in a cell. (a) is data
with value 1, (b) is the linearly weighted distribution from (a), (c) is data with value �1, (d) is the linearly

weighted distribution from (c).
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the bilinear weighted sum of the four solutions is negative, otherwise a class of 1 is

determined. The accuracy is de¯ned as

E ¼ 1

N

XN
i¼1

TCðiÞ þ ECðiÞ
2

;

where N is the number of data and TC and EC are true class and experimental class

of data, respectively.

(a) (b)

(c) (d)

Fig. 3. Schematic illustration of the process of con¯guring a ¯delity term mixed data. (a) is data mixed
with value 1 and �1, (b)–(c) are the linearly weighted distribution separately, (d) is sum of (b) and (c).

Fig. 4. Fidelity of two moons data.
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4.1. Two-dimensional data classi¯cation

The modi¯ed AC equation can be applied to classifying binary data. We consider two

moons data, Archimedean spiral sample and Ho & Kleinberg's checkerboard dataset

for 2D with a time step �t ¼ �h2=2, � ¼ 0:24, � ¼ �4, � ¼ 50 and tolerance 0:995.

4.1.1. Two moons data

Two moons data is constructed such that two half circles exist with radius of one.

Each half circle consists of ¯ve hundred pieces of data, one half circle takes the value

of �1 and the other takes the value of 1. That is, the data set has a thousand points.

To generate data sets, ¯rst, the center of the upper half circle is the origin and the

center of the lower half circle is ð1; 0:5Þ. In other words, the data follows:

ðx1; y1Þ ¼ ðcosð�Þ; sinð�ÞÞ and ðx2; y2Þ ¼ ðcosð�Þ þ 1;�sinð�Þ þ 0:5Þ:

Then, adding random noise with a Gaussian distribution having standard deviation

0:1 to each data coordinate yields

ðx1; y1Þ þ ðz1; z2Þ and ðx2; y2Þ þ ðz1; z2Þ;

where z1; z2 � Nð0; 0:1Þ. The goal is to classify the two half circles by using the

proposed algorithm for the modi¯ed AC equation in � ¼ ð1:5; 2:5Þ � ð�1; 1:5Þ, see
Fig. 5. We use parameters such as h ¼ 0:02, Nx ¼ 201, Ny ¼ 126. Figure 6 shows the

process of solving the modi¯ed AC equation using the parameters given above at

t ¼ 0, 50�t, 100�t and 250�t. The left ¯gures show the classi¯cation area of each

class, the solid line is the area that classi¯es one class, and the dotted line is the area

that classi¯es the other class. The right ¯gures show the solution of the modi¯ed AC

equation for each condition.

Next, we perform an adaptive mesh re¯nement by reducing mesh size h by half,

beginning with a coarse mesh and until accuracy reaches a given tolerance. Figure 7

shows the process of classifying two moons data. The accuracies for the number of

grid ðNx;NyÞ ¼ ð9; 6Þ and ð17; 11Þ are 0:990 and 0:995, respectively. Therefore, for

this data, grid size ðNx;NyÞ ¼ ð17; 11Þ is guaranteed to be at least 0:995.

Fig. 5. Two moons data.
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4.1.2. Archimedean spiral

In Fig. 8, the given data has two Archimedean spiral structures. The initial points are

generated by Archimedean spiral function as

ðx1; y1Þ ¼ ððaþ b�Þ cosð�Þ; ðaþ b�Þ sinð�ÞÞ;
ðx2; y2Þ ¼ ð�ðaþ b�Þ cosð�Þ;�ðaþ b�Þ sinð�ÞÞ;

where a ¼ 0:9 and b ¼ 0:3 control the spiral rotation and the distance between

successive turnings, respectively. We add random noise with a Gaussian distribution

having standard deviation 0:15 to each data coordinate. Each data structure has one

of the values �1 and 1. We apply the modi¯ed AC equation to this data samples to

get a curve that classi¯es the data.

The goal is to ¯nd the grid size with the accuracy of the given tolerance as a result

of classifying the two Archimedes spiral structure data using the proposed algorithm

in � ¼ ð�4:5; 4:5Þ � ð�4; 4Þ. The process of classifying the two Archimedes spiral

(a)

(b)

Fig. 6. Data classi¯cation process at (a) Initial condition, (b) 50 iterations, (c) 100 iterations and (d) 250

iterations.
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structure data is shown in Fig. 9. The accuracies for the number of grid ðNx;NyÞ ¼
ð10; 9Þ and ð19; 17Þ are 0:950 and 0:998, respectively. Therefore, for this data, the grid

size ðNx;NyÞ ¼ ð37; 33Þ is guaranteed to be at least 0:995.

4.1.3. Ho & Kleinbergs checkerboard

We consider Ho & Kleinbergs checkerboard dataset as shown in Fig. 10. It was used

to show the nonlinear classi¯cation.20 It contains two classes of samples produced

under uniform distribution and its form is a checkerboard tile of 4� 4. Each data

class has one of the values �1 and 1 alternatively. We apply the modi¯ed AC

equation to this data sample to get a curve that classi¯es the data.

The goal is to ¯nd the grid size with the accuracy of the given tolerance as a result

of classifying the checkerboard dataset using the proposed algorithm in

� ¼ ð�0:1; 1:1Þ � ð�0:1; 1:1Þ. The process of classifying the checkerboard data is

shown in Fig. 11. The accuracies for the number of grid ðNx;NyÞ ¼ ð13; 13Þ, ð49; 49Þ
and ð385; 385Þ are 0:559, 0:885 and 0:998, respectively. Therefore, for this data, the

(c)

(d)

Fig. 6. (Continued )
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(a)

(b)

Fig. 7. Accuracies with di®erent mesh sizes: (a) h ¼ 0:5, accuracy = 0:990 and (b) h ¼ 0:25, accuracy =

0:995. In the left ¯gure, solid line is the decision boundary for classifying data and dots are the data that

failed classi¯cation.

Fig. 8. Archimedean spiral.
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(a)

(b)

Fig. 9. Accuracies with mesh sizes: (a) h ¼ 1:0, accuracy ¼ 0:950 and (b) h ¼ 0:5, accuracy ¼ 0:998. In

the left ¯gure, solid line is the decision boundary for classifying data and dots are the data that failed

classi¯cation.

Fig. 10. Checker board dataset.

Automatic Binary Data Classi¯cation Using a Modi¯ed Allen–Cahn Equation

2150013-11

In
t. 

J.
 P

at
t. 

R
ec

og
n.

 A
rt

if
. I

nt
el

l. 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
N

E
W

 E
N

G
L

A
N

D
 o

n 
10

/2
3/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



(a)

(b)

(c)

Fig. 11. Accuracy for di®erent mesh sizes: (a) h ¼ 0:1, accuracy ¼ 0:559; (b) h ¼ 0:025, accuracy ¼ 0:885;
and (c) h ¼ 0:003125, accuracy ¼ 0:998. In the left column, solid line is the decision boundary for classifying

data and dots are the data that failed classi¯cation. In the right column, mesh plots are shown.
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grid size ðNx;NyÞ ¼ ð385; 385Þ guarantees the accuracy of the classi¯cation to be at

least 0:995.

4.2. Three-dimensional data classi¯cation

In this section, experiments are conducted in a similar way to experiments for 2D. We

consider two linked tori, two conchospiral and gyroid data as three-dimensional data.

Unless otherwise noted, the following parameters are used: time step�t ¼ �h2=3 with

� ¼ 0:24, � ¼ �2, � ¼ 50, computation domain � ¼ ð0; 1Þ � ð0; 1Þ � ð0; 1Þ, and

tolerance 0:995.

4.2.1. Two linked tori

Two linked tori data are illustrated in Fig. 12(a). The initial data consist of two

circles as follows:

ðx1ð�; �Þ; y1ð�; �Þ; z1ð�; �ÞÞ ¼ ða1 þ r cosð�Þ; b1 þ r sinð�Þ; c1Þ; ð8Þ
ðx2ð�; �Þ; y2ð�; �Þ; z2ð�; �ÞÞ ¼ ða2 þ r cosð�Þ; b2; c2 þ r sinð�ÞÞ; ð9Þ

where �; � 2 ½0; 2�Þ, radius r ¼ 0:25, and centers ða1; b1; c1Þ ¼ ð0:375; 0:5; 0:5Þ,
ða2; b2; c2Þ ¼ ð0:625; 0:5; 0:5Þ. We add random noise with a Gaussian distribution

having standard deviation 0:025 to each data coordinate. The values of the data

generated by Eqs. (8) and (9) are 1 and �1, respectively. The number of data is ¯ve

hundreds per circle, hence a thousand data are used.

Figure 12(b) shows the decision boundary surface computed from the modi¯ed

AC equation to classify two linked tori data with following parameters h ¼ 0:005 and

Nx ¼ Ny ¼ Nz ¼ 201. Figures 13(a)–13(c) show the accuracy results with 0:726,

0:980 and 1:0 for the number of grid ðNx;Ny;NzÞ ¼ ð11; 11; 11Þ; ð21; 21; 21Þ and

ð41; 41; 41Þ, respectively. Therefore, for this data, the grid size ðNx;Ny;NzÞ ¼
ð41; 41; 41Þ guarantees the accuracy of the classi¯cation to be at least 0:995.

(a) (b)

Fig. 12. (a) Two linked tori in three-dimensional space. (b) Surface classifying two linked tori data.
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4.2.2. Two conchospiral

The two conchospiral dataset is illustrated in Fig. 12(a). The initial data consist of

two conchospirals as follows:

ðx1; y1; z1Þ ¼ ðaþ r�1 cosð�1Þ=4�; bþ r�1 sinð�1Þ=4�; cþ ��1Þ; ð10Þ
ðx2; y2; z2Þ ¼ ðaþ r�2 cosð�2Þ=4�; bþ r�2 sinð�2Þ=4�; cþ ��2Þ; ð11Þ

where 0 � �1 � 4�, � � �2 � 5�, radius r ¼ 0:4, and center ða; b; cÞ ¼ ð0:5; 0:5; 0:1Þ.
We add random noise with a Gaussian distribution having standard deviation 0:025

to each data coordinate. The values of the data generated by Eqs. (10) and (11) are 1

and �1, respectively. The number of data is ¯ve hundreds per conchospiral, hence a

thousand data are used.

Figure 14(b) shows the decision boundary surface computed from the modi¯ed

AC equation to classify two conchospiral data with following parameters h ¼ 0:005

and Nx ¼ Ny ¼ Nz ¼ 201. Figures 15(a)–15(c) show the accuracy results with 0:622,

0:970 and 0:996 for the number of grid ðNx;Ny;NzÞ ¼ ð11; 11; 11Þ; ð21; 21; 21Þ and

(a) (b)

(c)

Fig. 13. Classi¯cation process in three-dimensional space with (a) h ¼ 0:1, accuracy ¼ 0:726,

(b) h ¼ 0:05, accuracy ¼ 0:980 and (c) h ¼ 0:025, accuracy ¼ 1:0. Surface is the decision boundary
classifying data and dots are the data that failed classi¯cation.
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(a) (b)

(c)

Fig. 15. Classi¯cation process in three-dimensional space with (a) h ¼ 0:1, accuracy ¼ 0:622,

(b) h ¼ 0:05, accuracy ¼ 0:970, and (c) h ¼ 0:025, accuracy ¼ 0:966. Surface is the decision boundary

classifying data and dots are the data that failed classi¯cation.

(a) (b)

Fig. 14. (a) Two conchospiral in three-dimensional space. (b) Surface classifying two conchospiral data.
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ð41; 41; 41Þ, respectively. Therefore, for this data, grid size ðNx;Ny;NzÞ ¼ ð41; 41; 41Þ
is guaranteed to be at least 0:995.

4.2.3. Schoen gyroid

The Schoen gyroid is an in¯nitely connected minimal surface and the surface par-

titions space into two disjoint but congruent regions, hence the volume fraction of

each phase is 0:5. The initial points are generated by gyroid surface function as

�ðx; y; zÞ ¼ þ1 if sinð3�xÞ cosð3�yÞ þ sinð3�zÞ cosð3�xÞ þ sinð3�yÞ cosð3�zÞ 	 0;

�1 otherwise;

�

where x; y; z 2 ½0:2; 0:8�. The dataset is selected randomly from � ¼ 1 and � ¼ �1 by

¯ve hundred each, hence a total of a thousand is used. We add random noise with a

Gaussian distribution having standard deviation 0:02 to the coordinated of selected

data. Figure 16(a) illustrates the initial data and Fig. 16(b) shows the decision

boundary surface with h ¼ 0:005 and Nx ¼ Ny ¼ Nz ¼ 201. Figures 17(a)–17(d)
show the accuracy results of 0:477, 0:729, 0:920 and 0:995 for the number of grid

ðNx;Ny;NzÞ ¼ ð11; 11; 11Þ; ð21; 21; 21Þ; ð81; 81; 81Þ and ð321; 321; 321Þ, respectively.
Therefore, for this data, the grid size ðNx;Ny;NzÞ ¼ ð321; 321; 321Þ guarantees the
accuracy of the classi¯cation to be at least 0:995.

4.2.4. Performance comparison

In this section, to validate the e®ectiveness of our proposed algorithm, we compare

the performance of our algorithm and SVM on the two examples. Example 1 is the

arti¯cially generated Ripley's synthetic dataset. It contains 250 points and is gen-

erated from mixtures of two Gaussians. Figure 18 shows the classi¯cation results for

(a) (b)

Fig. 16. Gyroid surface point data in three-dimensional space.
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Example 1. Figures 18(a) and 18(b) show the results of the SVM and the proposed

algorithm, respectively.

Example 2 is Ho & Kleinbergs checkerboard dataset. It contains two classes of

samples produced under uniform distribution and its form is a checkerboard tile of

4� 4. Figure 19 shows the classi¯cation results for Example 2. Figures 19(a) and 19(b)

(a) (b)

(c) (d)

Fig. 17. Classi¯cation process for gyroid data with (a) h ¼ 0:1, accuracy ¼ 0:477, (b) h ¼ 0:05,

accuracy ¼ 0:729, (c) h ¼ 0:0125, accuracy ¼ 0:920 and (d) h ¼ 0:003125, accuracy ¼ 0:995. Surface is the

decision boundary for classifying data and dots are the data that failed classi¯cation.

Table 1. Classi¯cation accuracy on examples.

Example 1 Example 2

Accuracy (%) Accuracy (%)

SVM 90.6 95.56

Proposed algorithm 98.0 99.70

Automatic Binary Data Classi¯cation Using a Modi¯ed Allen–Cahn Equation
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show the results of the SVM and the proposed algorithm, respectively. For the results

of the SVM, please refer to Peng and Xu.17

Table 1 shows the result of performance comparison for the two examples. For Ex-

ample 1, the accuracy of our algorithm is about 98:0% and the accuracy of SVM is 90:6%.

For Example 2, the accuracy of our algorithm is about 99:7% and the accuracy of SVM is

95:56%. It can be seen that accuracy of our algorithm gives better classi¯cation.

5. Conclusions

We presented an automatic binary data classi¯cation method using the AC equation

with a ¯delity term. The ¯delity term enforces the solution to be the given data.

(a) (b)

Fig. 18. Performance comparison on Example 1. (a): Reprinted from Peng and Xu17 with permission

from Springer Nature.

(a) (b)

Fig. 19. Performance comparison on Example 2. (a): Reprinted from Peng and Xu17 with permission

from Springer Nature.
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In the proposed method, we start from a coarse grid and re¯ne the grid until the

accuracy of the data classi¯cation reaches a given tolerance. Therefore, we can

avoid a laborious trial and error procedure. To demonstrate the performance of the

proposed algorithm, we carried out several 2D and 3D computational tests such as

two moons, Archimedean spiral, Ho & Kleinbergs checkerboard, two linked tori,

two conchospiral and gyroid surface. The computational results con¯rmed that the

proposed algorithm is automatic.

Acknowledgments

The corresponding author (J. S. Kim) was supported by Basic Science Research

Program through the National Research Foundation of Korea (NRF) funded by the

Ministry of Education (NRF-2019R1A2C1003053). The authors thank the editor

and the reviewers for their constructive and helpful comments on the revision of

this paper.

References

1. G. Alimjan, T. Sun, H. Jumahun, Y. Guan, W. Zhou and H. Sun, A hybrid classi¯cation
approach based on support vector machine and k-nearest neighbor for remote sensing
data, Int. J. Pattern Recog. Artif. Intell. 31(10) (2017) 1750034.

2. G. Alimjan, T. Sun, Y. Liang, H. Jumahun and Y. Guan, A new technique for remote
sensing image classi¯cation based on combinatorial algorithm of SVM and KNN, Int. J.
Pattern Recog. Artif. Intell. 32(7) (2018) 1859012.

3. S. M. Allen and J. W. Cahn, A microscopic theory for antiphase boundary motion and its
application to antiphase domain coarsening, Acta Metall. 27(6) (1979) 1085–1095.

4. M. Beneš, V. Chalupeckỳ and K. Mikula, Geometrical image segmentation by the Allen–
Cahn equation, Appl. Numer. Math. 51(2–3) (2004) 187–205.

5. A. L. Bertozzi and A. Flenner, Di®use interface models on graphs for classi¯cation of high
dimensional data, SIAM Rev. 58(2) (2016) 293–328.

6. L. Breiman, Random forests, Mach. Learn. 45(1) (2001) 5–32.
7. N. Christianini and J. Shawe-Taylor, An Introduction to Support Vector Machines

(Cambridge University Press, Cambridge, 2002).
8. X. Cui, Y. Liu, Y. Zhang and C. Wang, Tire defects classi¯cation with multi-contrast

convolutional neural networks, Int. J. Pattern Recog. Artif. Intell. 32(4) (2018) 1850011.
9. C. Garcia-Cardona, E. Merkurjev, A. L. Bertozzi, A. Flenner and A. G. Percus, Multiclass

data segmentation using di®use interface methods on graphs, IEEE Trans. Pattern Anal.
Mach. Intell. 36(8) (2014) 1600–1613.

10. S. Haykin, Neural networks and learning machines, Pearson Upper Saddle River 3 (2009).
11. D. Jeong and J. Kim, An explicit hybrid ¯nite di®erence scheme for the Allen–Cahn

equation, J. Comput. Appl. Math. 340 (2018) 247–255.
12. D. Jeong and J. Kim, Conservative Allen–Cahn–Navier–Stokes system for incompressible

two-phase °uid °ows, Comput. Fluids 156 (2017) 239–246.
13. S. Lacoste-Julien, F. Sha and M. I. Jordan, DiscLDA: Discriminative learning for di-

mensionality reduction and classi¯cation, Adv. Neural Inf. Process. Syst. (2009) 897–904.
14. Y. Li and J. Kim, An unconditionally stable hybrid method for image segmentation, Appl.

Numer. Math. 82 (2014) 32–43.

Automatic Binary Data Classi¯cation Using a Modi¯ed Allen–Cahn Equation

2150013-19

In
t. 

J.
 P

at
t. 

R
ec

og
n.

 A
rt

if
. I

nt
el

l. 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
N

E
W

 E
N

G
L

A
N

D
 o

n 
10

/2
3/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



15. Y. Li, D. Jeong, J. I. Choi, S. Lee and J. Kim, Fast local image inpainting based on the
Allen–Cahn model, Digital Signal Process. 37 (2015) 65–74.

16. C. Liu and J. Shen, A phase ¯eld model for the mixture of two incompressible °uids and
its approximation by a Fourier-spectral method, Physica D Nonlinear Phenom. 176(3–4)
(2003) 211–228.

17. X. Peng and D. Xu, Twin support vector hypersphere (TSVH) classi¯er for pattern
recognition, Neural Comput. Appl. 24(5) (2014) 1207–1220.

18. Y. H. Shao, W. J. Chen and N. Y. Deng, Nonparallel hyperplane support vector machine
for binary classi¯cation problems, Inf. Sci. 263 (2014) 22–35.

19. H. Shi, X. Zhao, L. Zhen and L. Jing, Twin bounded support tensor machine for classi-
¯cation, Int. J. Pattern Recog. Artif. Intell. 30(1) (2016) 1650002.

20. K. Teeyapan, N. Theera-Umpon and S. Auephanwiriyakul, A twin-hyperellipsoidal
support vector classi¯er, J. Intell. Fuzzy Syst. (2018) 1–12.

21. J. W. Thomas, Numerical Partial Di®erential Equations: Finite Di®erence Methods, Vol.
22 (Springer Science & Business Media, New York, 2013).

22. L. L. Wang and Y. Gu, E±cient dual algorithms for image segmentation using TV-Allen-
Cahn type models, Commun. Comput. Phys. 9(4) (2011) 859–877.

SangkwonKim is a Ph.D.
candidate at the De-
partment of Mathematics,
Korea University, Korea.
He received his M.S. de-
gree in Applied Mathe-
matics and M.S. degree in
Mathematics from the
Korea University in 2019
and Hanshin University
in 2012, respectively. His

research interests are in computational ¯nance,
computational °uid dynamics, machine learning,
and numerical analysis.

Junseok Kim received
his Ph.D. in Applied
Mathematics from the
University of Minnesota,
USA in 2002. He also re-
ceived his B.S. degree
from the Department of
Mathematics Education,
Korea University, Korea
in 1995. He joined the
faculty of Korea Univer-

sity, Korea in 2008, where he is currently a full
professor at Department of Mathematics. His
research interests are in computational ¯nance
and computational °uid dynamics.

S. Kim & J. Kim

2150013-20

In
t. 

J.
 P

at
t. 

R
ec

og
n.

 A
rt

if
. I

nt
el

l. 
D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
N

E
W

 E
N

G
L

A
N

D
 o

n 
10

/2
3/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.


	Automatic Binary Data Classification Using a Modified Allen&ndash;Cahn Equation
	1. Introduction
	2. Governing Equation
	3. Numerical Scheme
	4. Numerical Experiments
	4.1. Two-dimensional data classification
	4.1.1. Two moons data
	4.1.2. Archimedean spiral
	4.1.3. Ho &x26; Kleinbergs checkerboard

	4.2. Three-dimensional data classification
	4.2.1. Two linked tori
	4.2.2. Two conchospiral
	4.2.3. Schoen gyroid
	4.2.4. Performance comparison


	5. Conclusions
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


