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Triply periodic minimal surfaces (TPMSs), which are periodic in all three directions and are surfaces
of zero mean curvature, have been proven experimentally to be highly suitable for tissue scaffolds.
However, simply gluing different TPMS units with different porosities and pore sizes could induce
discontinuous structures and destroy the physical properties. In this study, we propose a simple
and efficient volume merging method for triply periodic minimal structures. The proposed method
can be divided into two steps. The first step is a novel merging algorithm for unit triply periodic
minimal structures in the implicit function framework. The composite scaffold can be designed by
merging different unit structures to satisfy the properties of internal connectivity. The second step
is to optimize the designed composite scaffolds to satisfy the properties of TPMSs. A modified Allen-
Cahn-type equation with a correction term is proposed. The mean curvature on the surface is constant
at all points in the equilibrium state. Typically, the obtained structure is smooth owing to the motion
by mean curvature flow. Therefore, the quality of the structure is significantly improved. Based on
the operator splitting method, the proposed algorithm consists of two analytical evaluations for the
ordinary differential equations and one numerical solution for the implicit Poisson-type equation. The
proposed numerical scheme can be applied in a straightforward manner to a GPU-accelerated discrete
cosine transform (DCT) implementation, which can be executed multiple times faster than CPU-only
alternatives. Computational experiments are presented to demonstrate the efficiency and robustness
of the proposed method.
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1. Introduction

An artificial bone should consist of bio-compatible and bio-
active porous scaffolds to replace the natural skeleton. In general,
biological porous scaffolds should satisfy the following charac-
teristics [1]: (i) three-dimensional (3D) porous structures with
interconnections and connected pores for the transport of nu-
trients and metabolic waste; (ii) biocompatible with artificial
regulatory mechanism for degradation and resorption; (iii) suit-
able environmental protection for cell division, proliferation and
differentiation; (iv) proper mechanical performance to match the
tissues at the site of transplantation. Such characteristics make
it difficult to manufacture biological porous scaffolds using tra-
ditional methods. Additive manufacturing (AM) is a fabrication
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method that allows precise control over the architecture and
scales of constructed tissue scaffolds [2-4].

The fabrication of biological scaffolds using AM technology
has attracted considerable attention [5-7]. Chua et al. [8] studied
suitable polyhedral shapes that can be applied to tissue scaffolds,
and subsequently classified the unit cells. They developed a tissue
engineering scaffold library for AM [9]. Puppi et al. [10] gener-
ated an AM technique for fabricating 3D polymeric scaffolds. In
their research, two different scaffold models were fabricated by
tuning the inter-fiber distance and fibers staggering that demon-
strated acceptable reproducibility. Hollister et al. [11] proposed
an image-based design based on computed tomography or mag-
netic resonance image data for the reconstruction of a defect. It
used a Boolean combination of defect and architecture images to
create a 3D scaffold image. Xie and Steven [12] proposed an op-
timization method to generate porous structures with maximum
bulk and shear moduli, which demonstrated faster convergence
and unambiguous material definition. Implicit surface modeling,
which uses a single mathematical equation to freely generate
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Fig. 1. Multi-scale fabrication with variable porosity in the patella.

pore shapes, such as triply periodic minimal surfaces (TPMSs),
provides a new method for designing tissue scaffolds [2,13,14].

TPMSs have been proven experimentally to be highly suit-
able for tissue scaffolds [15,16]. The inherent porosity of the
TPMS-type model can represent the natural morphology of poly-
mers and macromolecules [3]. Using TPMS structures to cre-
ate cellular materials can overcome the common weaknesses of
truss/strut-based structures [17]. Additional information regard-
ing the mechanical properties of TPMS structures is available
in [17-22]. The design of TPMS structures for tissue scaffolds
has attracted considerable attention in recent decades. Melchels
et al. [23] demonstrated that the high permeability of the porous
scaffold and robust accessibility of the pores lead to more biolog-
ically favorable behavior in cell proliferation and the transport
of nutrients, and metabolites. Yoo [24,25] used a distance field
to fabricate TPMS porous scaffolds for complex tissue models.
Homogeneous porous scaffolds can be manufactured using this
method; however, the manufacturing cost increases as the ac-
curacy increases. Yang et al. [26] proposed a heuristic method
for hybridizing different TPMS-based structures for bio-mimetic
design. The combination of TPMS-based structures with different
porous morphologies can be generated efficiently. Feng et al. [2]
extracted the TPMS porous scaffolds from the solid T-spline de-
signed volume. Natural bone demonstrates an anisotropic and
heterogeneous material distribution, which requires tissue scaf-
fold structures to satisfy these properties [26,27]. As described
in [1,25], the internal tissue scaffolds of artificial skeletons must
be composed of structures of different types and sizes contin-
uously. The bio-morphic shape that best mimics the structural
morphology would be a continuous surface, partitioned into mul-
tiple sub-spaces (pore and non-pore) [28]. Fig. 1 displays compos-
ite scaffolds with different sizes of TPMS-P (P surface) units. The
different colors represent units with different sizes and porosities.
The black boxes indicate progressively larger images of the multi-
porous scaffolds. As can be observed, nonuniform porosity and
pore size can locally control the permeability and stiffness to
satisfy the actual demand.

In this study, we focus on a composite porous scaffold de-
sign with complete consideration of the tissue engineering re-
quirements and global architecture optimization based on TPMS
properties. To the best of our knowledge, the proposed ap-
proach is the first algorithm to design a composite scaffold with
multi-scale and multi-porosity triply periodic minimal structures
with smooth merging between the different units. The proposed
method can be divided into two steps. The first step is the novel
merging algorithm with unit TPMS structures in the implicit
function framework. The composite scaffold can be designed
by merging different unit structures to satisfy the properties of
internal connectivity. The second step is to optimize the designed
composite scaffolds to satisfy the properties of TPMSs based on an
operator splitting method. A modified Allen-Cahn type equation

with a correction term is proposed. The mean curvature on the
surface is constant at all points in the equilibrium state. Typically,
the obtained structure is smooth owing to the motion by mean
curvature flow. Different numerical experiments are performed
to demonstrate the efficiency and robustness of the proposed
algorithm.

The remainder of this paper is organized as follows. Section 2
introduces the proposed methodology for composite scaffold de-
sign and optimization. Section 3 describes the numerical solution
algorithm for the composite porous scaffold design. Several prac-
tical examples are presented in Section 4. Finally, concluding
remarks and ideas for future research are presented in Section 5.

2. Description of the proposed method

In this section, we introduce a simple and efficient method
for designing composite structures with TPMSs. The proposed
method can be divided into two steps. First, we propose an
efficient interpolation method for merginge different TPMS units
in Section 2.1. Then, we modify the merged model to ensure the
designed TPMS to satisfy the TPMS properties in Section 2.2.

2.1. Design of a composite structure with TPMS

A TPMS is a surface on which the curvature of each point is
equal to a constant and has periodic boundary conditions [29-31].
TPMSs can be described implicitly, as indicated in Table 1.

To demonstrate the merging method clearly, we illustrate the
process of merging two P surfaces in a two-dimensional (2D)
domain. We divide the domain diagonally with a large P surface
and two smaller P surfaces inserted. Let the 2D domain 2 =
(0,Ly) x (0,Ly)) and h = Ly/(Ny — 1) = Ly/(N, — 1) be the
uniform mesh size, where N, and N, are positive integers. Let
¥i; be the approximation of ¥((i — 1)h, (j — 1)h). In the finite
difference method framework, we use the points of each cell
center. Here, we know the points represented by circle o and
laid on diagonal lines (represented by dashed lines) as displayed
in Fig. 2(a). We also know that the average value (represented
by bullet o) of the right end of the larger P surface and left end
of the smaller P surface. Our goal is to interpolate the two tiles
naturally. Therefore, we first set the P surface in the domain and
add a smaller P surface to the parts that represent the curve. We
use the internal division between two points, represented by a
circle and bullet, to determine the points indicated by x. Points
expressed by x should be redefined through linear interpolation.
As can be observed in Fig. 2(b), the volume expressed in bullet
x are interpolated. In the second step, we update the volume in
the larger domain and find linear interpolation x in the smaller
domain with average value e and points o, as indicated in Fig. 2(c).
In the third step, we update the new volume in the smaller do-
main, as displayed in Fig. 2(d). This process functions in the same
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Fig. 2. Schematic of merging tiles in the 2D domain. (a) Before merging volume. (b) Interpolation indicated by x from two points represented by o and e for the
larger domain. (c) Interpolation indicated by x from two points represented by o and e for the smaller domain. (d) After merging volume.

Table 1
Model demonstration and mathematical expression of TPMSs.
Type Surface Implicit equation
P Yp(X,y,z) = cos(2mx) + cos(2wy) + cos(2wz) = 0
D Yp(x,y,z) = cos(2mx)cos(2wy) cos(2mwz)
— sin(2wx)sin(2ry)sin(2rz) = 0
G Ye(X, y, z) = sin(2wx) cos(2wy)

+ sin(27z) cos(2mx)+sin(2wy) cos(2nz) = 0

Yi—wp(X,y, z) = 2[cos(2mrx) cos(2ry) + cos(2my) cos(2mz)
+ cos(2mz) cos(2mwx)]—cos(4mwx)—cos(4rwy)—cos(4rwz) = 0

manner in a 3D domain. Figs. 3(a) and (b) illustrate the initial
and final structure in a 3D domain, respectively. The schematic
diagram in Fig. 3(b) describes the interpolation in a 3D domain.

In the level set framework, the calculated i uses the zero level
as the interface to distinguish between the inside and the outside
of the composite scaffold. The volume can be determined and
denoted by a discrete function y(x), where v(x) > 0 if the voxel
x is determined to be a volume voxel; otherwise, {/(x) < 0. To
link with Section 2.2, we define

1 if Y(X) > a(Vmgx — Ymin)-
Y(x) = 0 5 if ¥(X) < —a(Ymax — Yrmin),
0¥ 4 g5 otherwise,

a(Ymax—Ymin)

where Jmax and Jmm are the maximum and minimum of 1;
respectively. « is the hyperbolic tangent parameter that controls
the conversion of the interfacial transition. Therefore, ¥ € [0, 1]
and the half level of ¥ represent the surface of the volume, as
indicated in Fig. 4.

2.2. Modification methodology for TPMS structures

Let us use ¢(x) to define implicit surface I' = {x : ¢(x) =
0.5} in a 3D domain £2, which implies that the interior of the
surface is {x : ¢(x) > 0.5} and the exterior of the surface is
{x : ¢(x) < 0.5}. To ensure that the composite structure is a
TPMS, i.e., k(¢) = A (Vx € I'), we use the Allen-Cahn equation
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Fig. 3. Schematic of merging tiles in the 3D domain. (a) Before merging volume. (b) After merging volume.
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(a)

Fig. 4. (a) and (b) are the one-dimensional schematics of 1} and , respectively. The gray region represents the interfacial region of the scaffold.

¢r = |Vo|(k(p)—A(¢)) for the modification [32,33]. Here, « is the
mean curvature, and X is the average value of the mean curvature
over the surface, which can be denoted as

=V (22

Vol ;
Jrrds [, k8(@)dx (1)

[rds [, 8(¢)dx

where §(x) is the Dirac delta function. It should be conclusively
confirmed that k(¢) = A implies that the mean curvature on the
surface is constant at all points. In our previous work [32], we
combined the Cahn-Hilliard model with the variational level-set
model and motivated the equilibrium profile

2
Fg) = P00+ ogp @

Referring to [4], a hyperbollc tangent profile ¢(x,t) = 0.5 +
0.5 tanh(d(x, t)/(2+/2¢)) is used in our phase field system, and we
define d(x, t) as the distance function, which is from the interface
to x. The delta function of Eq. (1) is defined as §(¢) = |Vo|
according to [34]. Based on the double-well potential functional
in Eq. (2) and the regularized Dirac delta function, Eq. (1) can be
derived as

1 A V2e A
—v(— ). ver 22 v YV ) vpa 22
¢ <|V¢|> ?F Vol (¢(1—¢)> ?* Vel

A=

__V2(1-29)V9P AP (1-2¢)  V2eAd
$°(1— 97 VoI V2e  #(1-¢)

) ¢

~ i (a5

1 F’
= g1 (- ) .

0.5

ol

(b)

f 8(¢)dx fQK|V¢|dx _ V2 [, (—F(¢)+ €2 A¢) dx

fad(¢)dx fg [Veldx € [, d(1—¢)dx
_ _ﬁfrz F'(¢)dx + ﬁe fag g—ﬁds _ _ﬁfsz F
N € [, (1 — ¢)dx e fo0(1—¢)dx

(3b)

Then, the modified Allen-Cahn can be rewritten as

F’ 1—
b= 1V6lc(0)~ 1) =~ 2 4 Ag - A%.

By constructing the free energy functional in the L, space as

(4)

[ (F@) | IVeP B,
g(¢)-/ﬂ(8—2+ : +xﬁ>d +/ (W (0—p(x))dx,
(5)

where g(¢) = ¢*/2 — ¢>/3, we can derive the system with a
constrained gradient flow as

Ip(x,t)  Fl(p(x, 1)) d(1—¢)
T o2 —i—Aqﬁ(x,t)—AW
+B(Y(x)—d(x, 1), xe2,t>0 ©
d(x,0) = ¥(x), Xe £,
9¢(x. ) =0, xe€dR, t>0,
on

Here, 8 is a positive constant, ¢ satisfies the Neumann bound-
ary conditions on 042, and n is the outward normal vector. As
mentioned in Section 2.1, v describes a merged structure from
two nearby TPMSs; it approximates but is not a minimal surface.
The obtained discrete function ¢(x), which approaches the given
¥ (x), indicates that the curvature of each point on the surface is
equal to a constant. This system can ensure that the calculated
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Fig. 5. Flowchart of the framework for the volume merging method.

results, ¢, remain as similar as possible to the original model, .
The modified Allen-Cahn equation (6) ensures that total energy
&(¢) in Eq. (5) decreases with time:

d . F'(¢) g'(¢)
—&(@) = /ﬂ < 2 ¢+ Vo Vo + )‘ﬁ‘pt) ax

~ W) — px. D) dedx = — / $2dx < 0,
2

which implies that the solution of Eq. (6) is stable. Observing the
modified equation, we find that function ¢ becomes a minimal
structure in the equilibrium condition. The overall shape is similar
to the original ¥y because of fidelity term S(ir — ¢). Therefore, the
structure of the merged tiles can be modified as a minimal sur-
face. In summary, the flowchart of the framework for improving
the merged volume is displayed in Fig. 5.

3. Numerical solution

We employ a fast scheme with an operator splitting-based
hybrid numerical method to obtain an efficient scheme. Let Ny x
Ny x N, be the number of voxels in the computational domain,
where Ny, Ny, and N, are even integers. Let x; = ihy, y; = jh,,
zx = kh;, 1 <1 <Ny, 1 <j <Ny and 1 <k < N,, where hy, hy,
and h; are the uniform mesh sizes. Furthermore, we define ¢j,
as an approximation of ¢(Xk, nAt), where Xy, = (xi, yj, zx) and
At is the time step. Considering the original problem in Eq. (6),
we refer to our previous work [33] and divide it into a series of
simpler problems as

S0 =B - @ 1), (- 1AL <t=nat (8
9 5 A2 rp'(1— ") _
8t¢ (X, t) = A¢p=(x, t) + e (n— 1)At < t < nAt,
(8b)
(43
3¢3(x, t)= _Fle ), (n— 1)At < t < nAt. (8¢)
at €2

Here, we use ¢!, ¢2, and ¢> to denote the solutions of Eqs. ((8)a),

((8)b) and ((8)c) as

¢'(x, (n = 1)At) = p(x, (n — 1)At),
#*(x, (n — 1)At) = ¢'(x, nAt), 9)
d3(x, (n — 1AL) = $*(x, nAt).
The solution of Eq. (6) at time t = nAt is ¢(X, nAt) = (x nAt).
Eq. ((8)a) is an ordinary differential equation, i.e. Sdt + d¢ =

0. With initial condition ¢
after At:
pit = e P 4 (1 — e P ). (10)

We demonstrate an implicit method based on the result of the
previous subproblem as

2,n+1 1,n+1 1,n+1 1,n+1
P — P _ G2 4 Ay (1= )
At ik ﬁg ’

which can be solved using a GPU-accelerated discrete cosine
transform (DCT) solver. Based on Eq. (3b), A is computed as

VAR T T PR
GZ Z z l}kn+1(.l _ ¢i}kn+l)

Here, the homogeneous Neumann volume condition is applied.
We rewrite Eq. ((8)c) as

e d¢  dt

i We obtain the following SOlthlOl'l

(11)

(12)

—2d¢p  4dg 2d¢

0=—+—-=— , 13
52+F/(¢) €2+ ¢ +¢—0.5+1—¢ (13)
and then solve this as
2,n+1
1 o — 05

B = = g e —. (19)

Jerk 4o g1 —end)

2,n+1

with initial condition ¢;; -

To confirm that the total energy is globally non-increasing,
we must prove that €(¢™') < ¢(¢"). The proposed discrete
scheme is not unconditionally energy stable owing to nonlinear
term Ap(1 — ¢)/(~/2€). However, the numerical tests in Sec-
tion 4.1 1nd1cate that the numerical scheme is stable with an
appropriate time step. The proposed governing equation (6) can
be solved using other energy stable schemes, such as the con-
vex splitting temporal [35], operator splitting coupled with the
Fourier pseudo-spectral approximation [36], and backward differ-
entiation formula numerical schemes [37]. The energy stability
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(a) (b)

(d) (e)

Fig. 6. Evolution of the 3D volume (top row) and 2D contours (bottom row). The porous scaffold is composed of P-surface and G-surface unit structures. The red
line denotes the 0.5 level of the middle slice of the composite scaffold. From (a) to (e), the iterations are 1, 4, 8, 12, and 18, respectively.
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Fig. 7. Evolution of total energy of the proposed model for three time steps. It
should be noted that we have normalized the total energy by the energy at the
initial time.

and convergence analysis of the operator splitting method can
be found in [36,38]. There are also different numerical schemes
in Eq. (6), such as the energy stable SAV-type [39], high or-
der exponential time [40,41], and modified energy stable BDF2
schemes [42]. Compared to the aforementioned schemes, the
advantages of the proposed scheme are summarized as follows.
(i) The proposed numerical method for Eqs. (10), (11), and (14)
is easy to implement and can achieve fast convergence as the
algorithm consists of two analytical evaluations for the ordi-
nary differential equations and one implicit Poisson-type equa-
tion solver. (ii) For ordinary differential equations, their compu-
tational complexity is O(N), where N is the size of the mesh grid.
For the implicit Poisson-type equation solver, we apply a fast DCT
method with a computational complexity of O(N log N). (iii) The
proposed numerical scheme can be applied in a straightforward
manner to a GPU-accelerated DCT implementation, which can be
executed multiple times faster than CPU-only alternatives.

4. Experimental tests

In this section, we focus on the continuous connection be-
tween different unit scaffolds in biological tissue and obtaining

superior mechanical properties of the structure. We will discuss
different types of scaffolds based on TPMSs. We stop the evolution
and regard the numerical results as the steady-state solution
when relative error ||¢™*! — ¢"||/]/¢"|l» is less than a tolerance
tol. Unless otherwise stated, throughout this paper, we use h = 1,
At =0.5,and € = 1.

4.1. Evolution of our proposed algorithm

Fig. 6 displays the evolution of the proposed modified algo-
rithm. Here, we use a composite scaffold consisting of P-surface
and G-surface unit structures. In Fig. 6(a) to (e), the iterations
are 1, 4, 8, 12, and 18, respectively. The tolerance is tol = le—4.
Fidelity term parameter § is set to 0.3. As can be observed, the
surface of the composite structure becomes smooth under the
influence of the mean curvature flow. To illustrate the details, we
display the 0.5 level of the middle slice. The internal region is
gradually connected under the mean curvature flow.

To demonstrate the energy dissipation with the composite
structure, we plot the discrete total energy curves with three
different time steps: At = 0.5, At = 1, and At = 5 in Fig. 7.
It should be noted that we have normalized the total energy by
the total energy at the initial time. As can be observed in Fig. 7,
the discrete total energy is non-increasing. The time step is less
than 1, i.e.,, At < 1. The discrete total energy curve is unstable
when a larger time step is used. However, it is well known that
large time steps can cause less accurate results, and smaller time
steps result in greater computational costs. Therefore, to maintain
the proposed scheme’s accuracy and reduce computational costs,
an appropriate value for At is 0.5.

Fig. 8 displays the evolution of the average mean curvature. As
expected for the mean curvature flow, the solid red line gradually
converges to the dotted blue line after undulating, which means
that the average mean curvature of the composite scaffold grad-
ually converges to a fixed value and implies that the surface of
the composite scaffold has constant mean curvature.
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Fig. 8. Evolution of the average mean curvature with iterative steps. The dotted
blue line represents the converged mean curvature.

4.2. Scaffold with different sizes of TPMSs

There is a demand for merging scaffolds of different sizes in
an artificial tissue scheme [43]. In the artificial tissue model, the
boundary and the inner regions require different precision for
the scaffolds [14]. However, in the process of merging structures
of different sizes, problems such as disconnectedness and the
dissatisfying properties of minimal surfaces become challenges
in the application of a composite scaffold for biological tissue
models as indicated in the left subfigure in Fig. 9.

The right subfigure in Fig. 9 displays the composite scaffold
obtained using the proposed method. For more internal details,
we selected eight consecutive slices of the connecting region in
the middle of the scaffold for display. From the gray figures, we
can observe the contrast changes in the composite scaffold. It
is important to note that the proposed method can effectively
design a multi-scale tissue scaffold and maintain its internal
connectivity.

To demonstrate that the designed composite scaffold can be
manufactured correctly using additive manufacturing techniques,
we manufactured a multi-scale P-surface scaffold, as shown in
Fig. 10. It can be observed that the composite scaffold is suitable
for manufacturing, with acceptable stability and strong connec-
tivity. Furthermore, it can be printed without support structures.
In particular, this property of printing without support structures
is extremely important in the 3D printing of bio-related scaffolds.

To demonstrate the efficiency of the composite porous scaffold
obtained using the proposed method, we computed the magni-
tude and distribution of the von Mises stress on a loading force
of 150 N using the finite element method. Here, the material
of the Schwarz P unit cells is assumed to be homogeneous,
isotropic, and linearly elastic poly-DL-lactide. Fig. 11(a) and (b)
show the magnitude and distribution of the von Mises stress on
the modified and original scaffolds, respectively. The simulation
results confirm that the stresses on the modified scaffold are
more smoothly distributed than those on the original scaffold.
These results imply that the modified scaffold structure is more
stable than the original.

Computer Physics Communications 264 (2021) 107956

4.3. Scaffold with different porosities of TPMS

For cell growth and the adhesion of biological tissue, scaffolds
should have many pores. The highly porous structure should have
a large surface area for cell growth and sufficient volume for
blood vessel growth [43-45]. In addition, the size of the pores
and specification of the porosity influence the mechanical stabil-
ity [46]. In the field of tissue engineering, porous scaffolds with
non-uniform properties are desired. Salgado et al. [47] proposed
that the bone tissue varies spatially in terms of structure and
composition, and different bone tissues have different charac-
teristics to address the different requirements. Structures with
acceptable performance for tissue or cell culturing make a signif-
icant difference in tissue engineering [48]. Hence, tissue scaffolds
that have property gradients such as porosity and permeability
are desirable. With the proposed method, continuous variation
between the TPMS unit scaffolds with different porosities can be
easily generated, as shown in Fig. 12. Here, 8 = 0.5 and tol =
le—4 are used. To better demonstrate the superiority of the pro-
posed algorithm better, we combined eight P-surface structures
with different porosities in the composite scaffold. In addition, we
demonstrate the composite structures from different perspective,
and slice the scaffold uniformly along the z-direction, as shown
in the top row of Fig. 12. As can be seen, the proposed method
can achieve continuous transition between the unit structures
and retain the main characteristics of the TPMS. Furthermore,
the developed program successfully generated defect-free human
bone scaffolds for TPMS-based unit cell libraries. For example,
we used P-surface unit scaffolds to design the skeleton model
internally, as shown in Fig. 1. With this method, the internal
regions of the scaffold are properly combined with the given
shapes of the bone models in a conforming manner by the signed
distance field with the arbitrarily shaped bone models. Observing
the numerical results, the proposed method can effectively design
different porous scaffolds with high-quality external anatomical
bone surfaces.

4.4. Parameter sensitivity analysis

We conducted a parameter sensitivity analysis for model pa-
rameters tol and B. The last term in Eq. (6) is the fidelity term
to ensure that ¢ remains close to . Parameter 8 balances the
fidelity term and motion by mean curvature flow, which means
that it can control the convergent mean curvature of the struc-
ture. As can be seen in Fig. 13, different B8 values can lead to
different results. From Fig. 13(a) to (d), we choose g8 as 0.01,
0.1, 1, and 10, respectively, leading to mean curvatures of 0.022,
—0.012, —0.05, and —0.032, respectively. To demonstrate the
influence of g further, we plotted 0.5 contour lines in Fig. 13(e).

Fig. 9. Composite structure with the D-surface. The size of the structure above is twice that of the structure below. The grayscale images are eight slices at the

connection area of the composite structure.
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Fig. 10. Physical model manufactured from the proposed mathematical algorithm in different views.
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properties.
Table 2
Effect of tol values.
Tolerance Iteration Average mean curvature CPU time (s)
le—1 1 —0.024 0.73
le—4 15 —0.038 9.98
1e—8 53 —0.038 36.52

Here, the red, green, blue, and magenta colors represent isolines
with g values of 0.01, 0.1, 1, and 10, respectively. From the close-
up view, we can see that the surface of the composite scaffold
is smoother with smaller values of S. Therefore, considering
algorithm efficiency, we suggest using 0.1 < 8 < 1.

Eq. (6) ensures that the total energy, £(¢), decreases with
respect to time, which implies that the solution of the proposed
method is stable. Therefore, we can stop the evolution and as-
sume that the computational result is a steady-state solution
when relative error ||¢"t! — ¢"||2/[|¢" |, is less than tolerance
tol. Here, we choose tol = 1e—1, tol = 1e—4, and tol = 1e—8. As
shown in Fig. 14, the volume obtained using tol = 1e—8 appears
to be marginally smoother than that using tol = 1e—4. Observing

o — 200

180

160

Bt 100

60

(b)

Fig. 11. Von Mises stress distribution. (a) Modified scaffold. (b) Original scaffold. The two structures are verified to have identical loading conditions and material

the results in Table 2, a smaller tol requires considerably more
iterations to achieve a relative error for the numerical solution
that is less than the given tol. An acceptable stopping condition
is important for the efficiency of the proposed partial differential
equation-based method. In this paper, we suggest using tol =
le—4.

4.5. Design of a porous scaffold with a simple external shape

In this section, we use the distance field method for Boolean
operations between the composite scaffold and external surface.
Let us define ¢s and ¢ as the implicit functions of the external
surface and composite scaffold, respectively. Boolean operations
such as union, subtraction, and intersection can be defined as
follows:

¢s U ¢pes = max (¢s, ¢s) (union)

¢s — s = min (Ps, —¢hs) (subtraction)
¢s N ¢pes = min (¢ps, ¢¢s) (intersection)

Using these methods, we can avoid the time-consuming trimming
and re-meshing operations. To illustrate this method further, we
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Fig. 12. Combination of multi-porosity P-surface. The top row presents the internal slices along the z-direction. The bottom row shows the three directional views.

(a) (b) (©) |

I SR
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(d)

(e)

Fig. 13. Parameter sensitivity analysis for g in fidelity term. The complex scaffold is composed of a P-surface and I-WP-surface unit structures. From (a) to (d), 8 is
0.01, 0.1, 1, and 10, respectively. Stop condition tol is the same for the four results as in 1e—4. (e) 0.5 contour lines of slices from (a) to (d). Red, green, blue, and
magenta represent lines with 8 of 0.01, 0.1, 1, and 10, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

demonstrate a cylinder composed of a multi-scale P-surface as P-surface with the same scale, where the solid red line is the unit
shown in Fig. 15. Fig. 15(a) shows a porous scaffold with a unit circle. Then, we replace the original scaffold with the P-surface
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Fig. 14. Parameter sensitivity analysis for stop condition tol. The top row is the 3D scaffold surface. The bottom row is the 0.5 contour of the middle slice. From

(a) to (c), tolerance tol = le—1, 1le—4 and 1e—S8, respectively. g is fixed at 0.5.

5
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Fig. 15. Hollow cylinder composite scaffold with a multi-scale P-surface micro-structure. The top and bottom rows represent the simulation results of a composite
scaffold in the 2D and 3D domains, respectively. (d) and (f) are the portrait and landscape closer view of (e), respectively.

of a scale that is twice as large in a circle of 0.8, as displayed in
Fig. 15(b). It can be observed that there is no acceptable transition
or connection between the structures of different scales. With the
proposed method, the multi-scale composite scaffold becomes
strongly connected, as shown in Fig. 15(c). In the 3D space,
we used the cylinder surface and composite scaffold to perform
the Boolean operation, as shown in Fig. 15(e). Fig. 15(d) and (f)
are portrait and landscape closer views of (e), respectively. It is
important to note that the proposed method can be effectively
combined with the signed distance field to construct a composite
scaffold with a complex anatomical external shape.

4.6. Application of composite scaffolds

To verify the efficiency of the proposed method in design-
ing an actual bone model, we implement subarea fabrication
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with different unit sizes and porosities. Fig. 16(a) shows a seg-
mented human bone from a CT image. Fig. 16(b) shows the
fabricated scaffold with non-uniform G-surface units. Fig. 16(c)
is a closer view of Fig. 16(b). The proposed method can achieve a
hierarchical design for tissue engineering.

The signed distance field is used to fabricate the bone tissue
with P surface unit successfully. Fig. 17 shows a visualization
of the resulting scaffold. For improved visualization, we show
the brittle part of the bone. Fig. 17(a) shows the three level
contours of the signed distance function. We fabricated a scaffold
with different porosities with P structure units in the areas of
different colors, as indicated in Fig. 17(b). The blue, cyan, and
red colors represent structures with porosities of 50%, 70%, and
90%, respectively. It is clear that the pore size of the scaffold close
to the boundary is considerably smaller than that at the middle,
where the gradient changes in pore size and porosity are distinct.
Comparing this result with the conventionally designed porous
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(©)

Fig. 16. (a) Segmented human bone from a CT image. (b) Adaptive fabricated scaffold with non-uniform G-surface units. (c) Closer view of (b).

(a)

(b)

Fig. 17. Scaffold fabrication with variable porosity in the head of the arm bone. (a) Divided regions for different porosities. (b) Designed scaffold with multi-porosity.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

scaffold, we can observe that the proposed method decreases
the porosity naturally from the middle of the bone structure
downwards. This non-uniform distribution in porosity and pore
size can change the permeability and stiffness to adapt to actual
demands.

5. Conclusion

The main objective of this study was to design composite
porous scaffolds for tissue engineering. First, we proposed a novel
merging algorithm for composite porous scaffolds using a unit
TPMS and an implicit function framework. To the best of our
knowledge, this is the first attempt to design multi-scale compos-
ite porous scaffolds using the finite difference method. Then, we
optimized the designed composite scaffolds based on an Allen-
Cahn type equation to satisfy the properties of the TPMSs. Based
on the operator splitting method, the proposed algorithm consists
of two analytical evaluations for the ordinary differential equa-
tions and one implicit Poisson-type equation solver. The proposed
numerical scheme can straightforwardly be applied to a GPU-
accelerated DCT implementation, which can be executed multiple
times faster than CPU-only alternatives. The optimized scaffold
has a smooth surface, where the mean curvature of each point is
constant owing to the motion by mean curvature flow. Several
numerical examples were presented to demonstrate that the
proposed method is robust and produces multi-scale composite
scaffolds with superior performance.
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