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A B S T R A C T

In this study, we present a mathematical model with space-dependent parameters and appropriate boundary
conditions which can simulate the realistic nonhomogeneous zebra pattern formation. The proposed model
is based on the Lengyel–Epstein (LE) model and the finite difference method is used to solve the governing
equation with appropriate boundary and initial conditions on a complex zebra domain. We focus on generating
nonhomogeneous pattern of the common plains zebra (E. burchelli), which is geographically widespread species
of zebra. Using the space-dependent parameters in the model, we can simulate the zebra pattern formation
with various width stripes.
1. Introduction

It is still an unresolved problem how spatial pattern formation
emerges in real biological systems. In 1952, a mathematician Alan
Turing proposed a partial differential equation for pattern formation
in the natural world and hypothesized that spatially heterogeneous
patterns could arise with diffusion driven instability [1–6]. The Turing
instability has been applied to many fields such as zebrafish figment
pattern formation [7], multi-scale regular vegetation patterns [8], Tur-
ing patterns on radially growing domains [9], Turing patterns in a
dye-doped twisted nematic layer [10], and self-organization in cell
biology [11]. In [12], the author developed a novel numerical method
for solving the Caputo and Fabrizio fractional equations.

In this study, we focus on a mathematical model for simulating
zebra pattern formation. There are three main species of zebra: E.
burchelli, E. zebra, and E. grevyi [13]. Graván and Lahoz-Beltra [14]
computed the evolution of two hypothetical morphogens that diffuse
across a grid representing the zebra skin pattern in an embryonic state.
Jeong et al. [15] computationally studied the zebra skin pattern forma-
tion on the surface of a zebra model in 3D space using a narrow band
domain with the closet point method. Rasheed [16] presented a novel
mathematical equation of the reaction–diffusion (RD) system which
satisfies Turing conditions and simulates real pattern formation in
nature. In [17], the authors simulated the evolution of two morphogens
for modeling the zebra skin pattern formation. Kim et al. [18] presented
an explicit Euler method for the pattern formation on evolving surfaces
using the Laplace–Beltrami operator over triangulated surface in the
three-dimensional space.
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Although there have been many research works about the zebra
pattern formation until now, most of patterns have a single width
between patterns. However, in real zebra skin, there are multiple
widths between patterns as we can observe in Fig. 1.

The main purpose of this study is to present a mathematical model
with space-dependent parameters and appropriate boundary conditions
which can simulate the realistic nonhomogeneous zebra pattern forma-
tion. The paper is organized in the following manner. In Section 2, the
proposed mathematical model is presented. In Section 3, we describe
the numerical solution algorithm.

2. Proposed mathematical model

In this study, we propose a novel reaction–diffusion (RD) equation
with space-dependent parameters and appropriate boundary condi-
tions:
𝜕𝑢
𝜕𝑡

= 𝐷𝑢𝛥𝑢 + 𝑓 (𝑢, 𝑣) = 𝐷𝑢𝛥𝑢 + 𝑘1

(

𝑣 − 𝑢𝑣
1 + 𝑣2

)

, (1)

𝜕𝑣
𝜕𝑡

= 𝐷𝑣𝛥𝑣 + 𝑔(𝑢, 𝑣) = 𝐷𝑣𝛥𝑣 + 𝑘2 − 𝑣 − 4𝑢𝑣
1 + 𝑣2

, (2)

where 𝑢(𝑥, 𝑦, 𝑡) and 𝑣(𝑥, 𝑦, 𝑡) are two concentrations (morphogens) of an
inhibitor and an activator at two-dimensional position (𝑥, 𝑦) ∈ 𝛺 and
time 𝑡, respectively. Here, 𝑓 (𝑢(𝑥, 𝑦, 𝑡), 𝑣(𝑥, 𝑦, 𝑡)) and 𝑔(𝑢(𝑥, 𝑦, 𝑡), 𝑣(𝑥, 𝑦, 𝑡))
describe the reaction kinetics of the morphogens represented by 𝑢(𝑥, 𝑦, 𝑡)
and 𝑣(𝑥, 𝑦, 𝑡) [1]. Here, 𝐷𝑢 and 𝐷𝑣(𝑥, 𝑦) are the diffusion coefficients of 𝑢
and 𝑣, respectively; and 𝑘1(𝑥, 𝑦) and 𝑘2 are positive values related to the
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Fig. 1. Plains (Equus burchelli) zebra.
Source: Reprinted from Bard [21] with
permission from Academic Press Inc.

feed concentrations. We should note that both 𝐷𝑣(𝑥, 𝑦) and 𝑘1(𝑥, 𝑦) are
space-dependent parameters. If we use all constant parameters [19],
then we can only model regular pattern formations. However, most
mammals show a regional variation of stripe spacing [20]. By choosing
different values of 𝐷𝑣(𝑥, 𝑦) and 𝑘1(𝑥, 𝑦) on different positions, we can
model varying stripe pattern widths of a zebra. Let 𝑢∗ and 𝑣∗ be the
homogeneous steady state solutions of Eqs. (1) and (2), i.e.,

𝑓 (𝑢∗, 𝑣∗) = 0 and 𝑔(𝑢∗, 𝑣∗) = 0. (3)

Then, the solutions of Eq. (3) are given as

𝑢∗ = 1 + 0.04𝑘22 and 𝑣∗ = 0.2𝑘2. (4)

We note that Eqs. (1) and (2) are not general and there are many other
reaction–diffusion equations which can generate patterns through the
Turing instability. For simplicity of exposition, we chose one of them
for illustrating the possibility of nonhomogeneous patterns observed in
the real world.

3. Numerical solution algorithm

We present a numerical algorithm for the Lengyel–Epstein model on
the two-dimensional domain, 𝛺 = (𝐿𝑥, 𝑅𝑥)× (𝐿𝑦, 𝑅𝑦). Let 𝑁𝑥 and 𝑁𝑦 be
positive integers, ℎ = (𝑅𝑥−𝐿𝑥)∕𝑁𝑥 = (𝑅𝑦−𝐿𝑦)∕𝑁𝑦 be the uniform mesh
size, and 𝛺ℎ = {(𝑥𝑖, 𝑦𝑗 )|𝑥𝑖 = 𝐿𝑥 + (𝑖 − 0.5)ℎ, 𝑦𝑗 = 𝐿𝑦 + (𝑗 − 0.5)ℎ, 1 ≤
𝑖 ≤ 𝑁𝑥, 1 ≤ 𝑗 ≤ 𝑁𝑦} be the discrete domain. Let 𝑢𝑛𝑖𝑗 = 𝑢(𝑥𝑖, 𝑦𝑗 , 𝑛𝛥𝑡),
𝑣𝑛𝑖𝑗 = 𝑣(𝑥𝑖, 𝑦𝑗 , 𝑛𝛥𝑡), 𝑘1,𝑖𝑗 = 𝑘1(𝑥𝑖, 𝑦𝑗 ), and 𝐷𝑣,𝑖𝑗 = 𝐷𝑣(𝑥𝑖, 𝑦𝑗 ), where
𝛥𝑡 = 𝑇 ∕𝑁𝑡 is the time step, 𝑇 is the final time, and 𝑁𝑡 is the total
number of time steps. We consider the discretization of the reaction–
diffusion system (1) and (2) using an explicit scheme for simplicity of
exposition,

𝑢𝑛+1𝑖𝑗 − 𝑢𝑛𝑖𝑗
𝛥𝑡

= 𝐷𝑢𝛥ℎ𝑢
𝑛
𝑖𝑗 + 𝑘1,𝑖𝑗

(

𝑣𝑛𝑖𝑗 −
𝑢𝑛𝑖𝑗𝑣

𝑛
𝑖𝑗

1 + (𝑣𝑛𝑖𝑗 )2

)

, (5)

𝑣𝑛+1𝑖𝑗 − 𝑣𝑛𝑖𝑗
𝛥𝑡

= 𝐷𝑣,𝑖𝑗𝛥ℎ𝑣
𝑛
𝑖𝑗 + 𝑘2 − 𝑣𝑛𝑖𝑗 −

4𝑢𝑛𝑖𝑗𝑣
𝑛
𝑖𝑗

1 + (𝑣𝑛𝑖𝑗 )2
, (6)

where 𝛥ℎ𝑢𝑖𝑗 = (𝑢𝑖+1,𝑗 +𝑢𝑖−1,𝑗 +𝑢𝑖,𝑗+1+𝑢𝑖,𝑗−1−4𝑢𝑖𝑗 )∕ℎ2. We note that there
are many efficient implementations with some complexity such as the
graphics process unit (GPU) computing using compute unified device
architecture (CUDA) [22].
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4. Numerical experiments

4.1. Pattern formation on a rectangular domain

We first numerically solve Eqs. (1) and (2) on a two-dimensional
rectangular domain 𝛺 = [0, 10] × [0, 10] using 𝐷𝑢 = 1, 𝑘2 = 11, a mesh
grid 101 × 101, ℎ = 0.1, and 𝛥𝑡 = 0.1ℎ2. Here, periodic boundary
conditions in each direction are used. Initial conditions for 𝑢 and 𝑣
are 𝑢(𝑥, 𝑦, 0) = 𝑢∗ + 0.1rand(𝑥, 𝑦), 𝑣(𝑥, 𝑦, 0) = 𝑣∗ + 0.1rand(𝑥, 𝑦), where
𝑢∗ = 1+ 0.04𝑘22, 𝑣

∗ = 0.2𝑘2, and rand(𝑥, 𝑦) is a random number between
−1 and 1. Fig. 2 shows different pattern formations with different 𝑘1 and
𝐷𝑣 values in the discrete governing equations at time 𝑡 = 100000𝛥𝑡. We
can observe spots and stripes depending on the parameters as shown
in [23]. The parameter sets leading to pattern formation are usually
determined by a linear stability analysis [24].

4.2. Pattern formation on a zebra shaped domain

Fig. 3(a) shows the schematic illustration of subdomains 𝛺1, 𝛺2, and
𝛺3, where different parameter values are defined. Let 𝛺 = (0, 29)×(0, 22)
be the domain which embeds all subdomains, i.e., 𝛺𝑖 ⊂ 𝛺 for 𝑖 = 1, 2, 3.
Let us define the space-dependent parameters as follows:

𝐷𝑣(𝑥, 𝑦) = 0.012, 𝑘1(𝑥, 𝑦) = 12 in 𝛺1, (7)
𝐷𝑣(𝑥, 𝑦) = 0.05, 𝑘1(𝑥, 𝑦) = 4 in 𝛺2, (8)
𝐷𝑣(𝑥, 𝑦) = 0.007, 𝑘1(𝑥, 𝑦) = 30 in 𝛺3. (9)

Fig. 3(b) shows domain boundaries 𝛤1 and 𝛤2, where Dirichlet
boundary conditions are applied.

𝑢(𝑥, 𝑦, 𝑡) = 𝑢∗, 𝑣(𝑥, 𝑦, 𝑡) = 𝑣∗ on 𝛤1, (10)
𝑢(𝑥, 𝑦, 𝑡) = 1.01𝑢∗, 𝑣(𝑥, 𝑦, 𝑡) = 1.01𝑣∗ on 𝛤2, (11)

It is well known that the pattern formations are dependent on both
the initial condition and biochemical details [21]. In this study, as
the initial condition, we set the equilibrium state 𝑢(𝑥, 𝑦, 0) = 𝑢∗ and
𝑣(𝑥, 𝑦, 0) = 𝑣∗ on the zebra domain expect two lines. Fig. 3(c) shows two
line segments where initial trigger values are defined: 𝑢(𝑥, 𝑦, 0) = 1.2𝑢∗

and 𝑣(𝑥, 𝑦, 0) = 1.2𝑣∗. We take the minimum number of intervention
for the initial configuration to demonstrate the ability of the govern-
ing equation to generate the zebra pattern formation. Fig. 4(a)–(d)
show the snapshots of the temporal evolution of the realistic zebra
pattern formation at times 𝑡 = 10000𝛥𝑡, 15000𝛥𝑡, 25000𝛥𝑡, and 70000𝛥𝑡,
respectively. Here, ℎ = 0.1 and 𝛥𝑡 = 0.1ℎ2 are used.

4.3. Effect of parameter profiles

Now, we consider the effect of parameter profiles on the pattern for-
mation. Fig. 5(a) and (b) show the two methods of the space-dependent
parameters of the sharp jump and smooth profiles, respectively. In
Fig. 5, the top and bottom rows are 𝐷𝑣(𝑥, 𝑦) and 𝑘1(𝑥, 𝑦), respectively.

Fig. 6(a)–(d) show snapshots of the temporal evolution of the ze-
bra pattern formation using the smooth space-dependent parameters
𝐷𝑣(𝑥, 𝑦) and 𝑘1(𝑥, 𝑦) as shown in Fig. 5(b) at times 𝑡 = 10000𝛥𝑡,
15000𝛥𝑡, 25000𝛥𝑡, and 70000𝛥𝑡, respectively. The parameter values are
the same as in the previous subsection except 𝐷𝑣(𝑥, 𝑦) and 𝑘1(𝑥, 𝑦).
We can observe much smoother transition patterns across different
subdomains.

5. Conclusions

In this study, it was shown that we can simulate the zebra pattern
formation with various width stripes using the space-dependent pa-
rameters in the model and appropriate boundary conditions. From this
result, we can make a hypothesis about different patterns among ze-
bras. We postulate different pattern formations can arise under different
local conditions. The proposed method can be used in systematically
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Fig. 2. Different pattern formations with different 𝑘1 and 𝐷𝑣 values in the discrete governing equations at time 𝑡 = 100000𝛥𝑡. From top to bottom, 𝑘1 = 30, 12, and 4 are used.
From left to right, 𝐷𝑣 = 0.007, 0.012, and 0.05 are used. Here, 𝐷𝑢 = 1 and 𝑘2 = 11 are fixed.
Fig. 3. Schematic illustrations: (a) 𝛺1, 𝛺2, and 𝛺3 are subdomains where different parameter values are defined, (b) 𝛤1 and 𝛤2 are Dirichlet domain boundaries, and (c) two line
segments where initial trigger values are defined.
investigating different pattern formation process of the three main
species of zebra such as E. burchelli, E. zebra, and E. grevyi [13].
Because a cross-diffusion term in the system of the governing equations
can play an important role in the formation of patterns [25], in the
future study we will investigate its effect on the pattern formation.
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Fig. 4. (a)–(d) are snapshots of the temporal evolution of the zebra pattern formation at times 𝑡 = 10000𝛥𝑡, 15000𝛥𝑡, 25000𝛥𝑡, and 70000𝛥𝑡, respectively.

Fig. 5. Comparison of two methods of the space-dependent parameters: (a) sharp jump and (b) smooth profiles. Here, the top and bottom rows are 𝐷𝑣(𝑥, 𝑦) and 𝑘1(𝑥, 𝑦), respectively.
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Fig. 6. (a)–(d) are snapshots of the temporal evolution of the zebra pattern formation at times 𝑡 = 10000𝛥𝑡, 15000𝛥𝑡, 25000𝛥𝑡, and 70000𝛥𝑡, respectively. Here, we used the smooth
space-dependent parameters 𝐷𝑣(𝑥, 𝑦) and 𝑘1(𝑥, 𝑦) as shown in Fig. 5(b).
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