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In this paper, we consider a phase-field model for dendritic growth in a two-dimensional cavity flow and
propose a computationally efficient numerical method for solving the model. The crystal is fixed in the
space and cannot be convected in most of the previous studies, instead the supercooled melt flows around
the crystal, which is hard to be realized in the real world experimental setting. Applying advection to the
crystal equation, we have problems such as deformation of crystal shape and ambiguity of the crystal
orientation for the anisotropy. To resolve these difficulties, we present a phase-field method by using a
moving overset grid for the dendritic growth in a cavity flow. Numerical results show that the proposed
method can predict the crystal growth under flow.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Convection of the crystal in the melt is of great interest for the
practical processes to understand the dendritic solidification. The
formation of the solidification such as the arm spacing, growth
rate, and morphology is largely changed by the forced convection
due to the melt flow. The convective effects on free dendritic
crystal growth have been investigated experimentally [1-5] and
numerically [6-12]. In numerical investigation, the phase-field
method, which has been widely applied to model various meso-
scale phenomena such as solidification, recrystallization, and many
energy-based applications [ 13-16], is also a flexible mathematical
tool to describe the interfaces in dendritic crystal growth with
convection. Two- and three-dimensional adaptive phase-field sim-
ulations of dendritic crystal growth in a forced flow were presented
in [17]. The effect of natural convection in 3D dendritic growth
using an efficient adaptive phase-field simulation was investi-
gated by Chen and Lan [18]. A two-dimensional lattice Boltzmann
method-cellular automation model was presented to investigate
the dendritic growth of binary alloys in the presence of natural
convection [19]. Recently, motion and growth of a dendrite in the
presence of melt convection was modeled using a phase-field-
lattice Boltzmann method [7].

However, the crystal is fixed in the space and cannot be con-
vected, instead the supercooled melt flows around the crystal,
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which is hard to be realized in the real world experimental setting
in the previous studies. Direct application of the advection term
to the crystal equation would lead some problems such as the
shape deformation and the ambiguity of the crystal orientation for
the anisotropy. In recent years, few models have been elaborated
for using two computational domains to distinguish between the
fluid flow and the phase separation by applying a fictitious domain
method [20], a combination of the volume of fluid and the im-
mersed boundary methods [21]. Nevertheless, there are drawbacks
in their algorithms; difficulty in matching the grids or compu-
tational efficiency. Note that the efficiency of the computational
point of view is one of the most important issues in solid mechanics
because of tackling massively large scale computational problem
from implementation [22]. Therefore, the parallel computing is
an active field in modeling evolution of dendrite microstructure
[23-25].

The main purpose of the present paper is to resolve these
difficulties by using a moving overset grid. The fluid domain is
covered with a fixed Cartesian grid, while a moving overset grid
is used to represent the crystal growth. The motion of the crystal is
derived by calculating the translational and rotational force of the
crystal phase. Using the fictitious domain method with distributed
Lagrange multiplier method, the method in [20] has an advantage
that simulations can be performed in a problem involving different
scales in time and space. Note that the proposed method would
be compared with the method in [20] since our moving overset
grid method is similar to their method based on a fictitious domain
method. However, our method is simpler to implement and it
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also has the advantage involving different scales. As mentioned
above, a large scale computational problem is an important issue
in modeling dendritic growth and the parallel computing tech-
nique is actively studied. Therefore, the simpler algorithm can be
contributed to parallelize or develop other kinds of computational
methodologies.

This paper is organized as follows: the governing equations are
described in Section 2. In Section 3, the computationally efficient
operator splitting algorithm is discussed. The numerical results are
presented for solving the crystal growth simulations under a cavity
flow in Section 4. Finally, conclusions are given in Section 6. Note
that this work is based on the Ph.D. thesis [26] of the first author,
Korea University.

2. Mathematical modeling

We consider the solidification of a pure substance from its
supercooled melt in a two-dimensional cavity flow. To model
the solidification system, let ¢(x, y, t) be the phase-field function,
where ¢ = 1and ¢ = —1 refer to the bulk solid and melt phases,
respectively. The phase-field variable ¢ is smoothly changed but
has small thickness across the interfacial transition region, and we
define the interface by the zero level set of ¢ [12]. The governing
equations for crystal growth in the flow are given as

ou 1 T
— 4u-Vu=—-Vp+ —V-[n¢)Vu+Vvu)], (1)
at Re
V-u=0, (2)
2 d¢
=V - (X($)Ve) + [¢ — 2U(1 — ¢*)I(1 — ¢*)
2 0e(e) 2 0e(e)
+(|V¢>| €(¢) S >X+ (|V¢| €(¢) s )y, (3)
oy VU = DAU 199 (4
or TU VU =DRAUA ST )

where u is the velocity, p is the pressure, n(¢) is the variable vis-
cosity, and U is the temperature. Note that Egs. (1) and (2) are the
Navier-Stokes equations [27] and Egs. (3) and (4) are the governing
equations for dendrite growth [28]. Here, n(¢) = 0.5[ns(1 + ¢) +
nm(1 — ¢)], where n; and 7, are viscosities of solid and melt,
respectively. We take the increased viscosity approach [29] which
uses a very large viscosity in the solid to describe the resistance to
the flow. The dimensionless parameters are the Reynolds number
Re, A, and D. For the four-fold symmetry, €(¢) is defined as:

464 ¢;l +¢;/1
1-3es |Vo|* )’

€(¢) = (1 —3e) (1 +

where ¢4 is a parameter for the anisotropy of interfacial energy.
We will consider the two computational domains to separately
represent the crystal growth and fluid flow. The flow with appro-
priate boundary conditions is defined on the base domain. The
phase-field function ¢ for representing the crystal is defined on the
relatively small domain, and the crystal growth equation is

a
62(¢)i5 = V- (eX(¢)Ve) +[¢ — 2U(1 — ¢*)I(1 — ¢*)

ot
0 0
+(|V¢|2e(¢) E(‘”) +<|V¢|2e(¢) e(‘”) (5)
X y

a ¢x 0 ¢y

by using Eq. (3) without the advection term u - V¢. For translating
and rotating of the crystal domain, we use the conservation law of
the linear and angular momentums. Since the crystal is governed

a+ L

Fig. 1. Schematic of an advection for ¢(x, t).

by a rigid body motion, the conservation of the linear momentum
is given as:

Meu, = f u(x, y)o(x, ) dx, 6)
2

where M. is the total mass of a crystal, M, = fg p(x,y) dx, §2 is
a crystal, and u, is the velocity of the crystal. If o is constant, then
we can rewrite Eq. (6) as
u(x, y)dx
u = fﬂf(dyx) )
2
We consider the advection equation to validate the motion by
the linear momentum. For a rigid body motion, the motion of an
advection can be represented by X (t + At) = X.(t) + u. At where
Xc(t) = (x.(t), yc(t)) is the center of mass. Here, a one-dimensional
space is considered for simplicity (see Fig. 1).
On the other hand, the motion in Fig. 1 satisfies

X X+a
/ $(&, 0)dé :f P&, At)ds.
0 a

By differentiating both sides, we get ¢(x, 0) = ¢(x + a, At). Here,
we can assume the constant velocity in the rigid body, i.e.,a = uAt.
Since ¢(x + a, At) = ¢(x, At) + uAtg(x, At) + O(At?) by the
Taylor’s expansion,

¢(X7 At) - d)(X? 0)
At

which is approximated by the classical advection equation ¢; +
uV¢ = 0 for a small At. From our derivation, the rigid body
motion can be modeled by the classical advection equation only
when a velocity field is a constant in the rigid body. To resolve
this restriction, we propose the moving overset grid method which
does not require a constant velocity field in the rigid body.

Next, the angular momentum L. of the crystal is generally
defined as a sum of the infinitesimal angular momentum dL [30]:

L = / dL = / (f(x ) x u(x. ) p(x. y) d, ()
2 2

+ u¢X(X7 At) = Oa

where r(x, y) is the displacement vector from the center of mass.
Moreover, L. can be written by a product of the moment of inertia
I. and the angular speed w, i.e., L. = I.w.. Assuming the constant
density p = 1, we have

L [, (f xu)dx
e [T |Pdx

Moreover, a rotation velocity of a rigid body can be treated as

(9)

We =

ux,y) =@ x i(x,y).

The rotation can be approximated by the following equation:

["Zg j: 23] _ Bigg] T AT x ). (10)



86 S. Lee et al. / Computer Physics Communications 216 (2017 ) 84-94

Xy
Qmo\'ing
! )
7~ X,
X, >§
A x
2
<>
\\//
0 Q. c Qy
0 « a b

Fig. 2. Schematic illustration of the fluid domain £2f, the crystal domain 2, and
the moving domain 2moving.

Note that @ = (0,0, [|wc|)and @ x F = (—ry|lec|, ryllec, 0)
in a two-dimensional domain where ||w.| is the norm of w. and
r = (ry, 1y, 0). Since ||oc|| = A6/ At where Af, is the rotational
angle, Eq. (10) can be written as

Axc | —TIy
)= [37]

It is well-matched to the following rotation equation:
Ax | _ | cos(Af:) —sin(A6:) ||| |1x
Ay. |~ | sin(46;)  cos(A6.) 1y Iy

|1 —AbG || 1y | —TIy
Lo ][] [

for a small Af.. Therefore, we can translate and rotate a crystal
without solving the advection term since the velocity vector and
the angular speed of a crystal (or an overset grid) can be derived
from Eqs. (7) and (9).

3. Numerical solution

In this section, we propose a hybrid numerical method using
an overset grid for the simulation of the crystal growth in a cavity
flow. Let £2f = (a, b) x (c, d) be a domain for the fluid velocity
u = (u, v), pressure p, and temperature U with proper boundary
conditions. Also, let 2. = (0, «) x (0, B) be another domain for
the phase-field function ¢ with interpolated boundary conditions.
$2moving 1S the coordinate transformation of £2., and it represents
the location and rotation of £2. on 2. Let X1, X5, X3, X4 be corners
of £2meving ON §2; corresponding to points (0, 0), (e, 0), (e, B),
(0, B) on £2, respectively. We determine the location of £2noving by
setting its center as m. = (X; +X; 4+ X3+ X4)/4 and the rotation 6,
eﬂl)e signed angle measured from the horizontal axis to the vector
X1X; (see Fig. 2).

For the time integration, we consider the uniform time step
At = T/N¢, where T is the final time and N; is the total number
of iterations. For £2r, we use a uniform mesh with mesh spacing
h = (b — a)/Ny = (d — c)/Ny, where Ny and N, are the numbers of
cells in the x- and y-directions, respectively. The center of each cell
is located at x;; = (x;, ¥;) = (a+ (i — 0.5)h, ¢ + (j — 0.5)h) and we
define the computational domain 9}7 ={xjli=1...,Ny,j=
1,...,N,}. Using the marker-and-cell mesh, the pressure p and
temperature U are defined at the cell centers and the velocities u
and v are defined at the cell edges (see Fig. 3). Let pg and U,?]? be
approximations of p(x;, yj, nAt)and U(x;, y;, nAt), respectively. Let
“?+1/2,j and fo]/z be approximations of u(x; + h/2, y;, nAt) and
v(x;, yj + h/2, nAt), respectively. B

For £2., we also use a uniform mesh with mesh spacing h =
a/My = B/M,, where M, and M, are the numbers of cells in the

Ui} j1 Uit g+l
Uiyl Vit Vit1,j+4
Wi, Uil Uit 3.5
Vi-1,j-4 Yij-4 Vitrj-4
Uil Uiy 1 j-1

Fig. 3. Schematic of the computational grid for the pressure, velocities, and tem-
perature.

x- and y-directions, respectively. The center of each cell is located
at sy = (s}j,s,y) = ((k — 0.5)h, (I — 0.5)h), and we define the
computational domain .Qf ={sulk=1....,M,I=1,...,M}.
And, m? and 6] represent the center position and rotation of
$moving at time nAt, respectively.

Next, we describe our proposed numerical solution algorithm.
At the nth time step, we have a divergence-free velocity field u”,
the phase-field ¢", and temperature U". We seek u"*!, p"*1, ¢"*1,
and U™1,

3.1. Hydrodynamic flow on §2f

First, we solve Egs. (1) and (2) to update u™! and p™*! on the
fluid domain £2r by using the Chorin’s projection method [31,32]:

un+1 —u"
T + uﬂ . Vdun — _Vdpl’H—]
1
+ ﬁw-[n" (Vau" + (Vau")')], (11)
Vg-u"t =0. (12)

We solve an intermediate velocity field, u" = (", "):

ﬂ;’%’j = u:?+%’j — At(uuy, + vuy):;%,j
At n
+E(2(7qu)x +(77uy)y+(77vx)y),‘+%,j’ (13)
f’i'jj+% = ”:j+% — At(uve + UUY)ZH%
At n
+R76 ((ﬂvx)x+(nuy)x+2(nvy)y),-$j+% . (14)

The advection terms are defined by

uu, +ou,)t ;. =u" , u" L L 15
(b vw )y =ty ey RV (15)
uvy +ov,)". ;=0 ot 4+ut o, 16
( X y),,]_'_% l,j+% y”Jr% l,]+% Xi,j+% ( )
where the values u}, . and i1y . are computed using the upwind
i+ i+5.0

procedure

u?+1 i u:? 1j

% ifu?+lj >0,
uﬁ = n T oon 2 (17)
i+ U 3. —u 5.

2" H—i’] 1+§J .
—=—— <~ otherwise,
h

Wea; ~ U

—2= 2 f vi"+l >0,
=1, h 2 (18)
ylurlj u’ 4. —u 4.

2> i+5.j+1 i+5.] .
— otherwise.
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The quantities v} ; and 17}7 | are similarly computed. The vis-

i+l i+l
cosity terms are defined by

(z(nux)x + (nuy)y + (nvx)y)g%.j

un 3. u’,” 1 . u',1 1. u',1 1 .
-9 i+35.J i+5.j n g i—5.j
- '71+11 h2 - M h2

n _qn u

u 4. u: . A 1.
o B RA e 2 7" HaJ  Had-l
i+ 1+ h2 i+30-3 h?
Uhrjed T Vipel
4t AR B )
1+2 ]+2 h2
rl n
—v
Vir1j-1 7 Yij-d
_.n W72 W7o 19
M1 j-1 h2 ’ (19)
((UUX)X + (nuy )x +2(77Uy))’),]+
U_ . 1—1){7‘ 1 UFA 1 i 1
i+1,j+5 ij+y n ij+y i—1j+5
=" — -,
i+ 3tg h? i—g.Jty h?
ut,l 1 - UT’ 1 ! 1; ! 1
+" _Hadtl  Hed on g+l 72
i+1+3 h? i=3.dt3 h?
vinj+3 - vinj+1 v?j+‘ B U?j ]
Jt+3 Jta n bits =2
_|_2 r/”+] hz _nij h2 . (20)

Because the viscosity 7" on §2; depends on the phase-field
function ¢" on 2., we consider the interpolated function ¢" as
follows: First, to check whether x;; € .th is inside of £2moving OF
not, we compare the sum of areas of four triangles with the area of
moving domain 2meving. That is, if

AXUX1X2 + AX,‘]X2X3 + AXyX3X4 + AXUX4X]
> OX1X2X5X4, (21)

then it means that X; ¢ $2moving (Fig. 4(a)). If the two areas are
same, then X;j € 2moving (Fig. 4(b)). Next, we estimate the value of
b from @" on $2¢ if X;j € £2moving by using the bilinear interpolation
and we define ¢>” =1 OtheI‘WlSE For more details, we denote the

directional vectors asa = X1X2, b= X1X4 and ¢ = X1x,J Ifx; €
$2moving, Xjj is corresponding to the location ((a-c)/|a|, (b-c)/|b|) on
£2. and then we can calculate the ‘iij by the interpolation. Finally,
we define

ns(1 4 @) + nm(1 — )

nj = 5 (22)
We then solve the pressure field at the (n + 1)th time step.
un+1 _ ﬁn
— _yprtl i 23
—r ap (23)
Vg -u"t! = 0. (24)

Applying the discrete divergence V;- and divergence-free Eq. (24)
to Eq. (23), we obtain the Poisson’s equation with the homoge-
neous Neumann boundary condition:

1
A n+l \v4 25
= Va (25)
where Adp”“ = (p?jllj + pﬁlj - 4D"+] + o+ pl)/h? and
V- u =@, - u + " — 0" )/h. We solve Eq. (25)
i+3.J 3 ity 1177

by the multigrid method, and using the updated pressure p"*!, the

divergence-free velocities are obtained

At

nt1 _oan AL a1 ag

Uil =%t~ g (P — P ) (26)
At

n+1  _ ~n _ 2t o+ n+1

Ui.j+% = vi,j+% h (p11+1 P ) (27)

3.2, Dendritic crystal growth on £2,

Next, we solve the crystal equation (3) to obtain the updated
phase-field function ¢" on §2.. Note that the convection termu-V¢
is treated by translating and rotating the moving domain £2moving.
We use the operator splitting scheme [33]:

¢n+1,1 _ d)n
e2(¢">T = 2€6(¢"ex(d™)py + 26(¢")ey (9" )b}
16€4e(¢™px(d267 — D)\
+ 4
[Vad| .
n 2.2 44\ "
+ 16646(¢ )¢y(¢z¢y ¢x) i (28)
[Vag| ,
¢n+1,2 _ ¢n+l,l N
(¢, (9" Aap" 1 — UF(¢™ ), (29)

where F(¢) = 0.25(¢p*—1)*. Because the temperature U" is defined
on £2r, we consider the interpolated function U" for £2.. U}, at sy €
.Qf is the bilinearly interpolated value from the temperature U" at
the position §y = X4 + s}a/|a| + s/b/|b| on £ (Fig. 5). If §; & £,
then we define LAJ&’ = A with a dimensionless undercooling A.
And then we update ¢"*! by solving the following equation:

2AL* ___2At*
n+1 — n+12/ e P ¢n+12) + ¢n+12) 1—e e2(pn+1.2) .
(30)

Egs. (25) and (29) are solved by a multigrid method [34]. For
more detailed discretizations, please refer to [33].

3.3. Translation and rotation of 2moving

Also, we update the position of the advected crystal on £
by moving 2moving. The magnitudes of its rotatory and parallel
translations are derived from the conservations of the linear and
angular momentums, respectively. Here, we calculate the velocity

= (uf, v}) of the crystal and the rotation angle 8 of the crystal
to represent the motion of the crystal. Using the interpolated
phase-field ‘Z’S fluid velocity u", and Eq. (7), we can write u, as

LY Y05 (14 ) uik?
u = .
S Y 0.5 (14 @l 2

Note that the interpolation of " is described in Section 3.1. And,
we estimate the fluid velocity at cell centers as

(31)

(05( Sy 0S4 1)). (32)

Ljt+3 2

Next, we con51der the angular momentum L. of the crystal to
calculate the rotation angle 6.. Let w? be an approximation of «
at time nAt. From Eq. (9), o is written as

L T Y05 (m— xy) x ul (14 ¢F) B2
w,. =
‘ S I (mE - xy) [12h2

(33)
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Fig. 5. Schematic of the temperature field interpolation.

Fig. 6. New center position and rotation angle of the crystal domain £2.

Therefore, we can compute the new position and rotation angle of
the crystal domain £2. on the fluid domain £2; from Eqgs. (31) and
(33) (Fig. 6):

m?“

= m{ + ul At, (34)

o (35)

0! + wi At.

3.4. Temperature field on $2y

Finally, we solve the temperature field U on the domain £
with the homogeneous Dirichlet boundary condition using the
multigrid method:

n+1 n
Uij — UU

At

T n+1 n
(p,'j - ¢jj

u" - VUM = DAGUM!
+( d )u dYij + AL

(36)

Here, we apply the upwind scheme for the advection term:

ur —-ugr ..
—1 .
M fr s o,
no_ h
Xj n__yn
M, otherwise,
h
yr —yr
1 .
A f v{} >0,
Ur = h
Vi un —un
T otherwise
h ’ '

Note that the velocity located at a cell center (u?j, v}}) is defined by

)

1), 0.5(v" 1—}—v;1 ;

using interpolation as | 0.5(u" , +u"
& p < ( i+l i-1j ij+1

as in Section 3.3.

3.5. Summary for the implementation

A brief summary of numerical procedures for crystal growth
simulation in a cavity flow is as follows: Given the fluid velocity
u", the phase-field function ¢", the temperature U", the crystal
location m}, and the crystal rotation 6, we proceed the following
steps:

Step (1) Update u"*! on £2r by Egs. (11) and (12).

Step (2) Update ¢"*! on £2, by Eqgs. (28)-(30).

Step (3) Update m™ ! and 671 of 2n0ving by Eqs. (34) and (35).

Step (4) Update U™+ on £2y by Eq. (36).

This completes the description of the process above by which
the quantities u™?, "1, U™ m™1 and 9"+ are updated.

The fictitious domain model [20] shares a similar idea using
the local and global domains to simulate the growth and con-
vection separately; however, there are differences in describing
other physical properties. The convection of the crystal is cal-
culated using the correct velocity of the global domain and the
momentum equations (or the NS equations) with a permeability
term are solved on the local domain in the fictitious domain model.
Whereas, we do not solve the NS equations, consider the advection
term in £2;, and do not implement a permeability term in our
model. Instead, the rigid body motion is enforced by calculating
the translation and rotation of 2meving and the permeability of
the crystal is treated by using a large viscosity ratio. Because of
mismatching detail parameters, it is not comparable to compare
our method with the results in [20] directly. We would rather
perform a numerical simulation in Section 4.2 to compare with the
analytical value of a terminal velocity for a particle sedimentation,
also suggested in [20].
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Fig. 7. Evolution of the solid under a rotational flow by (a) solving the classical
advection equation and (b) applying the proposed overset grid. The solid contour
represents the initial configuration, dashed zero-level contours are the configura-
tions at every 400 iterations, and arrows are the underlying velocity field.

Table 1

Errors of the numerical angles and the exact value with various mesh grids.
Mesh 1282 2562 5122
Error 2.983 x 1073 3.260 x 1074 6.000 x 1076

4. Numerical results

In this section, we present examples to numerically demon-
strate the efficiency of the proposed methods. The first example
compares the result by the proposed translation algorithm with the
result by solving the advection equation. Particle sedimentation is
computed in the second example to demonstrate the accuracy of
our treatment of solid motion. Next, we show temporal evolution
of the crystal growth in the two-dimensional cavity flow. We then
perform simulations to study the effect of the viscosity, Reynolds
number, and temperature.

4.1. Translation and rotation of a solid

We first compare the translation and rotation of a solid using
the advection equation

3¢ B
o Tu Ve =0 (37)

and the proposed algorithm using Egs. (7) and (10). For simplicity
of exposition, we only consider the translation and rotation with-
out solving the crystal growth equation (5). The underlying velocity
is a rotational flow (u, v) = (y/100, —x/100) in the domain £ =
(=50, 50) x (=50, 50), which gives the uniform angular velocity.
At the initial state, the square solid whose one side has a length of
12 is located at the center of a quadruply smaller domain £, =
(0, 50) x (0, 50) and the corresponding moving domain $2noying is
located at m? = (0, 25) in £2f. That is,

)1, if (x, y) € square solid,
¢(x,y,0) = {—1, otherwise.

Fig. 7(a) and (b) show the evolution of the solid under the
flow with At = 0.057 up to the final time T = 200w by
solving the classical advection equation and applying the proposed
overset grid, respectively. The solid contour represents the initial
configuration, dashed zero-level contours are the configurations
at every 400 iterations, and arrows are the underlying velocity
field. An upwind scheme is applied to solve the classical advection
equation. The overset grid method shows the rigid body motion of
the solid structure.

Because of the uniform angular velocity w = 0.01 from the un-
derlying velocity, the initial and final configurations should agree
with each other exactly, i.e., the angle is 2;r at the final time T. To

(b) t = 20m.

(c)t =120m.

Fig. 8. Temporal evolution of ¢ with the advection equation (37) and its zero
contour (solid line).
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Fig. 9. Evolution of average concentration of ¢ when solving the advection equation
until t = 2007.

show the convergence, we perform numerical tests with different
mesh sizes for the case as in Fig. 7(b). Table 1 lists the errors of
the numerical angles and the exact value at T. As the mesh is finer,
the angles from the numerical experiments converge to the exact
value.

Fig. 8 shows the temporal evolution of ¢ with the advection
equation (37) and its zero contour. By the numerical diffusion, the
zero contour line is shrinking even though its average concentra-
tion is preserved as shown in Fig. 9. We could, of course, obtain
better results by using other time integrating schemes and smaller
time step sizes; however, it is not easy to avoid the numerical
diffusion perfectly if the advection equation (37) is used.
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Fig. 10. Evolution of the velocity with the different grid numbers.

4.2. Particle sedimentation

To demonstrate the accuracy of our treatment of solid motion,
we simulate particle sedimentation and compare the results with
the analytical value in [35]. Here, the gravitational effect is made by
the Boussinesq approximation, which has been widely applied be-
cause of its practical simplicity [36-38]. The Navier-Stokes equa-
tion with a gravitational force in the Boussinesq approximation can
be written as

ou 1 1 T
—4u-Vu=——Vp+ —V-[5n¢)Vu+ vu')]
%

+p(¢>)p* P g

where ps is the solid density, pp, is the density of the ambient
fluid, p* = 0.5(ps + pm) P(@) = pm + 0.5(ps — pm)(1 + &),
and g = (0, —g) is the gravitational force. The parameters used
are as follows: £ = [0, 0.04] x [0, 0.12], At = 0.20mh?nm /s,
h = 0.04/Ny, ns = 20, n, = 0.5, p = 2000, p,, = 1000,
g = 9.8, and the radius of a solid r = 0.005. Under the condition,
the analytical terminal velocity is —0.07 [35].

Fig. 10 represents the evolution of the velocity with the differ-
ent grid numbers. The result shows that the terminal velocity con-
verges to the analytical value as N, becomes bigger. To supplement
the solid viscosity effect for a rigid-body motion, we will perform
the numerical comparison test for various viscosity ratios in the
later section.

4.3. Flow effect

We perform numerical experiments for the crystal growth in a
two-dimensional cavity flow. To observe the growth of the crystal
under the flows, we consider a sufficiently large domain £ =
[—300, 300] x [—300, 300] to define the fluid and temperature,
and we use 2. = [0, 300] x [0, 300] to define the phase-field
representing the crystal. In £2¢, the time step is restricted to At <
0.25Reh?n,/ns due to the explicit discretization for the diffusion
terminEq.(11).Incontrast,in £2., the operator splitting method for
solving Egs. (28)-(29) allows large time step, e.g., At < 5.5h [33].
Thus, we use At = min (0.2Reh*ny/n;, 5.5h), unless otherwise
specified. For the initial state, we take:

Ry — /52 2
¢(x,y,0) = tanh (ox—i—y) and

2
_Jo if¢>0
Ux,y,0) = {A otherwise.

The zero level set (¢ = 0) of the initial state represents a circle of
radius Ry = 6. From the definition of dimensionless variable U, the
value of zero corresponds to the melting temperature of the pure
material, while the value of A is the initial undercooling. We also

(d)t = 2563.

(c)t = 1709.

(e)t = 3418.

(f)t = 4272.

Fig. 11. Evolutions for the traces of crystal and the flow field.

use A = 3.1913 as in [33,39,40]. The initial center m? is located
at (0, 120) and the initial fluid flow is defined as the steady state
solution of the cavity flow Re = 1 to reduce the computational

time. For other parameters, we set as follows: h = 600/768,
€q = 005D = 2.0,A = —03,Re = 10,9, = 1, s = 25,
and T = 4272.

Fig. 11 shows the temporal evolution of the crystal growth in
the cavity flow. The snapshots with the contour of crystal and cor-
responding fluid vector field are drawn at the specific time. Now,
the crystal is not fixed but floats in a liquid, so that the crystal does
not grow symmetrically anymore. The flow and crystal affect each
other by the viscosity difference, and the crystal follows the fluid
flow. The heat distribution is also changed due to the interaction
of the flow and crystal, and it makes the non-symmetrical crystal
growth.

In addition, Fig. 12 displays the temporal evolutions of crystal
growth with and without the cavity flow to show the effect of the
flow. Same parameters ¢4 = 0.05,D = 2.0,and A = —0.3 are
used in a domain [0, 300] x [—150, 150] to simulate the crystal
growth without the flow. Small difference of growth is observed in
the early stage, however, in the case of with the flow, symmetry
in growing branches is getting broken and the crystal is growing
faster.
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Table 2
Center of mass (X, y.) and rotational angle (6. ) (degree) at the final time t = 4272.
s 1.5625 3.125 6.25 12.5 25 50 100
Xc 346.7044 346.3121 345.6238 344.5754 343.2638 341.9477 340.8277
Ve 412.2977 412.7974 413.5656 414.5939 415.7478 416.8293 417.7317
0, 155.1626 155.3965 155.5990 155.7082 155.7325 155.7314 155.7509

©

(b) without the flow.

(a) with the flow.

Fig. 12. Contours of crystal growth (a) with and (b) without the cavity flow. The
elapsed time for each contour is 427.2.

4.4. Viscosity effect

Here, we show the viscosity effect on a fluid flow. With fixed
nm = 1, aviscosity ratio is adjusted by n; and the other parameters
are the same as the ones in Section 4.3. Table 2 shows the center
of mass (x,y.) and the rotational angle (6.) at the final time
t = 4272.

The flow governed by the Navier-Stokes equation when Re = 0
is called the Stokes flow; however, the asymptotic behavior in
Stokes flow is fitted well for Re = 1, which is small enough to be
considered as a limit of the zero Reynolds number [41]. Similarly,
we can use a finite value of the viscosity ns to approximate the
effect of a solid. Table 2 shows that ns = 25 is reasonable in this
manner.

We also perform the simulations with higher Re = 50 and
100 and compare the effect on the evolution of the crystal growth.
Figs. 13(a), (b), and (c) show the interfaces of the crystal and
melt with Re = 10, 50, and 100 at the final time t = 4272,
respectively. In each magnified inscribed figure, the results with
various viscosity values are shown. The converged contours are
the results with n; = 100. The results show that the effect of 7;
becomes weaker as Re becomes larger.

4.5. Effect of crystal growth on fluid flow

To show how the crystal growth in £2. may affect the fluid
flow in £, we compare the cavity flow simulations with and
without the crystal. Here, the simulation parameters are the same
as those of the previous Section 4.3. We exclude §2. and its related
parameters for the simulation if there is no crystal.

Fig. 14 shows the overlapped streamlines for each simulation.
Here, the solid line is for the result with crystal, while the dotted
line is for the result without crystal. At the early stage of the
simulations, the streamlines are almost similar for both cases as
shown in Fig. 14(a) because the crystal is too small to affect the
fluid flow. However, we can easily notice the difference between
streamlines when the crystal grows large enough (see Fig. 14(b)).
Note that the crystal at t = 4272 can be checked in Fig. 11.

4.6. Reynolds number effect

Next, we check the Reynolds number effect for the crystal
growth in a cavity flow. The used parameters are same as previous

(a)Re = 10. (b) Re = 50.

(c) Re = 100.

Fig. 13. Contours of crystal growth with various »;s at the final time t = 4272.

(a)t=122.1.

(b) t = 4272.

Fig. 14. Overlapped streamlines; the solid line is for the result with crystal, while
the dotted line is for the result without crystal.

simulation in Section 4.3 except for Re and At. For comparison
of the Reynolds number effects, we set Re = 5 and Re = 100.
Since the time step restriction depends on Re, the corresponding
At is used as 0.02441 and 0.04883 for Re = 5 and Re = 100,
respectively.

Figs. 15(a) and (b) show migration with respect to time and
configurations of the crystals at the final time T, respectively.
A moving distance is little larger when Re = 100. Moreover, there
is a difference in the growth rates of the crystals with different
Re numbers. Generally, absorbing external heat would give rise
to growth of crystal. As shown in the figure, migration distance is
changed as Re is also changed and it implies that the crystal absorbs
more external heat when Re = 100 than Re = 5. This agrees well
with our result for growth of crystal.
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Fig. 15. (a) Migration distances with respect to time and (b) contours of the crystals at T.

Fig. 16. Evolution of the crystal growth under the flow fields with A = —0.2 (solid
line) and A = —0.4 (dotted line).

4.7. Temperature effect

The initial undercooling A is also one of the influential parame-
ter to determine the growth of the crystal. We perform simulations
to check the effect of A in the cavity flow. Fig. 16 shows configu-
rations of crystal with A = —0.2 and A = —0.4 until t = 2563.

(@) A =—0.2. (b) A = —0.4.

Fig. 17. Contours of crystal growth when (a) A = —0.2 and (b) A = —0.4. The
elapsed time for each contour is 427.2.

The other parameter settings and initial condition are same as the
simulation in 4.3.

Fig. 16 shows the traces of crystal growth under the flow vector
fields with A = —0.2 (solid line) and A = —0.4 (dotted line).
Here, the flow vector fields are drawn for better understanding
in convection of crystal. As seen in the figures, the crystals with
different A have apparently different morphology.

We also display the temporal evolutions of crystal growth when
A = —02and A = —0.4 in Fig. 17 to compare both cases
conveniently.

5. Discussion

To deal with the case of overgrowth of the crystal in the given
initial crystal domain, we increase the crystal domain when the
tip position of the crystal is close to the computational domain
boundary. We change £2. = (0, @) x (0, 8) with My x M, grid as
£2: = (0, 2a) x (0, 28) with 2M, x 2M,, grid and define

¢,?_MX/24,_My/2, ifMy/2 4+ 1<k <3M,/2
and M,/2 + 1 <[ < 3M,/2,
—1, otherwise.

no__
¢kl -

To valid our extension strategy, we consider a numerical simula-
tion with the same condition as in Fig. 11. Here, we extend the
crystal domain if the tip reaches to the boundary layer whose
width is 8h. At the initial stage, the crystal domain size is £2, =
[0, 37.5] x [0, 37.5] with 48 x 48 mesh grid.

Fig. 18 shows the evolutions for the traces of crystal and the
flow field. The solid box represents the size and the position of §2.
Until Fig. 18(c), the result has a good agreement with Fig. 11 which
is the result without the proposed extension algorithm. Figs. 18(c),
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(a) Initial state. (b) t = 1709.

(c)t = 4272. (d) t = 4700.

(e)t = 4785.

(f) t = 5554.

Fig. 18. Evolutions for the traces of crystal and the flow field. The solid box
represents the size and the position of £2,.

b

Fig. 19. Contours of crystal growth with (a) on the crystal domain smaller than
2. = [0, 300] x [0, 300] and (b) on the extended crystal domain 2. = [0, 600] x
[0, 600]. The elapsed time for each contour is 427.2.

(d),and (e) show the crystal growth after further extension of £2; in
Section 4.3. Moreover, Fig. 19 shows the contours of crystal growth
with (a) on the crystal domain smaller than £, = [0, 300] x
[0, 300] and on the extended crystal domains (b) £2. = [0, 600] x
[0, 600]. The elapsed time for each contour is 427.2.

In this paper, we only deal with the growth of a single crystal.
If the method is further extended to simulate multiple crystals
with growth competition, then a natural extensional model is

as follows:
ou 1 T
§+u-Vu= —Vp+@V-[n(x/f)(Vu+Vu I (38)
V-u=0, (39)
2 3C,’ 2
) T +u-Ve ) =V-(e7(ci)Va)
+ [ci — 0.5 — AUci(1 — ¢)lci(1 — ¢;)
de(c;
+ (chze(q) ( ‘))
8C,‘X X
d0€(c;
+ (|V5i|26(ci)g> ,
3C,'y y
fori=1,2,...,N, (40)
ou +u-VU =DAU + Al (41)
at o at’

where ¢; is the phase-field of ith dendrite that varies from unity in
the solid phase to zero in the liquid phase, N is the number of the
crystal components, { = Zf’z]cf, and n(y) = ns¥ + nm(1 — ¥).
We suggest that Eq. (40) is solved in an individual crystal domain
for each i and expect that growth competition is realized through
temperature distribution.

6. Conclusion

In this article, we proposed a phase-field model and its com-
putationally efficient numerical method for dendritic growth in
a two-dimensional cavity flow. In most of the previous studies,
the crystal is fixed in the space and the supercooled melt flows
around the crystal, which is hard to be realized in the real world
experimental setting. Applying advection to the crystal equation
is not simple because we have problems such as deformation
of crystal shape and ambiguity of the crystal orientation for the
anisotropy. To resolve these difficulties, we presented a phase-field
method by using a moving overset grid for the dendritic growth in
a cavity flow. Numerical results demonstrated that the proposed
method can predict the crystal growth under a flow. Furthermore,
we considered the possible strategies to deal with the multiple
crystals with growth competition and the single crystal growing
larger than the size of the crystal domain in the discussion section.
Note that the proposed method heavily relies on the assumption
that the solid particle can be well approximated by a very viscous
fluid. The solid particle (i.e., the very viscous drop) has two sets of
velocities, one is the velocity from fluid equations, and the other is
the rigid-body velocity obtained by averaging. In general, these two
velocities are different. Besides, as crystal grows, the solid extends
to the region which is previously occupied by melt. Therefore, as a
future research work, it will be studied to develop a more accurate
algorithm for the interaction between the fluid and crystal to the
proposed moving overset grid method. Another interesting future
research is the extension to three-dimensional space of the two-
dimensional methodology.
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