
lable at ScienceDirect

Current Applied Physics 14 (2014) 1263e1272
Contents lists avai
Current Applied Physics

journal homepage: www.elsevier .com/locate/cap
Numerical analysis of energy-minimizing wavelengths of equilibrium
states for diblock copolymers

Darae Jeong a, Jaemin Shin b, Yibao Li c, Yongho Choi a, Jae-Hun Jung d, Seunggyu Lee a,
Junseok Kim a, *

a Department of Mathematics, Korea University, Seoul 136-713, Republic of Korea
b Institute of Mathematical Sciences, Ewha W. University, Seoul 120-750, Republic of Korea
c Department of Computational Science and Engineering, Yonsei University, Seoul, 120-749, Republic of Korea
d Department of Mathematics, State University of New York at Buffalo, Buffalo, NY 14260-2900, United States
a r t i c l e i n f o

Article history:
Received 23 April 2014
Received in revised form
13 June 2014
Accepted 17 June 2014
Available online 8 July 2014

Keywords:
Nonlocal CahneHilliard equation
Lamellar phase
Wavelength
Phase separation
Diblock copolymer
* Corresponding author. Tel.: þ82 2 3290 3077; fax
E-mail address: cfdkim@korea.ac.kr (J. Kim).
URL: http://math.korea.ac.kr/%4ecfdkim

http://dx.doi.org/10.1016/j.cap.2014.06.016
1567-1739/© 2014 Elsevier B.V. All rights reserved.
a b s t r a c t

We present a robust and accurate numerical algorithm for calculating energy-minimizing wavelengths of
equilibrium states for diblock copolymers. The phase-field model for diblock copolymers is based on the
nonlocal CahneHilliard equation. The model consists of local and nonlocal terms associated with short-
and long-range interactions, respectively. To solve the phase-field model efficiently and accurately, we
use a linearly stabilized splitting-type scheme with a semi-implicit Fourier spectral method. To find
energy-minimizing wavelengths of equilibrium states, we take two approaches. One is to obtain an
equilibrium state from a long time simulation of the time-dependent partial differential equation with
varying periodicity and choosing the energy-minimizing wavelength. The other is to directly solve the
ordinary differential equation for the steady state. The results from these two methods are identical,
which confirms the accuracy of the proposed algorithm. We also propose a simple and powerful formula:
h ¼ L*/m, where h is the space grid size, L* is the energy-minimizing wavelength, and m is the number of
the numerical grid steps in one period of a wave. Two- and three-dimensional numerical results are
presented validating the usefulness of the formula without trial and error or ad hoc processes.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction

A diblock copolymer is a polymer consisting of a block of one
type of monomer, A, joined chemically to a block of another type of
monomer, B [1]. Below a critical temperature, the two sequences
are incompatible and the copolymer melt undergoes phase sepa-
ration [2]. This occurs on the mesoscopic scale and the observed
mesoscopic domains show periodic structures including lamellae,
spheres, cylinders, and gyroids [3]. These phase separations have
been observed experimentally [4e16], studied mathematically
[3,17e26], and simulated numerically [27e39]. For the mathe-
matical approach to phase separation, dynamic mean field theory,
based on the self-consistent field theory [40,41], has been widely
studied. In this work, we use the density functional theory pro-
posed by Ohta and Kawasaki [24]. This is dependent on the
monomer density [42], which is the minimization of a nonlocal
: þ82 2 929 8562.
CahneHilliard (CH) free energy defined by an order parameter.
Here, a diblock copolymer is described by the order parameter f,
which represents the relative local density difference between two
monomers constituting the copolymer. The standard CH free en-
ergy, generally used for the modeling of phase separation [43], is
supplemented with a nonlocal term [44].

Numerical experiments are useful to predict self-assembly
structures of the diblock copolymer, containing lamellae, spheres,
and cylindrical tubes. However, because of the non-convexity of the
OhtaeKawasaki functional, the numerical results can draw the
metastable state and local minimizer. We would like to refer [45]
for the study on assessing the lowest energy state and escaping
from certain metastable states by using a spectral weighting.
Although there have been a number of numerical studies on diblock
copolymer phase separation, there has been little investigation of
the accurate calculation of the energy-minimizing wavelengths of
equilibrium states. Therefore, the main purpose of this paper is to
develop a robust and accurate numerical algorithm for calculating
the energy-minimizing wavelengths of equilibrium states in
diblock copolymers. We also propose a simple and powerful
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formula for the space grid size. This controllability of the space step
size is essential in the computational simulations for the physical
experiments.

This paper is organized as follows. In Section 2, we briefly
describe a phase field model of diblock copolymer. In Section 3, we
present a linearly stabilized splitting-type scheme with a semi-
implicit Fourier spectral method to solve the phase-field model
efficiently and accurately. In Section 4, we perform a series of nu-
merical experiments. Finally, our conclusion and discussion are
given in Section 5.
2. Mathematical model

We consider a diblock copolymer consisting of two homopoly-
mer blocks A and B. The governing equation is the OhtaeKawasaki
model [24]. Let the order parameter f(x) ¼ rA(x) � rB(x) be defined
as the difference between the local volume fractions of A and B at
the point x. The governing equation is the following partial differ-
ential equation (PDE),

vfðx; tÞ
vt

¼ D
�
F 0ðfðx; tÞÞ � ε

2Dfðx; tÞ
�
� a

�
fðx; tÞ � f

�
; (1)

where x2U3Rd (d¼ 1,2,3) is the domain, F(f) ¼ 0.25(f2�1)2 is the
Helmholtz free energy, ε is the gradient energy coefficient, a is
inversely proportional to the square of the total chain length of the
copolymer [46], and f ¼ RUfðx;0Þdx=RUdx is the total mass. We
now briefly review the derivation of Eq. (1). The free energy func-
tional is represented as the sum of two parts as εtotal ¼ εshort þ εlong.
First, εshort(f) denotes the short-range part of the free energy
functional,

3shortðfÞ :¼
Z
U

�
FðfÞ þ ε

2

2
jVfj2

�
dx:

Second, εlong(f) denotes the long-range part of the free energy
functional,

3longðfÞ :¼
a

2

Z
U

Z
U

Gðx � yÞ�fðxÞ � f
��
fðyÞ � f

�
dydx;

where G is the Green's function having the following property:
DG(x�y) ¼ �d(x�y). Here, periodic boundary conditions are
assumed and d is Dirac delta function. By taking a variational de-
rivative and letting f ¼ F0, we have,

d 3shortðfÞ
df

¼ f ðfÞ � ε
2Df; (2)

d 3longðfÞ
df

¼ a

Z
U

Gðx � yÞ�fðyÞ � f
�
dy: (3)

Next, we deduce Eq. (1) by substituting Eqs. (2) and (3) into the
evolution equation.

ft ¼ D

�
d 3shortðfÞ

df
þ d 3longðfÞ

df

�
¼ D

�
f ðfÞ � ε

2Df
�
� a

�
f� f

�
:

Note that if j satisfies �Dj ¼ f� f with the periodic boundary
condition [3], then we can represent εlong(f) as,
3longðfÞ ¼
a
Z

DxjðxÞ
�Z

DyGðx � yÞjðyÞdy
	

2
U U

dx ¼ a

2

Z
U

jVjðxÞj2dx:

Therefore, an alternative form of the total system energy is given
as,

3totalðfÞ ¼
Z
U

�
FðfÞ þ ε

2

2
jVfj2

�
dx þ a

2

Z
U

jVjj2dx;

which we will use for the numerical evaluation of the total energy.
Differentiate the energy εtotal and the total mass

R
Ufdxwith respect

to time, and using the periodic boundary condition, we have,

d
dt

3totalðtÞ ¼ �
Z
U

jVðmþ ajÞj2dx � 0 and
d
dt

Z
U

fdx ¼ 0;

where m¼ f(f)� ε
2Df. Therefore, the total energy is non-increasing

and the total mass is conserved in time.
3. Numerical solution

In this section, we present a fully discrete scheme for the
following one-dimensional nonlocal CH equation with the periodic
boundary condition on U ¼ (0,L):

vfðx; tÞ
vt

¼ v2f ðfðx; tÞÞ
vx2

� ε
2v

4fðx; tÞ
vx4

� a
�
fðx; tÞ � f

�
: (4)

We use the equidistant grid xm ¼ (m � 1)h form ¼ 1,…,Mwhere
M is an even number and h ¼ L/M. Let fn

m be an approximation of
f(xm,nDt), where Dt is the temporal step size. We define the grid
function fn ¼ (f1

n,…,fM
n ) as a vector of grid point values. In partic-

ular, we denote the constant vector as 1 ¼ (1,…,1). The discrete
Fourier transform and its inverse transform are defined by,

bfn
p ¼

XM
m¼1

fn
me

�ixmxp ; (5)

fn
m ¼ 1

M

XM=2

p¼1�M=2

bfn
pe

ixmxp ; (6)

where xp ¼ 2p(p�1)/L. The second- and fourth-order partial de-
rivatives are,

v2f

vx2
¼ � 1

M

XM=2

p¼1�M=2

x2p
bfn
pe

ixxp ;
v4f

vx4
¼ 1

M

XM=2

p¼1�M=2

x4p
bfn
pe

ixxp :

To solve Eq. (4), we use the linearly stabilized splitting-type
scheme [47] with a semi-implicit Fourier spectral method
[33,48e50]. The linear terms are treated implicitly and the
nonlinear term is treated explicitly,

fnþ1
m � fn

m
Dt

¼ 2
v2fnþ1

m

vx2
� ε

2v
4fnþ1

m

vx4
þ v2gnm

vx2
� a

�
fnþ1
m � f

�
; (7)

where gnm ¼ f ðfn
mÞ � 2fn

m and f ¼PM
m¼1f

0
m=M. If a ¼ 0, then Eq. (7)

becomes the linear stabilized scheme for the CH equation [47]. For
the higher temporal order spectral scheme of the nonlocal CH



Fig. 1. (a) Maximum error of the numerical solution, measured at t ¼ 10�2. (b) Pointwise approximation error for increasing resolution.

Fig. 2. Temporal evolutions of (a) the normalized discrete total energy 3htotalðtÞ= 3htotalð0Þ
and (b) the total mass

PM
m¼1f

n
m=M.
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equation, please refer to [51]. Using Eq. (6), Eq. (7) can be trans-
formed into the discrete Fourier space as follows:

bfnþ1
p ¼

bfn
p � Dtx2pbgnp þ aDtfb1p

1þ aDt þ 2Dtx2p þ ε
2Dtx4p

: (8)

After updating bfnþ1
p with bfn

p , we recover fnþ1
m from bfnþ1

p by the
inverse discrete Fourier transform, Eq. (6). To satisfy the mass

conservation property, we should have
PM

m¼1f
nþ1
m ¼PM

m¼1f
n
m. By

using Eq. (5), we only need to prove bfnþ1
1 ¼ bfn

1. From Eq. (8), we getbf1
1 ¼ ðbf0

1 þ aDtMfÞ=ð1þ aDtÞ ¼ ðbf0
1 þ aDtbf0

1Þ=ð1þ aDtÞ ¼ bf0
1.

Here, we have used the definitions of f and Fourier transform. Ifbfn
1 ¼ bf0

1, we have bfnþ1
1 ¼ ðbfn

1 þ aDtMfÞ=ð1þ aDtÞ ¼ ðbf0
1þ

aDtbf0
1Þ=ð1þ aDtÞ ¼ bf0

1. Therefore, we can get bfn
1 ¼ bf0

1 for all n.
Thus, our proposed scheme inherits the mass conservation. Let the

Fourier interpolation of fn be IMfnðxÞ ¼ 1
M
PM=2

p¼1�M=2
bfn
pe

ixxp : We

define the discrete energy as 3htotalðfnÞ ¼ 3hshortðfnÞ þ 3hlongðfnÞ,
where,

3
h
shortðfnÞ ¼ h

XM
m¼1

"
F
�
fn
m
�þ ε

2

2

�
d
dx

IMfnðxmÞ
�2
#
;

3
h
longðfnÞ ¼ h

XM
m¼1

a

2

�
d
dx

IMjnðxmÞ
�2

:

Here, we use the Fourier spectral method to solve the Poisson

equation �v2jn
m

vx2 ¼ fn
m � f. Note that we set bjn

1 ¼ 0 to guarantee a
unique solution. We also perform the numerical simulation for the
nonlocal CH equation on two- and three-dimensional domains
U ¼ (0,L)d, d ¼ 2,3, using a multigrid method for the CH equation
[52,53].

4. Numerical experiments

In this section, we describe a series of numerical experiments.
We perform a convergence test and a linear stability analysis,
calculate the discrete total energy dissipation and distribution at
equilibrium states, compute the optimal wavelength with the
minimum discrete total energy, study the effect of a, ε, and f, and
compare the PDE solver with an ordinary differential equation
(ODE) solver. We implement two- and three-dimensional numer-
ical experiments using the new formula for an optimal grid spacing.
Throughout the experiments, unless otherwise specified, we use
ε ¼ 1=ð20

ffiffiffi
2

p
Þ, a ¼ 100, h ¼ 0.00125, and Dt ¼ 0.0625.
4.1. Numerical convergence test

We examine the convergence of our proposed scheme. The
initial state is f(x,0) ¼ 0.1cos(4px) in U ¼ (0,1). To calculate the
accuracy of the proposed method, the numerical solutions fn are
computed on the grids M ¼ 2s for s ¼ 3,4,…,7. For each case, the
calculation is run until T ¼ 10�2 with the time step Dt ¼ 10�6 and
ε¼ 0.05.We define the error of a grid to be themaximumpointwise
error, given by L∞ ¼ max

��IM~f� IMfn
��. We define ~f as the reference

solution, which is the numerical solution usingM ¼ 210 grid points.
Fig. 1(a and b) show the maximum errors and pointwise error of
approximation for increasing resolution, respectively. As can be
seen, the convergence of the results under mesh refinements is
evident.

4.2. Discrete total energy dissipation

Fig. 2 illustrates the temporal evolutions of the normalized
discrete total energy 3htotalðtÞ= 3htotalð0Þ and the total mass until T¼ 20
with M ¼ 800. The initial condition is f(x,0) ¼ 0.1r and(x) with the
zero average f ¼ 0 in U ¼ (0,1), where rand(x) is a random value
between �1 and 1. Fig. 2(a) shows that the discrete total energy



Fig. 3. Growth rate given by linear stability theory and numerical solution as a func-
tion of k with a ¼ 0 and a ¼ 100.

Table 1
Optimal length L* with varying h and fixed Dt ¼ 0.1.

h L*

0.010000 0.375111392605260
0.005000 0.374721801635760
0.002500 0.374711672256741
0.001250 0.374687609705082
0.000625 0.374681591974566

Table 2
Optimal length L* with varying Dt and fixed h ¼ 0.00125.

Dt L*

1.0000 0.374687609705025
0.5000 0.374687609705055
0.2500 0.374687609705065
0.1250 0.374687609705054
0.0625 0.374687609705047
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decreases and dots are associated with profiles in the inserted
chart. Fig. 2(b) confirms that the total mass is preserved.

4.3. Linear stability analysis

We examine the linear stability of the trivial stationary solution
f ¼ f on the one-dimensional space. Under a linear stability anal-
ysis [2,44,54], the solution of Eq. (1) is assumed to have the form,

fðx; tÞ ¼ fþ
X
k¼1

∞
bkðtÞcosðkxÞ; (9)

where jbkðtÞj≪1. Substituting Eq. (9) into Eq. (1), we have,

dbk
dt

¼ �k2
h
3f2 � 1þ ε

2k2
i
bk þ abk; (10)

up to first order. The solution of Eq. (10) is bk(t) ¼ bk(0)exp(hkt),

where hk ¼ �k2½3f2 � 1þ ε
2k2� � a is the growth rate. Therefore,

we have the maximal growth rate if we take the wavenumber as

kmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3f2

q
=ð

ffiffiffi
2

p
εÞ. Note that this is independent of the value

of a. Next, the theoretical growth rate hk is compared to the nu-
merical growth rate given by our proposed scheme for different
values of k and a. The numerical growth rate is defined by
~hk ¼ logð max

1�m�M

��fn
m

��= max
1�m�M

��f0
m

��Þ=T: For the numerical test, we

take the initial condition f(x,0) ¼ 0.01cos(kx) on U ¼ (0,2p). With
Fig. 4. Domain-size-scaled discrete total energy 3htotal=L as a function of L.
Dt ¼ 10�6, the numerical simulations are run up to T ¼ nDt ¼ 10�4.
Fig. 3 suggests that the theoretical values from the linear analysis
(solid (a ¼ 0) and dashed (a ¼ 100) lines) and the numerical re-
sults (circle (a ¼ 0) and triangle (a ¼ 100) symbols) are in good
agreement. Moreover, the numerical result shows that the growth
rate is maximum at k ¼ 20, which is consistent with the theo-
retical result.
4.4. Discrete total energy at equilibrium states

We define the numerical solution to be in the steady state, when
the consecutive error is less than a given tolerance, tol,
max

1�m�M

��fnþ1
m � fn

m

��=Dt < tol: From now on, we will use tol ¼ 10�12.
We calculate the domain-size-scaled discrete total energy 3htotal=L
with an equilibrium solution in (0,L). The numerical result in Fig. 4
shows 3htotal=L as a function of L. The initial condition is taken as
f(x,0) ¼ 0.1 rand (x) and shown in the jagged lines. The inscribed
figures correspond to equilibrium state profiles at the indicated
domain sizes. We can observe that the domain-size-scaled discrete
total energy is minimized when Lz 0.38 (one wave) and 0.76 (two
waves). This doubling length is due to the periodic boundary
condition.
4.5. Optimal length L* having minimum discrete total energy
3htotal=L

�

We describe an algorithm for finding the total energy-
minimizing wavelength. We define the optimal length L* as the
Fig. 5. Local minimum of 3htotal=L regardless of the initial wavenumbers.



Fig. 6. (a) Optimal length L* as a function of the value of a. (b) Equilibrium states with varying a. (c) Comparison between linear stability theory and numerical simulation results.
(d) Various equilibrium states with a ¼ 50 and L ¼ 5L*.
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smallest length having the global minimum of scaled discrete total
energy. To calculate L*, we solve Eq. (7) until it reaches a numerical
equilibrium state with given values of h, Dt, ε, and a. The initial
condition is f(x,0) ¼ 0.01cos(2px/L) in U ¼ (0,L), where L starts at
2 h and increases in steps of 2 h. LetM be the smallest even integer
such that 3htotal=ðMhÞ is minimized in U ¼ (0,Mh). Construct the
quadratic polynomial passing the three points ððM � 2Þh; 3htotal=

ððM � 2ÞhÞÞ, ðMh; 3htotal=ðMhÞÞ, and ððM þ 2Þh; 3htotal= ððM þ 2ÞhÞÞ,
then define the optimal length L* as the critical point of the
polynomial.

Table 1 shows the optimal length L* for varying h with Dt ¼ 0.1.
The result indicates that the solution with h ¼ 0.00125 is
Fig. 7. (a) Optimal length L* against ε. (b) Profiles of f at
sufficiently accurate. We also tested the effect of the time step Dt on
the optimal length L* (see Table 2). We will use h ¼ 0.00125 and
Dt ¼ 0.0625 in the subsequent sections.

4.6. Initial wavenumber-independent local minimum of 3htotal=L

We show that the domain-size-scaled discrete total energy
3htotal=L has the same energy-minimizing wavelength which is in-
dependent on the initial wavenumbers. For this numerical simu-
lation, we use the two different initial conditions as
f(x,0) ¼ 0.5cos(2px/L) and f(x,0) ¼ 0.5cos(4px/L) in (0,L). Fig. 5
shows 3htotal=L as a function of L with two different initial
the equilibrium state when ε ¼ 0.02,0.03, and 0.04.



Fig. 8. (a) Effect of f on the optimal length L*. (b) Steady state phase-field profiles for different f.

Fig. 9. Steady state solutions from PDE and ODE with two different initial
configurations.
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wavenumbers which are indicated by the star line (2p/L wave-
number) and circled line (4p/Lwavenumber). In Fig. 5, the domain-
size-scaled discrete total energy is minimized at the same wave-
lengths L z 0.37 and 0.75 regardless of the initial wavenumbers.
The shaded areas containing L ¼ 0.37 and L ¼ 0.75 represent one
and two period of waves, respectively.

4.7. Effect of a on L*

Fig. 6(a) shows the optimal length L* as a function of the value of
the long-range interaction parameter a. Here, we use the initial
condition f(x,0) ¼ 0.01cos(2px/L). The energy-minimizing wave-
length becomes shorter as a increases. Fig. 6(b) shows equilibrium
profiles with a ¼ 10,50, and 150. It also shows that the wave
amplitude decreases as a increase. In Fig. 6(c), the shaded region is
the positive growth phase plane of a and wavenumber k. The
dashed line is the maximum growth wavenumber of the linear
stability analysis, and the thick solid line is the numerical simula-
tion result, 2p/L*, with varying a. As a approaches 200, 2p/L* con-
verges to 20. Fig. 6(d) represents three cases of different
equilibrium states with different random initial conditions. Here,
a ¼ 50, L ¼ 5L*, and h ¼ 0.00125 are used. When L ¼ 5L*, we expect
the energy minimizing steady solution is a five-periodic wave.
However, as shown in Fig. 6(d), the steady state solutions are four-,
five-, or six-periodic waves. These phenomena can be explained
from Fig. 6(c). There are many growing modes other than the en-
ergy minimizing mode. This implies that we could have different
equilibrium solutions form different initial conditions.

4.8. Effect of ε on L*

Fig. 7(a) shows the optimal length L* as a function of the value of
ε. Here, we use the initial condition f(x,0)¼ 0.01cos(2px/L). We can
observe that the energy minimizing wavelength L* also increases as
ε increases. Fig. 7(b) shows profiles of f at equilibrium state when
ε ¼ 0.02, 0.03, and 0.04. We also observe that the amplitude of the
phase-field is smaller as ε increases.

4.9. Effect of f on L*

Fig. 8(a) illustrates the effect of f on the optimal length L*. Here,
we use the initial condition fðx;0Þ ¼ 0:01 cosð2px=LÞ þ f. As
shown in Fig. 8(a), the values of L* increase from f ¼ 0 to f ¼ 0:26,
and then decrease when the total mass f is larger than 0.26.
Fig. 8(b) shows the steady state phase-field profiles for different f.
4.10. Comparison of results from PDE and ODE

We compare the steady state solutions given by two methods to
show that the results are reliable. The first method solves the
steady state equation of Eq. (1) using a MATLAB (ver. 7.14, R2012b,
The Mathworks, Inc., MA) solver bvp5c [55e57]. The equilibrium
solution for Eq. (1) should satisfy,�
f3 � f� ε

2fxx

�
xx

� af ¼ 0; x2ð0; LÞ;

which is subject to the periodic boundary conditions,

fð0Þ¼fðLÞ¼0; fxð0Þ¼fxðLÞ; fxxð0Þ¼fxxðLÞ; fxxxð0Þ¼fxxxðLÞ:

The secondmethod is to evolve Eq. (1) until it reaches the steady
state. Fig. 9 shows the steady state solutions for different initial
conditions. The initial states are 0.5sin(2px/L) and 0.9sin(2px/L),
where L ¼ 0.38. For the evolution, we use M ¼ 64. The solid line is
the solution obtained by the ODE solver, and the circles are those
given by the Fourier spectral method. From this result, we can
confirm that the steady solution from the PDE does not become
stuck in a metastable state that has a larger total energy than the
global minimizers.

We have an equilibrium solution fðxÞ ¼ tanh½x=ð
ffiffiffi
2

p
εÞ� on the

infinite domain when a ¼ 0. Therefore, f varies from �0.9 to 0.9
over a distance of about 2

ffiffiffi
2

p
ε tanh�1ð0:9Þ. If ε ¼ hm=2

ffiffiffi
2

p
tanh�1

ð0:9Þ, then we have approximately m grid points across the



Fig. 10. (a) and (b) are linear fittings of log(L*) versus the values of log(a) and log(ε), respectively.
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interfacial transition layer [58]. However, there is no non-trivial
closed-form solution of the nonlocal CH equation (a s 0). We
propose the following simple and powerful formula: if we want to
have m numerical grid steps in one period of a wave, we define
h ¼ L*/m, where L* is the energy minimizing optimal length. This
controllability of the numerical grid steps is very important in the
computational simulations for the physical experiments. For
example, if h is too large, it is difficult to get sufficiently resolved
numerical results. On the other hand, if h is too small, large scale
computations are extremely costly for higher-dimensional (2D or
3D) simulations. Therefore, the proposed formula for the choice of
the spatial step size h will be useful to do accurate and efficient
numerical simulations without trial and error or ad hoc processes.
4.11. Scaling law for L* in terms of a and ε

In this section, we numerically investigate the scaling law for L*

in terms of a and ε. In Ref. [44], the authors presented a formula for
L* with f ¼ 0 as,
Fig. 11. Lamellar pattern with (a) h ¼ 0.375/10, (b) h ¼ 0.375/20, and (c) h ¼ 0.375/40. Dt ¼ 0
second rows represent the numerical results at t ¼ 5 and t ¼ 1000, respectively.
L� ¼
 
64

ffiffiffi
2

p
ε

a

!1=3

þ O
�
ε
2=3
�
:

First, we fix the value of ε as 1=ð20
ffiffiffi
2

p
Þ and change a from 0 to

200. As shown in Fig. 10(a), we find the following linear fitting:
log(L*) ¼ �0.3017log(a) þ 0.3983, which is close to the theoretical
prediction. Next, we fix a ¼ 100 and change the value of ε from
0.001 to 0.0106. Fig. 10(b) shows the numerical result with the
linear fitting: log(L*) ¼ 0.3506log(ε)� 1.2793. Here, we have a good
agreement with the theoretical scaling factor, 1/3.
4.12. Two-dimensional experiment

To validate the proposed formula h ¼ L*/m, we perform the
simulation of phase separation on the two-dimensional domain
U ¼ (0,L)2. Fig. 11(a)e(c) show the lamellar pattern with different
spatial step sizes h¼ 0.375/10, 0.375/20, and 0.375/40, respectively.
For this numerical test, we use Dt ¼ 0.1, a ¼ 100, ε ¼ 1=ð20

ffiffiffi
2

p
Þ,
.1, a ¼ 100, ε ¼ 1=ð20
ffiffiffi
2

p
Þ, 512 � 512 mesh grid, L ¼ 512 h, and f ¼ 0 are used. First and



Fig. 12. Hexagonal pattern with (a) h ¼ 0.31/10, (b) h ¼ 0.31/20, and (c) h ¼ 0.31/40. Parameters are used as Dt ¼ 0.1, a ¼ 100, ε ¼ 1=ð30
ffiffiffi
2

p
Þ, 512 � 512 mesh grid, L ¼ 512 h, and

f ¼ �0:3. First and second rows represent the numerical results at t ¼ 5 and t ¼ 1000, respectively.
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512 � 512 mesh grid, and L ¼ 512 h with an initial condition
f(x,y,0) ¼ 0.15 rand(x,y). In Fig. 11, first and second rows represent
the numerical results at t ¼ 5 and t ¼ 1000, respectively. By the
proposed formula h ¼ L*/m, we can expect approximately 512/m
waves along the one-axis. As can be seen in the second row of
Fig. 11(a)e(c), have approximately 50, 25, 12 periodic waves along
the one-axis, respectively.
Fig. 13. Lamellar pattern with (a) h ¼ 0.375/10, (b) h ¼ 0.375/20, and (c) h ¼ 0.375/40. Para
f ¼ 0. First and second rows represent the numerical results at t ¼ 5 and t ¼ 1000, respec
Now, we consider the hexagonal pattern with different spatial
step sizes. For the numerical test, we use ε ¼ 1=ð30

ffiffiffi
2

p
Þ, a ¼ 100,

512 � 512 mesh grid, and L ¼ 512 h. The initial condition is set as
f(x,y,0) ¼ �0.3þ0.15 rand (x,y). Fig. 12(a)e(c) represent the tem-
poral evolutionwith h ¼ 0.31/10, 0.31/20, and 0.31/40, respectively.
In Fig. 12(a)e(c), results at t ¼ 1000 have approximately 50, 25, 12
periodic waves along the one-axis, respectively.
meters are Dt ¼ 0.1, a ¼ 100, ε ¼ 1=ð20
ffiffiffi
2

p
Þ, 128 � 128 � 128 mesh grid, L ¼ 128 h, and

tively.



Fig. 14. Spherical pattern with (a) h ¼ 0.258/10, (b) h ¼ 0.258/20, and (c) h ¼ 0.258/40. Parameters are Dt ¼ 0.1, a ¼ 200, ε ¼ 1=ð30
ffiffiffi
2

p
Þ, 128 � 128 � 128 mesh grid, and f ¼ �0:3.

First and second rows represent the numerical results at t ¼ 5 and t ¼ 1000, respectively.
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4.13. Three-dimensional experiment

In this section, we perform the simulation of phase separation
on the three-dimensional domain U ¼ (0,L)3. We simulate lamellar
pattern with different spatial step sizes h ¼ 0.375/m, where
m ¼ 10,20, and 40. Parameters are Dt ¼ 0.1, a ¼ 100, ε ¼ 1=ð20

ffiffiffi
2

p
Þ,

and L ¼ 128 h. And the initial condition is f(x,y,z,0) ¼ 0.15 rand(-
x,y,z) on 128 � 128 � 128 mesh grid. We observe that (a), (b), and
(c) in the second row of Fig. 13 have approximately 12, 6, and 3
periodic waves along the one-axis, respectively.

Fig. 14(a)e(c) show the spherical patterns with h ¼ 0.258/m,
m ¼ 10, 20, and 40, respectively. Here, we use a ¼ 200,
ε ¼ 1=ð30

ffiffiffi
2

p
Þ, and f ¼ �0:3. In the second row of Fig. 14, we see

that (a), (b), and (c) have approximately 12, 6, and 3 periodic waves
along the one-axis, respectively.

5. Conclusions

We proposed a robust and accurate numerical algorithm for
calculating the energy-minimizing wavelengths of equilibrium
states in diblock copolymers. The mathematical model for diblock
copolymers is the nonlocal CahneHilliard equation, which consists
of local and nonlocal terms associated with short- and long-range
interactions, respectively. We used the linearly stabilized
splitting-type schemewith a semi-implicit Fourier spectral method
to solve the governing equation. To find energy-minimizing
wavelengths of the equilibrium states, we considered both PDE
and ODE approaches. The results from these methods were iden-
tical, which confirms the accuracy of the proposed algorithm. The
numerical results indicate that (1) the wavelength becomes shorter
as the value of the long-range interaction parameter increases; (2)
the wavelength increases with the interfacial energy coefficient
value; (3) the most unstable wavelength given by the linear sta-
bility analysis is different from the energy-minimizing wavelength
as shown in Fig. 6(c); (4) numerical equilibrium states can have
non-energy minimizing wavelengths (Fig. 6(d)). We also proposed
a simple and powerful formula: h¼ L*/m, which is very useful in the
computational simulations for the physical experiments. For
example, it could be used in setting an initial domain size for the
algorithm of simulated annealing in order to escape from certain
metastable states [45]. Two- and three-dimensional numerical re-
sults were presented validating the usefulness of the formula
without trial and error or ad hoc processes.
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