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1. Introduction

The Landau—Lifshitz (LL) equation [1] which describes the
evolution of the magnetization in a ferromagnetic material [2,3]
plays an important role in understanding the mechanisms of
magnetization [1,4].

In one-dimensional case, many authors have studied the soliton
solution, the interaction of solitary waves, and other properties of
the solitary waves [5—7]. Also, the high-dimensional dynamics
have been researched in Refs. [8—11].

In this paper, we consider a new robust and accurate numerical
method for the Landau—Lifshitz equation with a damping term:

w = —m(X,t) x Am(x,t) — um(x,t) x [m(X,t) x Am(x,t)],

(1)

where m(x,t) = (u(x,t), v(x,t), w(x,t)) is a magnetization vector field
forx e Qand 0 < t < T. Here, u > 0 is the damping parameter and
Q c RY(d = 1,2,3) is a domain.
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In this paper, we consider the simplified LL equation which is
not magnetostatic, anistotropy, and Zeeman field. However,
we note that this simplification does not limit the proposed
analysis.

Here, we review briefly the properties of the Landau—Lifshitz
equation:

e LetE(m(t)) : = [|vm(X, t)|2dx be an energy. Here, if X = (x, y, z),
Q
then [vm(x, t)| is defined as

2 2 2
om(x, t om(Xx, t om(x,t
Vm(x7 t) — ( K ) + ( ) ) + ( ) ) R
ox ay oz
where 2M(X0 _ X0y WX MWDk and so on. To represent it

as the other form of energy E(m(t)), we take a derivative om/ot as

OE(m(t)) om 0°m om 9°m
ot _/ 2% atox 2

om 9*m
0z otoz
Q

9y otdy

Integration by parts using the zero Neumann or periodic
boundary conditions gives
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Q
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-2 / Am-mdx = 2 /Am-(m x Am+ um x [m x Am))dx = 2 / Am-(um x [m x Am])dx
Q Q Q

=2 /(,um x [m x Am])-Amdx = 2u /(Am xm)-(m x Am)dx = —2u /(m x Am)-(m x Am)dx = —2u /|m x Am[*dx.

Q

By integration, we obtain the following energy equation

‘o X
E(m(t)) = E(m(0)) — 2u / / ‘m(x.,s) x Am(x,s)| dxds  (2)
0 Q

for any t > 0. Equation (2) implies that this problem has energy
dissipation property for the case u > 0 and energy conservation
property for the case u = 0.

e Equation (1) has length-preserving property, i.e.,
m(x,t)| = jm(x,0)| for any t > 0. To show this, we do scalar
multiplication of Equation (1) with m,

aa—l?-m = —(mxAm) m—pumx (mxm)-m = 0.

Then, a‘mf/at = 0, which implies |m(x, t)| is constant for all ¢
and each x, that is, jm(x,t)| = |m(x,0)|. And we assume that
m(x,0)| = 1. For a more detailed discussion of the model, see
survey articles [12—18].

Numerical method has become an important tool in the study of
dynamics of ferromagnetic materials [19—22].

Since explicit methods cause severe time step restriction for
stability [23], several methods such as the semi-analytical schemes
[23,24] and the high order Runge—Kutta algorithms [25] have been
proposed to improve their efficiency. A geometric integration
technique based on Cayley transform is applied to the time dis-
cretization of the LLG equation [26].

Through the finite element procedure [27—29], numerical so-
lutions are obtained by the extrapolation formula leading to semi-
implicit [27,29]. Otherwise, iterative techniques, as fixed-point [30]
and quasi-Newton algorithms [31], are needed.

The midpoint rule time discretization technique was applied to
Landau—Lifshitz—Gilbert equation [31]. The Gauss—Seidel projec-
tion method (GSPM) was introduced by Wang et al. [32] and the
improved GSPM was presented by Garcia—Cervera and Weinan
[33]. A successive over relaxation method was presented for the
LLG [34].

Jeong and Kim [35] suggested a Crank—Nicolson scheme which
is accurate, however, it uses an updated source term and repeatedly
performed iterations until the numerical solution converges. In this
paper, we propose a new robust fast accurate numerical method for
computations of the LL equation. The proposed method does not
need an updated source term and therefore it is fast. We also
perform three-dimensional space experiments.

The contents of this paper are as follows. In Section 2, we
describe the discrete semi-implicit finite difference scheme of the
Landau—Lifshitz equation. Numerical experiments such as a
second-order convergence test and an energy conservation

Q Q

property of the proposed scheme are given in Section 3. In Section
5, conclusions are drawn.

2. Numerical solution

For simplicity of exposition, we shall first discretize the LL
equation in one dimensional domain Q = (0,1) with a uniform grid
with the number of grid points Ny, a space step h = 1/Ny, and a time
step At = T/N. Let us denote the numerical approximation of the
solution by

u((i—0.5)h,nAt) \ T

m} = m(x;,t") = (ul, ], wl)=| v((i-0.5)h,nAt) | ,
w((i — 0.5)h, nAt)

where i = 1,..., Ny and n = 0,1,..., N Let the discrete Laplacian

operator be defined as Aym; = (m;,; — 2m; + m;_;)/h?. Then the
second-order Crank—Nicolson scheme is given as

m! —m? 1
=3 <m?+1 x Apm T+ m! x Ahm?)
M nt n+1 n+1 n 3
—i[mi x(mi x Apmy )+mi 3)

x (mf x Aym])].

We use an accurate and fast nonlinear multigrid method [36,37]
for solving the resulting discrete system of Eq. (3). To condense the
discussion we describe only the relaxation step in the multigrid
method since it is the key step in the algorithm. First, let us rewrite
Eq. (3) as

A
1 S m o (m < Am)" = 7 (4)

m"t! +%(m x Apm)
where

At At
" = m" — 5 (m x Aym)" — - #m x (m x Apym)]".

In its component form, Eq. (4) becomes

n+1 n+1
u; viApw; — wiAp;
U?Jrl + = W,‘Ahui — UiAhWi
whi! uiApv; — viApu;

n+1
vi(UApy; — viApLy) — Wi (WiApL; — wApw;)

A
| Wiwibpwi — willge) — wi(UiBpv; — vilpt) = ¢f
ui(WiApu; — uApw;) — vi (v Apw; — wibpy;)

(5)
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Table 1

Maximum norms ||e"|,, of the errors and convergence rates with space step h = 1/
Ny, time step At = 0.32 h, total time T = 0.01, « = 7/12, k = 27, and a convergence
tolerance of 1.0E-10.

arr = 1+ 05800 (v 1 AT 4 Wit AWl ),

ay = 0.5At(&hwy+1 —uu?“&hu?*]),

2 2 2 2 2 ~ -~
Case 64 Rate 128 Rate 256 Rate 512 Rate 1024 a3 = —0.5At(Ahv?“ +MW?+1Ahu?+1),
u=001 24E-3 198 63E-4 199 16E-4 200 40E-5 200 99E-6 _ _
p=01 24E-3 198 60E-4 199 15E-4 200 38E-5 200 9.4E-6 ay = *0~5Af<AhW?H + #u?+]Ahy?+]>7
w=02 23E-3 198 58E-4 199 1.5E-4 200 3.7E-5 2.00 9.2E-6 _ .
w=05 24E-3 199 6.0E-4 200 1.5E-4 200 3.8E-5 2.00 94E-6 ay = 1+ 0.5Atu (W?+]AhW?+1 + ”?HAh“?H)’
u=09 29E-3 200 7.3E-4 200 18E-4 200 46E-5 2.00 1.1E-5
az3 = O.SA['(AhU?-H — ,"LW?+]AhV:'1+]>7
asy = 0.5At<Ahv}”1 — ,U,l,llnJrl AhW?+]>,
fori=1,..., Ny. Note that az, = —0.5At(Ahu§'“ + MU?+1AhW}1+1)7
— n+1x  mn+1 n+1x o n+1
X X as33 = 1+ 05At,LL (Ui Ahui -+ v; Ah”,' )
ViApWi — Wil py; = pMm gL gy e e ) . ) L L
_ _ (6) Then using 3 x 3 matrix inversion, the iteration solution is given
= l/,'AhWi — WiAhvi fori = 1, '“,Nx, das

1 1 1 —14n ;
(u}1+ st witt ) =A7'¢] fori=1,--- Ny,

where Ehwi = (W;_1 +wj,1)/h?. This cancellation stabilizes the i

scheme. By using Eq. (6), we rewrite Eq. (5).
where we use a Gauss—Seidel type update for evaluation of A;. For
the detailed description of a multigrid algorithm, see Refs. [35,38].

n+1
U; ) . a1 diz a3
n+ — — . .
A v =¢;, Ai=|axn apn a3 |, 3. Numerical experiments
witl as; dasy as3
In this section we validate the proposed numerical scheme by
where verifying the second-order convergence in both space and time.

(¢) p=009

Fig. 1. Snapshots of the magnetization pattern with (a) u = 0.0, (b) u = 0.1, and (c) u = 0.9. Initial vector field (left row) and numerical solutions (right row) at T = 0.1 with spatial
step h = 1/64, temporal step At = 0.005, & = /12, k = 2m, and a convergence tolerance of 1.0E-10.
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Fig. 2. A temporal evolution of the discrete energy of the numerical solution with (a)
u=0,(b)u=0.1and (c) u=09.

And we show that time evolution of m and energy property with
different u.

3.1. Exact solutions

Before starting several numerical simulations, we present non-
trivial exact solutions [13] for Landau—Lifshitz equation (1) on Q

with a periodic boundary condition with respect to dimension.
Here,leta e R,l e Z, and k = Im.

3.1.1. Exact solution in two dimension
The exact solution m®(x, y, t) in two dimension is given by

ué(x,y,t) = sinacoslk(x +y) + g(t)]/d(t),
v¥(x,y,t) = sinasin[k(x +y) +g(t)]/d(t),
We(x,y,t) = e2k*icosa/d(t),

Table 2

Maximum norms ||e" ||, of the errors and convergence rates with space step h = 1/

Ny, time step At = 0.32 h, total time T = 0.1, « = /24, k = 27, and a convergence
tolerance of 1.0E-6.

479
where

d(t) = \/sinza—l—e‘“‘z“fcosza, g(t) =

1 (d(t) + eZkZ“fcosa)
—log| 21— 7,
u 1+ cosa

3.1.2. Exact solution in three dimension
The exact solution m®(x, y, z, t) in three dimension is given by
ué(x,y,z,t) = sinacoslk(x +y +z) + g(t)]/d(t),
¥(x,y,z,t) = sinasin[k(x +y + z) + g(t)]/d(t),
We(x,y,z,t) = e3Krtcosa/d(t),

where

3k?ut
— /sin%a + eBkutcos? _ 1jog (D) + €M cosa
d(t) \/sm o+ eSHtcosta,  g(t) ,ulog( Tt cosa )

3.2. Two-dimensional space

Now, we consider Eq. (1) on the two-dimensional unit domain.

And for the numerical test, we apply an initial condition (u¢(x, y, 0),
ve(x, y, 0), w(x, y, 0)) as

u®(x,y,0) = sinacos[k(x + y)],

(7)
1#(x,y,0) = sinasin[k(x + y)], (8)
we(x,y,0) = cosa, (9)

and a periodic boundary condition.

3.2.1. Convergence test

Table 1 shows the maximum norms of the errors and conver-
gence rates with space step h = 1/N,, time step At = 0.32 h, total
time T = 0.01, and a convergence tolerance of 1.0E-10. Parameter

Case 322 Rate 642 Rate 1282

u=0.01 1.28E-1 1.74 3.84E-2 1.94 9.97E-3
uw=0.1 5.25E-2 1.89 1.42E-2 1.99 3.56E-3
uw=0.2 1.98E-2 2.07 4.77E-3 2.04 1.15E-3
w=0.5 3.64E-3 1.99 9.17E-4 2.00 2.29E-4
uw=0.9 5.27E-3 1.99 1.33E-3 2.01 3.30E-4

and a convergence tolerance of 1.0E-6.

values are & = 1/12 and k = 27. The results suggest that the scheme
is second-order accurate in space and time.

3.2.2. Time evolution
Fig. 1 shows the vector field 0.1m of the numerical solution at (a)
T =0 and (b) T = 0.1. We observe that the solution at T = 0.1 is a

translation of the initial configuration without changing its
magnitude. Here we scaled m as 0.1m for a visual clarity.

Fig. 3. Snapshots of the magnetization pattern on 3D. (a) Initial vector field and (b) numerical solution at T = 0.2 with space step h = 1/32, time step At = 0.32 h, a = 7/24, k = 2m,
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Fig. 4. A temporal evolution of the discrete energy of the numerical solution with
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Fig. 5. Time evolution of numerical approximation m(t) with h = 1/64, At = 0.1/64? for (a) u
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3.3. Three-dimensional space

In this section, the three-dimensional equation on
Q = (0,1) x (0,1) x (0,1) with periodic boundary conditions is
considered. And we apply an initial condition as (u%(x, y, z, 0), vVé(x, y,
z,0), wé(x, y, z, 0)).

3.3.1. Convergence test

We perform three-dimensional numerical experiments with
exact solutions to verify the second-order accuracy of the proposed
scheme in space and time. In Table 2, the results represent the
maximum norms of the errors and convergence rates for m of the
scheme with space step h = 1/Ny, time step At = 0.32 h, total time
T=0.1,« = /24, k = 27, and a convergence tolerance of 1.0E-6. The
results suggest that the scheme is indeed second-order accurate in
space and time.

3.3.2. Time evolution

Fig. 3 shows the vector field 0.1m of the numerical solution on
3D at(a) T= 0 and (b) T = 0.2. We observe that the initial config-
uration is translated to the numerical solution at T = 0.2 with same
magnitude.

3.3.3. Energy property
We define a discrete energy as

Em) = B3 S0 S| (uty e un) o (g o) (W= wi) o () o (et
- i+1,jk ijk i+1,jk ijk i+1,jk ijk ij+1k ijk ij+1k ijk
i 1

® (Tp,yq, 2r)
cell-edged point
(©] (wh ij Zk?)

cell-centered point

Fig. 7. Two adjacent different points (x,, 4, z) and (x;, yj, z) used in Eq. (14).

confirm that numerically. Fig. 4 shows the time evolution of the
energy E(m") with Ny = Ny = N, = 32 up to time T = 0.1 with three
different 4. When p = 0, we can check that the energy is conserved
regardless of time. However, when u is nonzero value, the energy
decreases with time t.

3.4. Finite-time blow-up solutions and geometric changes

We present the numerical performance of our proposed scheme
in some numerical example given in Refs. [39,40] and study finite

2

2 2 2 2
n 1 n n 1 I n 1
+ (Wi.j+1,l< - Wijk) + <uij‘k+1 - uijk) + ("ij,k+1 - Vijk) + (Wij‘kﬂ - Wijk) }

Theoretically, the energy is constant irrespective of time when
u = 0 and the energy decay when u > 0 as time goes by. Now we

0.2

o <J f//

’—~
=01
-02
0.2 0.2
o 0
=02 -0.2 =02 -0.2
t=10.05 t=02
0.2
0.1
L
\
-0.1
-02
0.2 02
0 0
-0.2 -0.2 -02 -0.2
t=0.6 t=0.7

blow-up of weak solutions. Let Q = (—1/2,1/2) x (—1/2,1/2) and let
mg:Q — S? be defined by

0.2
0 0
-02 -02 -02 -02
t=0.3 t=04
02
0 0
-02 -02 -02 -02
t=038 t=1.0

Fig. 6. Nodal values of numerical approximation m(t) for nodes (x, y) close to the origin with h = 1/64, At = 1.0/64° for u = 0.1 as time goes on.
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MO O

(a) Without hgep

) With hgem

Fig. 8. Snapshots of the magnetization pattern on z = 0.4 (a) with hger, and (b) without hger, at T = 0.5. Here, the following parameters are used: h = 1/16, At = 0.02, u = 0.01,

Mg =10,Q=(0,1) x (0,1) x (0, 1).

(0,0,-1) if x| >1/2,
o) = { (w0 ) <12

where A = (1 - 2\.x|.)4 and x = (x,y) € Q.

Fig. 5 shows snapshots of the numerical solution m for different
w at various times. In this figure, we observe that numerical solu-
tions with u = 0.1, 0.75, 1.0 have a similar behavior. But the larger
the value of u is, the faster the numerical solution happens blow-
up.

Next Fig. 6 represents the nodal values of numerical approxi-
mation m(t) for nodes (x, y) close to the origin with h = 1/64,
At = 0.1/64? for u = 0.1 as time goes on. At t = 1.0, we can observe
that the vector at the origin changes its direction from (0, 0, 1)
to —(0, 0, 1). Such views represent blow-up occurrences.

4. Effect of the magnetostatic field

We propose the method to treat the magnetostatic vector field
for X = (x, y, z) on Q c R3. First, we consider the following gov-
erning equations:

om(Xx,t) _

pvs —m(X, t) x

(hex (X, t) + hgem (X, 1))
(hex(xv t) + hdem(x7 t))]7 (10)

— pm(X, t)
x [m(X, t) x

where the exchange field hey is defined by hey = Am(x,t) and the
magnetostatic field hger, is defined by

My 1
Bgem = *EVX / Vx (m) -m(x', t) dVx, (11)
Q

where My is constant value.

To solve Eq. (10), we deal with the magnetostatic field hgem
explicitly and the other terms by Crank—Nicolson scheme as
follows.

n+1 n
I 2 (b b ) - ¢ b
i 1
-5 [m"“ (m"H x hiLf ) +m" x (m" x hgx)}
— pm < (m" x Wery ).
(12)

To avoid the singularity problem which is occurred in hj,,, we
propose the shifting method. The proposed shifted method is to use
the two adjacent different points (See Fig. 7) for calculating Eq. (13).
That is,

M,
Hem = 7473va", (13)
where

(%0 = xi.vq — v 20 — 2)

o ! Z Z Z {(Xp —x)* + (J’q *J’j>2 + (zr Zk)zr

-m" (x,-,yj7z,<).
(14)

Here, we use two different positions which are denoted by (xp,
Yg¢ zr) and (x;, ¥j, zi) to avoid the singularity. As shown in Fig. 7, (x;, ¥j,
zx) is cell-centered point which is defined as x; = (i + 0.5)h,

= (j + 0.5)h, zx = (k + 0.5)h and (xp, yq. z;) is cell-edged point
which is defined as x, = ph, yq = qh, z, = rh.

By using the proposed shifting method, we can get numerical
solution of Eq. (13). The following figure represents the numerical
solution of Eq. (10). In this test, we use the following parameters:
h=1/16, At=0.02, = 0.01, Mg = 1.0, Q = (0,1) x (0,1) x (0,1). And
the initial condition is used by Egs. (7)—(9). To show the effect of
term hj.,, we plot the snapshots of the magnetization pattern on
z = 0.4 with hger, and without hge, at T = 0.5, respectively (Fig. 8).

5. Conclusion

In this paper, we have proposed a new robust, accurate, and fast
numerical method for the Landau—Lifshitz equation which de-
scribes a great variety of the evolution of magnetization patterns in
ferromagnetic media. We validated the second-order accuracy of
the proposed method in both space and time. We performed two-
and three-dimensional numerical experiments to show the effi-
ciency and accuracy of the new algorithm. The numerical results
showed excellent agreement with exact analytical solutions.
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