We consider linear first order ODEs with variable
coefficients:;

2

o s p(t)y =g(t)

- The method of integrating factors involves multiplying
this equation by a function u(t), chosen so that the
resulting equation is easily integrated.

This lecture note is based on the book by William E. boyce and Richard C. DiPrima.
Those who wants to know more detailed contents, refer to the book,
“Elementary Differential Equations and Boundary Value Problems™.
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(1’Variable Right Side

In general, for variable right side g(?),
y'+ay=g(t)
the solution can be found as follows:

« Multiplying both sides by u(¢), we obtain
d
ﬂ(t)% rau(t)y = u(0)g()

« We will choose u(f) so that left side is derivative of
known quantity. Consider the following, and recall
product rule:

d Cdy du)
Z[ﬂ@‘))’]—ﬂ(f) R




 Choose u(t) so that

() =au(t) = wut)=e"
« With u(r)=¢" we solve the original equation as follows:

dy
o e G e o(t
7 'y=e"g(t)

d eaty]_ eatg(t)

dt
e’y=|e"g(t)dt
 Thus,
y=e“ jeat g(t)dt+Ce™




Consider the following equation

yr_y:eZI

(1) Find the integrating factor

« Multiplying both sides by u(7), we obtain
dy _
#(2) 7 )y =e” u(t)
« We will choose u(?) so that left side is derivative of

known quantity. Consider the following, and recall
product rule:

d o dy | du(r)
E[ﬂ(f)y]—ﬂ(f) Y

 Choose u(t) so that ¢'(t)=-u@t) = uit)=¢"




(2) Find the general solution

« With u(t)=e", we solve the original equation as follows:

yr_y:e2t

)%~ o)y = (o)




Consider the following equation

Yy +2y=t+3

(1) Find the integrating factor
« Multiplying both sides by u(¢), we obtain

u(t)% +24(0)y = (F+3)u(d)

« We will choose u(t) so that left side is derivative of

known quantity. Consider the following, and recall
product rule:

d _oondy  du()
E[ﬂ(f)y]—ﬂ(f) Y

« Choose u(t) so that y'()=2u() = u@)=e*




(2) Find the general solution

« With u(r)=¢”, we solve the original equation as follows:

e’ d_y+ 2¢”'y =e”(t+3)

dt

e’y = Jezt(t+3) dt+C

 Thus,

y=e* jeZt (t+3)dt+eC




[t +3)dt =3 [t + [re”dt
— éezt s ll‘ezt — leztdf
2 2 2
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Thus,

y = 62’(% e’ + %te” ) +Ce ™
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(2'General first order linear equation

We consider the general first order linear equation
y'+p@)y=2g()

« Multiplying both sides by «(?), we obtain

ua)% + pORDY = gOu)

« Next, we want u(¢) such that u'(t)=p()u(t), from which
it will follow that

g[ﬂ(f)y] = u(t)% + p(O)u(t)y




Thus we want to choose u(¢r) such that u«'(t)= p(®)u(t).

Assuming u(¢)>0, it follows that

dpt)
p(t)
Choosing k=0, we then have

u(t) = 2

and note u(¢)>0 as desired.

= [p(tydt = Inpu(t)= [p()dt+k




« Thus we have the following:
y'+p)y=g{)

u(r)%w(r)u(r)y = u(1)g(t), where ()=l

e Then

uy]= urg

)y = [pngt)dr +c

Y= j HDg )t + ¢ , Where u(t)=e

p(1)

[ p(t)dt




Consider the initial value problem
o' +4y=41, y(1)=3.

 First, we put into the standard form
y’+§J’=4t for t#0

« Then,

i “{7)
J'p(l)df eJ‘tdt e e4ln|t| _ en v :i

pt)=e _ :
5

and hence

1
jﬂ(f)g(f)dtJrC _ IF4tdt+C

1(2) 1
Z_4

y:

:4t2|:.|.tl3df+c:|:_§t2 +4Cl‘4




y(t) = —gtz +4t'C

it follows that

4 13
D=—+4C=3 = C=—
y(1) ; B




