Consider 2" order differential equation
ay’'+by'+cy=0

where g, b and c¢ are constants.
(1) Assume exponential solution and characteristic equation :
yt)=e" = ar’+br+c=0

(2) Then we have two solutions, r, & 7.
B —bi\/b2 —4ac
2a
« If &2 —4ac < 0, then complex roots:
n=A+1hn=71-IL
» Thus  y, ()=, y, () ="

r




Euler’s formula:
e’ =cost+isint
Then

A+ip)t

eI = oMol = oM [cos it +isin pt| = e™ cos ut +ie™ sin pt

e Therefore

y,(t) = eH " = M cos ut +ie™ sin ut
y,(t) =" = M cos uf —ie™ sin ut




y,(t) = e cos ut +ie* sin pt

y,(t) = e cos ut —ie™ sin pt
« We want real-valued solutions, since our differential
equation has real coefficients.

 Therefore, consider linear combinations of solutions as

follows: ;
Y () + , (1) =2e" cos ut

y,() = y,(t) = 2ie* sin ut

=> y,(t)=e" cos ut, y,(t)=e" sin ut




« We have real-valued functions:
V,() =" cos ut, ,(t)=e" sin u

« Wronskian is as follows:

At At e
e coSs ut e SIn ut
W= H =

el (/’t COS it — 1 Sin ,ut) e’ (/1 sin it + 1L COS ,ut)

:ﬂe2/1t¢0

« Therefore, )5 and y, form a fundamental solution as
follows:

y(t)=c,e’ cos ut +c,e’ sin ut




Consider the equation

y'+2y' +4y=0
Assume exponential solution and characteristic equation :
yt)=e" = r’+2r+4=0 < r= _2i\/2m Nk ﬁl
Therefore, y(t)=e"" COS(\/gf)+ e '? sin(\/gz‘

A=—1, u= V3
The general solution is :

y(t)=ce cos( t)+c2 sin( 3t)
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Consider the equation

y'+9y=0

Assume exponential solution and characteristic equation :

=" = r+4=0 © r=12i

Therefore
A=0, u=3

The general solution is

y(t) = ¢, cos(3t)+c, sin(3¢).
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Consider the equation
4y"-3y"+y=0.

Assume exponential solution and characteristic equation : :

B G RPL R R

N=e" = 4r*-3r+1=0 < r= _+_
) 8 g8 8

Therefore the general solution is

y(t)=ce’® Cos(ﬁt/8)+ c,e’’® sin(ﬁt/S)




y(t)=e"® cos(ﬁt/8)+e3”8 sin(ﬁt/S)
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