« Bessel Equation of order » :

dy  dy
ZL‘Q@ o+ (2 —n?)y =0

The general solution of this equation (1) is




« Modified Bessel Equation 1

d’ d
a:zd—ny + xﬁ +(N2* —n?)y =0

Llet + = )\z. Then
dy _dydt _,dy
de dtdrx = dt’

d2y_d dy _i
dr?  dr \dr) dx




Substituting the above Egs. (4) and (5) into Eq. (3), we
obtain
‘ A2d2y + 1\% + (t
A2 dx? N dx
d’y . dy

—n?)y = 0.

2 2 2 _

By the general solution (2),

y = AJn(x) + BY;(2)
we obtain the solution of Eqg. (6)

y = AJ,(t) + BY,(t).




After substituting t = Az, the above equation becomes

y = AJ,(Ax) + BY,(A\z). (7)




« Modified Bessel Equation 2

»dy dy 2, 2,2 2 2,2
x@+(1—2@)x%+{67x7+(a —ny)}y=0 (8

Let y = 2%2. Then

)
z+ ozafo‘_lg + oza:o‘_lﬁ + xo‘&

dx dx dx?
(10)




Substituting the above Egs. (4) and (5) into Eq. (3), we
obtain

t2 ,d>y t . dy

A\ NY 22y =0

v g P Ty
dy  dy

By the general solution (2),

y = AJy(x) + BY,(x)
we obtain the solution of Eqg. (6)

y = AJ,(t) + BY,(t).




Substituting the above Egs. (9) and (10) into Eq. (8), we
obtain

d° d
20252 4 oqpe T ala—1)z%z + ol — 2a)x“2

dx? dx

2

xQdQZ + 20z + (1 — 2a) 2]
— T — 2a) x| —
dx? dx

+ la(a—1)+a(l —2a) + 727 +a” —n*y’] 2 = 0.

The above equation is rewritten

d°z dz
2 D 220, _
xd$2—|—xd$—|—(57x7—nv)z—0.




Now, let ¢t = 27. Then dt = v2""'dx. And
dz B dz dt
- dtdx

After substituting the above derivatives, and simplifying,
Eqg. (11) becomes

dz dz
xva + vzﬂa + (B*y* 2™ — n*y*)z = 0.




Dividing by 7° gives

d d
LR (B°x* —n?)z = 0.

dt? dt
By substituting ¢ = z*7 In the above equation we obtain

22 d
t2d—t§ + td—’j (B2 —n?)z =0, (12)

Because of the same form of [Modified Bessel Equation 1],
Eqg. (12) has the following solution

z = AJ,(Bt) + BY,(Bt)




Therefore, the solution of Eq. (8)

d? dy
a:Qd—gij + (1 — 20&):6% + {52721-27 + (a2 _ n272)} y =0

y = Ax“J,(6t) + Bx“Y,(5t).




