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1. Introduction

The Black-Scholes (BS) formula for option pricing is widely
applied to the pricing of numerous European options; see Haug
(1997). The underlying securities of the Black-Scholes formula are
supposed to be geometric Brownian motions that contain pairs
of two parameters, the expected rate of return and the volatility.
Both parameters are assumed to be constants in the general
Black-Scholes model, and these assumptions are not applicable to
option pricing in real markets. To overcome the shortfall of the BS
model, the volatility smile and term structure are used to capture
the change in volatility in terms of the price and the maturity of a
security.

The regime-switching model is an alternative model to illus-
trate the stochastic volatility. Since stock parameters practically
are depended on the market mode that switches among a finite
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number of states, we naturally allow the key parameters of the un-
derlying assets to reflect a random market environment.

The regime-switching model is invoked to formulate such pa-
rameters that are governed by the random market mode. In 1989,
the regime-switching model was first introduced by Hamilton
(1989) to describe a regime-switching time series. In option pric-
ing, regime-switching model has been applied in various other
problems. Zhang (2001) used this model to calculate an optimal
selling rule and Yin and Zhang (1998) applied this in portfolio man-
agement. Also, Yin and Zhou (2003) studied a dynamic Markowitz
problem for a market consisting of one bank account and multiple
stocks.

In this study, we consider an efficient and accurate numerical
method of a regime-switching model for European options (Kim,
Jang, & Lee, 2008). Among several numerical methods for pricing
of options with multi-underlying assets, the operator splitting (OS)
scheme will be used: see Duffy (2006) and Ikonen and Toivanen
(2004). In general, standard finite difference methods (FDM) do
not work well for discrete options due to non-smooth payoffs
or discontinuous derivatives at the exercise price. On the other
hand, the OS scheme does not result in problematic oscillations
due to the source term (Jeong & Kim, 2013). The main purpose
of this paper is to observe the volatility smile and term structure
of a regime-switching model by using an efficient and accurate
numerical method. This work is an extension of the earlier one-
dimensional study of Buffington and Elliott (2002).

This paper is organized as follows. In Section 2, we briefly in-
troduce the risk-neutral valuation method and regime-switching.
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In Section 3, we discuss the Feynman-Kac type formula that is sat-
isfied by the option valuation function. We describe the algorithm
of the OS method for the formula at the end of this section. In Sec-
tion 4, we perform convergence test and comparison study of ADI
and OS methods. The volatility smile and term structure with a
simple regime-switching model are reported in Section 5. In this
section, we propose an algorithm for finding the implied volatility
and by using this algorithm, we carry out several numerical param-
eter tests. We conclude this study in Section 6.

2. Risk neutral pricing

Standard research in derivative pricing follows the idea that
the expected rate of return of all securities has the same risk-
free interest rate in an appropriate probability space. We call the
probability space the risk-neutral world, and the discount asset
price is a martingale in this world.

Let (§2, , P) denote the probability space and {«(t)} denote
a continuous-time Markov chain with state space M = {1, 2,
..., m}.Inaregime-switching model, {«(t)} represents the market
regime that determines the rate of return and volatility. Then, for
example, the price of a stock X (t) at time t is governed by:

dX(t) = X(®) [u(e()dt + o (a(t))dw(t)],

for0 <t <T, X(0) = Xp.
Let Q = (gij)mxm be the generator of «(t) with q; > 0 fori # j
and Z]";, qij = —q; for eachi € M. For any function f on M, we

denote Qf (1) (i) := >_i", qyf ().

In this paper, one of our objectives is to price European style
options under regime-switching multi-underlying assets. Consider
X (t) as the price of stock k at time t with

dXi(t) = Xi(t) [ (t))dt + op (e (t))dwi(t)],
forO0<t<T,k=1,2,...,d, and Xi(0) = X, (1)

where (i) and oy (i) respectively represent the expected rate of
return for X, and the volatility of the stock price X at regime
i € M, and wi(-) denotes the standard Brownian motion. The
Wiener processes are correlated by

(dwy, dw;) = ppdt, for py € [—1, 1].

In order to introduce derivative pricing in the risk neutral market,
we also discuss the martingale measure characterized in Lemma 1.
Assume that Xo, «(+), and wy(-) are mutually independent, and
cr,f(i) > O foralli € M. Let # denote the sigma field generated
by {(x(s), wi(s)) : 0 < s < t}, and let r > 0 denote the risk-free
rate.For0 <t <T,let

t -1 t
Z = exp [ / BuCs)du(s) — / ﬂ,?(S)dS],
0 0

where
r — p(a(s))
Br(s) = —————.
or(a(s))
Then, in lieu of Ito’s rule,
dZt
— = Br(O)dwi(t)
Z
and Z; is a local martingale with
E[Z]=1, 0<t<T.
We define an equivalent measure P with the following
dP .
a

Therefore Lemma 1 is a generalized Girsanov's theorem for
Markov-modulated processes.

Lemma 1. (1) Let Wy (t) := wy(t) — fot Br(s)ds(k = 1 : d). Then,
Wy (t) is a P-Brownian motion. _

(2) Xo, e (+), and wy(-) are mutually independent under P.

(3) Let X(t) = (Xq(t), X2(0), ..., Xy4(t)), ¢ < t,and oy, (i) ==
the volatility of stock X, at regime i. Dynkin’s formula holds: for any
smooth function ¥ (t, X, i), we have

F(t, X(0), a(t) = F(c, X(c), a(c))

t
+ [ AF6XO. )+ MO - M)
c
where M(-) is a ﬁ—martingale and A is a generator given by

9 d 9
AF = —F(t,X,i) + Xe—F (t, X, i
S FEXD k;‘ T (XD

2

1 GG 9
+ = pr(Dox, (Dox, (DXX| ———= F (£, X, i)
2 ,; ; T XX,

where pj = 1for 1 <k <d.
Proof. See Chapter 14 in Yao, Zhang, and Zhou (2006). O

From Lemma 1 and this point of view of Fouque, Papanicolaou,
and Sircar (2000) and Hull (2000), (£2, F, {#:}, P) defines a risk-
neutral world. And e~ "X (t) is a P-martingale.

3. A numerical approach with OS methods

In this paper, we consider European style option pricing under
two regime-switching underlying assets X;(t) and X5 (t). Let x :=
X1(t),y := X5(t),and U(x, y, t, i) be the values of a European style
call option with two underlying assets with regime i fori = 1, 2.
Using a Feynman-Kac formula, a partial difference equation with
respecttoU(x, y, t) = (u(x, y, t), v(x, y, t))" is derived as follows:
au au au 1 ,0°U

X
+ 2 )282U+ —BZU+QU 0
— (0, -— Ox0yX =y,
2 vy 3y? PxyOx0OyXy axdy
where Q = (_)L):)u 7’}3) and AY, A? represent jumping rates for u
and v, respectively.

Then, by each component of U, we have the following system:

ou ou

ou
— 4 r'x— +rly— —rtu
ot T Ty

2

v
A(u—v)=0. 3
3%y +A%(u—v) (3)

v v __v
+ Pxy0x Oy Xy

The terminal conditions u(x,y,T) =
A, Y).

v(x,y, T) are given by
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3.1. Discretization

Let £, (u) be the operator value as

ou du 1 0%u
LuW) = r'x— +rly— —r'u 4+ = (o'x)? —
u(®) 8x+ yay +2(U" ) 0x?
2o T oty T -, (@)
— (0, —_— 0,0, XYy——— v—1Uu.
2% ay2 Pryx Oy yaxay

Then Eq. (2) can be written as

g—z =Ly for(x,y,7) e 2 x[0,T],
where T = T — t. Eq. (3) can be written easily by using operator
Ly,asin v/t = L, (v).

In the computational domain £2 = (0, L) x (0, M), we use the
Dirichlet boundary conditions at x = L and y = M and the linear
boundary conditions at x = 0 and y = 0. Similarly, the linear
boundary conditions are applied to v.

3.2. Operator splitting method (OSM)

The operator splitting (0OS) scheme is used extensively in
mathematical finance for solving multi-asset option pricing
models numerically. The idea of the OS method (Duffy, 2006) is
to divide each time step into fractional time steps with simpler
operators. We shall introduce the basic idea behind the OS method,
which is to replace a two-dimensional scheme as

U = rX (u*) + L (u'?-“)
AT u \*ijj u \Mij ’

v =Y = () + £ ()
AT v 1 v J ’

where u* and v* are values at an intermediate time level * which is
between time level n and n+ 1 and the discrete difference operator
£X. And £, are defined by

u¥ . —uk 1
X (k) _ g, L | T
LY (uij) = r'x——— = 51y
* —2u* ¥
+ l(o”x-)z Ui_qj — 25+ Uiy
2 h2
n n__ ,n T
1w g Y U T Ui T Uiy
szy x Oy XiYj h2
1
u n *
+ 5)\ (vij —up),
n+l ol
Y (un+1) — st _uif+1 Ujj —
u \Ujj =T h ij
1 uqfl _ 2ug+1 + u(&l
uy, 2 =1 i ij+1
+ - (0, p) 5
2 * h * * *
. lpu guo_ux'y‘ui—o—l,j—»—l UG = Uy — Uy
iYj
o PxyOx %y h2

1
+ EAU(U;} —ufth.

Here, we apply the implicit scheme for time derivative and the
mixed scheme for space derivatives which is forward for first order
derivatives and central for second order derivative. In order to
deal with non-derivative terms in each step, we split evenly the
non-derivative terms. And the remaining operators .£% and £ are
defined similarly as the operators £}, and L.

Then, we approximate each sub-problem by a semi-implicit
scheme as
u;;- —ull

Tru = £y (u5) (3)

n+1 _ %

Ujj Ujj 1
=), ©)
G
=4 (v5) - (7)
n+1 *
Vi T y (,n+1
At = °Cv (UU ) . (8)

We describe a numerical algorithm based on an operator splitting
method for the governing Eqs. (5)-(8).

e Step 1
Eq. (5) is rewritten as follows:
oqu g+ Biug + viliy ;= fi- 9)

With a fixed index j and fori = 1 : Ny, the vector uj, ; can be
found by solving the tridiagonal system

* P .
Axul;NX.j _fleX,jv

where A, is a tridiagonal matrix constructed from Eq. (9) with the
Dirichlet and linear boundary conditions, i.e.,

201 +pB1 yi+a; 0O .- 0 0
a; B2 12 0 0
0 (0% ,83 e 0 0
Ax = . . . .
0 0 0 Bn,—1 VNg—1
0 0 0 e Ny IBNX — VN

Here, the elements of the matrix A, are

(o)'x))?
o= — . 10
1 o (10)
1 (ofx)*  r'x 1
= — + ="+ Y, 11
b AT h2 h 2( ) v
(o'x)*  r'x; )
= — — , fori=1:N,. 12
Y 212 h * =
For given the ug the elements of the vector fi.y, ; are
ug. 1
o= — =Ml
Ty AT + 2 Y
1 Uiy jn + U — Uijg — Uiy
+ Ep;lya):la;t h2 ’
fori =1: N;. (13)

Then, the first step of the governing equation is implemented in a
loop over the y-direction as follows:

Algorithm 1 (Step 1)
Require: Previous data u", v".
procedure FIND THE SOLUTION u*
forj = 1;j < Ny; j++do
fori=1;i < Ny;i++do
Seta;, Bi, vi, and f;; by Egs. (10)-(13)
end for
Solve Aqu;Nx,; = fi:N,j
by using the Thomas algorithm

end for
end procedure
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e Step 2

The second step which is given by Eq. (6) is rewritten as

o+l ol ol
ojug”y + Biuy T+ Vil = 8 (14)

for given the u?‘j and where

(0,)*
_ , 15
o th ( )
1 @y Yy 1,
L L R SRV 16
b=ttt +A (16)
ey -
METTom T e
ut o1
g = A—"T +

n n n n

n 1, J Uipp i T U — Ui — Ui
2 pxy X7y hZ :
n+1

For a fixed index i and forj = 1 : Ny, the vector u; 7y, can be found
by solving the tridiagonal system

(18)

n+1  __
Ayum;Ny = 8&i, 1:Ny»

where the matrix A, is a tridiagonal, i.e.,

21+ P17 y1+a; 0 .- 0 0
a B2 72 0 0
0 [0%] ,33 s 0 0
A = . . .
0 0 0 Bry—1 VYNy—1
0 0 0 - an, By — Wy

The second step of the governing equation is implemented in a loop
over the x-direction as follows:

Algorithm 2 (Step 2)
Require: Previous data u*, v".
procedure FIND THE SOLUTION u"*!
fori=1;j < N,;i++ do
forj = 1;j < N,; j++ do
Seta;, B, ¥, and g; by Egs. (15)-(18)
end for :
Solve Ayuﬁ:Ny =gi1n,
by using the Thomas algorithm

end for
end procedure

As with Steps 1 and 2, the third and fourth steps are imple-
mented by using Eqs. (7) and (8), respectively. Here, the descrip-
tion for Steps 3 and 4 will be omitted because it follows a similar
process.

e Execution from Steps 1 to 4 advances the numerical solution
with a At step in time.

4. Numerical experiments

We consider a vanilla call option whose payoff is given as
A(x,y) = max{x — K1,y — K3, 0}. (19)

Fig. 1 shows the payoff function (19).

The parameters used are K; = K, = 50,0y = 0.3,0; =
0.8, cry" =0,/ =023, ,o,‘(‘y = py = 0.5, r* =r¥ =0.05,T = 0.5.
The computational domain is [0, 150] x [0, 150] with space step
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Fig. 1. European call option payoff on the maximum of two assets.

Ny = N, = 150. And we set A" = 0.0, A" = 4.0 which means that
regime state i = 1 is an absorbing state.

Fig. 2(a) and (b) shows the value function of u, which has no
regime-switching until the total time T = 0.5, and v, which has
at most one regime-switching during the life time of the option,
under the operator splitting scheme with 50 time steps per 0.5
year. And Fig. 2(c) represents the difference between u and v which
comes from the probability of change in the x-asset volatility oy.

4.1. Convergence test

In this section, we perform a number of simulations with
increasingly finer grids h = 3/2" forn = 0,1,2, and 3 on a
computational domain £2 = [0, 150] x [0, 150]. For each case, the
calculationisrunup totime T = 0.5 with time step At = 0.01/4".
The initial conditions for u and v are taken as maximum option
payoff as shown in Fig. 1.

Since there is no closed-form analytic solution for this problem,
we use the Richardson method. We define the error of a grid as
the discrete L,-norm of the difference between that grid and the
average of the reference solution cell neighboring it as

+ v%zi,Zj) /4.

The rate of convergence is defined as the ratio of successive

€y = vhi.—(vh + vn Vh
2ij U 22i-1,2j—1 22i,2j—1 22i-1,2§

errors which is log, <||eh/% ||2/||e%/% ||2). The errors and rates of

convergence obtained using these definitions are given in Table 1.
First-order accuracy with respect to space is observed, as expected
from the discretization.

4.2. Comparison between ADI and OS methods

In order to highlight why OS method can be particularly useful
in regime-switching model, we compare standard ADI (Alternating
Directions Implicit) method with OS methods. Before we do this,
we explain briefly about ADI method.

The main idea of the ADI method (Chin, Manteuffel, & Pillis,
1984; Hout & Foulon, 2010) is to proceed in two steps, treating
only one operator implicitly at each stage. First, a half-step is taken
implicitly in x and explicitly in y. Then, the other half-step is taken
implicitly in y and explicitly in x. The followings are the applied
scheme to Eq. (2) as

* n

ij - ij *
- Lipr (u5) (20)
Uttt g
B ). @1
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Table 1

Errors and rates of convergence for numerical solution u.
Case 50-100 Rate 100-200 Rate 200-400
l,-error 0.0299 1.12 0.0137 1.05 0.0067

where the discrete difference operators £%,, and £}, are defined
by

1 ur o, —uk 1 u o —uyt
X ®\ u i+1,j ij u ij+1 ij
Ly () = DA A — + PR
Uk o
_ lr“u* + 1( Ux;)? Uiy — 2U5 T Uy
ij OxXi 2
2 4 h

n n n

S Ui — 2uij + Uij_q
h2
n n__ ,n __qn
+ 1,0” o”a”xiJ’j fergen T By Mg
% xy©x Cy h2
u n *

+ ik (Ufj — uij), (22)

] u
+ Z(Jyyj)

* g% n+1 _ . n+1
v ooty L g Ty 1 Uy — U
DCADI u.. = I X; h + 2T yji

v 2
1, 0 1
- Er“u}ﬁ + Z(o;‘xi

* *
— 2wty
h2

n+1 n+1 n+1

Uijpr — 2U5 + Ui
h2
* * ok ok

_'_1 U Gloly .ui+1,j+1 + uij uij+1 ui+1,j
szy x Oy XiYj 2

1
+ Exu(ug —ufth. (23)

ur .
2 Cit1,j
)

1
+ Z(U;Yj)z

Here, u* is the value at an intermediate time level % which is
between time level n and n + 1. Similar to Egs. (20) and (21),
Eq. (3) is applied with ADI method for v.

Fig. 3 shows numerical results using the ADI and OS methods
with At = 0.5and h = 1. The first and second columns are results
with solutions v* and v', respectively. Here, v! is the numerical
solution at time T = At after one iteration. And v* is the value
at an intermediate time level between v and v, In Fig. 3(a), the
solution v* exhibits oscillation around y = K, which is from the
y-derivatives in the source term. On the other hand, for the OS
method, we do not have the y-derivatives in the source term and

the solution v? is smooth around y = K, as shown in Fig. 3(b).
After one complete time step, the result with the ADI shows a non-
smooth numerical solution. However, the OS method results in a
smooth numerical solution. Therefore, the results showed that the
0S method is very efficient and robust than the ADI method with
large time steps. For more details, see the texts of Jeong and Kim
(2013).

5. Volatility smile and volatility term structure

In this section, we discuss the volatility smile phenomenon gen-
erated by the regime-switching model. We illustrate the volatility
smile and the term structure for the case of two-underlying assets
with payoff function (19).

Since the volatility smile can be described for a simple case, we
especially focus on a special case of the regime-switching model
that has two states with one absorbing state; Q is given by

2= (2 5)

with A > 0.
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Fig. 2. Numerical results using the OS method with European call option on the
maximum of two assets at T = 0.5. (a) Numerical solution u, (b) numerical solution
v, and (c) difference between |u — v|.

5.1. Algorithm of implied volatility

Following Algorithm 3 is for finding the implied volatility. To
find the implied volatility oimp on the interval [oiow, Onign], we first
need the numerical solution v for regime-switching model with
given parameter set. Then, by computing the numerical value at the
midpoint 0.5(01ew+0hign), we can find the implied volatility. In this
case, the numerical values for the bisection method are calculated
numerically with the Black-Scholes model because A" = 0 means
the classical Black-Scholes part which is with no jump.

5.2. Numerical simulation for implied volatility

In this section, we perform numerical simulations for implied
volatility on a computational domain £2 = [0, 150] x [0, 150] with
space step h = 1 and time step At = 0.0025.
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Fig. 3. Numerical results using the (a) ADI and (b) OS methods with European call option on the maximum of two assets. First and second columns represent the solution

v* and v', respectively.

Algorithm 3 Bisection method for finding implied volatility

Require: Previous data v; endpoints i,y and opign; tolerance tol.
procedure FIND THE IMPLIED VOLATILITY
Set Oimp = 0.5(01ow + Uhigh) andi = 0.
while |0high — Uimp| > tol do
i=i+ 1.
Phigh = Numerical OSM (ogh).
Pimp = Numerical OSM(oimp).
if (Pimp - U)(Phigh —v) < 0then
Olow = Oimp-
else
Ohigh = Oimp-
end if
Oimp = 0.5(j1ow + Uhigh)-
end while
end procedure

The following numerical parameters are used to illustrate the
volatility smile in our model.

£k, = {30, 35,...,70},

2, = {30, 35, ..., 70},

1 2

2, ={2,4,...,20},

£2,=1{-08,-06,...,0.8},

2, ={0.1,0.2,...,1},

where, in particular, £2, is the set of volatility jump sizes |0, —

o,| € §2,.In all cases, we setr* = r' = 0.05,<7y“ = oy” =

03,K, = 50,p,, = 05,A% = 0,andx = y = 50 while
varying other parameters. We calculate the implied volatilities

Q7

about the variable strike price for x-asset K, against one of the other
parameters K, T, 1", 0/, 0/, and p,,.

5.2.1. Kyand K,

As shown in Fig. 4, we estimate the implied volatility about v
under the varying parameters K, € $%,, K, € $2,. We consider
two different cases with oy > o) and 0} < o in Fig. 4(a) and (b),
respectively.

In Fig. 4(a), we use the fixed parameters (T, A", o', o/, p}(‘y) =
(0.25,4,0.8,0.3,0.5). And in the other case (b), we set the fixed
parameters (T, A", o, 0, p;’y) = (0.25,4,0.3,0.8,0.5).

As the same volatility smile phenomenon in Hull (2000), the
implied volatility reaches its minimum at K, = 50 and K, = 50
(at the money) and increases as K, and K, move away from 50.

Note that we do not use any practical option pricing data and
that the option pricing values arise purely from our two-state
continuous-time Markov regime-switching model.

522. Kyand T

In this example, we set (K, 1", ,o;’y) = (50,4, 0.5) and vary
Ky € 2, against T € £2r.

For the first case which is o' > o), we take o' = 0.8,0; =
0.3. As the result, Fig. 5(a) shows that for each fixed T € £2r, the
implied volatility reaches its minimum at K, = 50 (at the money)
and increase as K, moves away from K, = 50. In addition, for fixed
Ky € $,, the implied volatility is increasing in T, corresponding
to a jump from o, to o;}'.

On the contrary to Fig. 5(a), (b) represents the implied volatility
when o' < o. For this, we use oy = 0.3,0, = 0.8. In this
case, we can see that the implied volatility is decreasing in T,
corresponding to a jump from o, to oy".



J. Kim et al. / Automatica 50 (2014) 747-755 753

77
77
\ //

N 77 4
\evvrrr 4
Nmmim 7

S\

Implied Volatility
o
[6)]
i

0.75+
>
£ 070 S
< = 4
B 0.65- — 4
30
=
E
0.60-
B I i
- 60\ 0 70
50 4o a0 X
K, 30 30 K,
(b)oy < ay.

Fig. 4. Volatility smile and the term structure under the varying parameters Ky and K.

0.8+

o
[}
1

0.4

Implied Volatility

o
(o)
1

<
~
L

Implied Volatility

o
o

70 20

Implied Volatility

(b) oy < o).

o
.

o
(o]
L

Implied Volatility

o
o
L

o
N
op

60

(b)oy <oy

Fig. 6. Volatility smile and the term structure under the varying parameters K, and A.

5.2.3. Ky and 1

Then, we set (K, T, 1Y, p}jy) = (50, 0.25,4,0.5) and vary K, €
2k, versus A" € £2,.

For the first case, we set o' = 0.8, 07 = 0.3. As shown in
Fig. 6(a), a large A" forces the implied volatility around o, for each
fixed Ky € .Q[(X.

For the second case whichis o} < 0, we take o' = 0.3, 0, =
0.8. Fig. 6(b) shows that for fixed Ky € £, the implied volatility
decreases in larger A".

5.24. Kyand o

To obtain the numerical results in Fig. 7, we set (K, T, A?, p;‘y) =
(50, 0.25, 4, 0.5) and vary K, € 2, versus o € §2,.

In the first case, we take that o is varied from 0.3 to 1.3 when
o, is fixed at 0.3. As can be seen from Fig. 7(a), the smile increases
in the jump size. In addition, the implied volatility is an increasing
function of o' — o for each fixed K, € £2,.

Alternatively in the second case, we set o' = 0.3 and vary o,
from 0.3 to 1.3 by the volatility jump size o, — o' € £2,. As shown
in Fig. 7(b), this result is similar to case (a).
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5.2.5. Kyand p

Now, we set (Ky, T, A") = (50, 0.25, 4), Ky € £, and py, €
£2,. And we take (o)',0;) = (0.8,0.3) for case (a), (¢}, 0;)
= (0.3,0.8) for the other case (b). The numerical results are
illustrated in Fig. 8. The volatility tend to increase as p;’y approaches
to 1 for each fixed K,.

526. Tando

Here, we fix (K, K,, T, A7, p;’y) = (50, 50, 0.25, 4, 0.5) and we
plot the implied volatility against the maturity T and the jump size
loyt — o] in Fig. 9.

As can be observed in Fig. 9(a), we consider the case of 6 — 0.
For this, we fix 0’ = 0.3 and vary o, from 0.3 to 1.3. As a result,
the implied volatility increases in T and o} — oy’

In the other case, we set o' = 0.3 and vary o, from 0.3 to 1.3.

In Fig. 9(b), we can see that implied volatility decreases in T and
u v

O'X — UX .
527. Tand A

As the final example, we consider the implied volatility against
the maturity T and the jump rate A¥ as shown in Fig. 10. To do this,
we take (Ky, K, ,o;‘y) = (50, 50, 0.5).
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For the first case when o' > o), we set o, = 0.8 and 0, =
0.3. Then, we can observe that for fixed T, the implied volatility
increases in A. Similarly, for fixed A, the implied volatility also
increase in T.

For the other case, we set o' = 0.3 and o = 0.8. Then we
can see that the implied volatility decreases in A when T and X are
increased.

6. Conclusion

We have considered the volatility smile phenomenon gener-
ated by two-asset European style options under a continuous-
time two-state Markov chain regime-switching model. Because
of the difficulty to find closed-form solution of the Feynman-Kac
style formula, an algorithm for a numerical solution was de-
signed. We confirmed the suitability of the OS scheme by con-
ducting convergence test and comparing with ADI scheme. While
the volatility smile is observed to obviate the constant-volatility
assumption of the Black-Scholes model, the regime-switching
model has the clear advantage that it implies the volatility
smile structure through the model itself. In addition, the regime-
switching model has relatively simple additional parameters
(A, ox(i), oy (i), pxy) to realize an appropriate volatility smile com-
pared to the Black-Scholes model. One needs to estimate the pa-
rameters A, ox(i), oy (i), and py, to apply the model in practice. The
estimation procedure is given in Zhang (2001).
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