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Sobolev Space Theory of Parabolic Equations
Degenerating on the Boundary of C' Domains

KYEONG-HUN KIM

Department of Mathematics, Korea University, Seoul, South Korea

Second-order parabolic equations degenerating on the boundary of C' domains are
considered. Existence and uniqueness results are given in weighted Sobolev spaces,
and Holder estimates of the solutions are presented.

Keywords C'! domains; Degenerate parabolic equations; Sobolev spaces with
weights.

1991 Mathematics Subject Classification 35K20; 35J15.

1. Introduction

The boundary value problems for parabolic and elliptic equations with different
types of degeneracies have been studied widely by many authors. In this article
we are dealing with the Sobolev space theory of second-order parabolic equations
degenerating on the boundary of C' domains. Let Q be a bounded domain in R¢
and o € [0, 00). Denote p(x) = dist(x, Q). We consider the equation

d . .
d—L: = aljuxixj + bll/{xi + cu +f (11)

with the “degeneracy of order «” near 9Q: 35,, K > 0 such that for any 1 € R?
Sop™ (X)|A)? < a”(t, x)21 00 < Kp™(x)| A% (1.2)

Note that if « =0, then (1.1) becomes a uniformly parabolic equation. Needless
to say, the unique solvability of such equation in L, and Hélder spaces has been
investigated quite completely. However even in this case since the boundary is not
supposed to be regular enough, one has to look for solutions in function spaces
with weights allowing derivatives of solutions to blow up near the boundary. In the
framework of Holder spaces such setting leads to investigating so-called interior
Schauder estimates.
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The equation with the degeneracy of order o« < 1/2 was studied long time ago.
See Aronson and Besala (1967), Pukal’skii (1977), and the references therein. In
those articles, on the basis of the study of a Green function, interior Schauder
estimates were established. We also refer to Lototsky (2001) for an L ,-theory of the
equation with the degeneracy of order = 1 and for motivations of considering the
case o > 0.

In this article we present the unique solvability result of the equation with
the degeneracy of order o € [0, o0) in weighted Sobolev spaces. Using embedding
theorems we also give some Holder estimates of the solution. Our approach is
different from that of Lototsky (2001). If « = 1 then scaling argument, on the basis
of estimates for equations defined on R, works perfectly well. This argument fails
if « < 1. Thus our main focus lies in establishing a priori estimate for equations
defined on R? (=half space). Another interesting feature of this article is that
coefficients of the equation are allowed to be unbounded (see Remark 2.5), and the
number of derivatives of the solution is allowed to be fractional.

We also refer to Oleinik and Radkevi¢ (1973), Triebel (1995), and Visik and
Grusin (1969) for elliptic equations degenerating on the boundary of domains.

Our main results are stated in Section 2 and consist of Theorem 2.6 and
Corollary 2.7, on solvability of the equation in Sobolev spaces and Holder estimates
of the solution, respectively. Our results, when o = 0, are not new and can be found
in Kim and Krylov (2004). Notice that in Theorem 2.6 we only consider bounded
domains, however actually, the result is also true for the domains ) which are
uniformly C! smooth in a natural sense.

In Section 3 we prove some auxiliary results, in particular we give some
estimates for solutions of equations defined on R and R¢. The final Section 4 is
devoted to the proof of Theorem 2.6.

Here are notations used in the article. As usual R? stands for the Euclidean
space of points x = (x',...,x9), R{={xeR?:x! >0} and B,(x):={yeR?:
|x —y| <r}. Fori=1,...,d, multi-indices f = (f;,...,8,), p; €{0,1,2,...}, and
functions u(x) we set

Uy = 0u/ox' = Du, Dﬁusz'-...-ngu, pl=p+ -+ By

We also use the notation D™ for a partial derivative of order m with respect to x.

2. Main Results

First, we state our assumption on ().

Assumption 2.1. The domain Q c R is of class C;. In other words, there
exist constants ry, K, > 0 such that for any x, € 0Q) there exists a one-to-one
continuously differentiable mapping ¥ from B, (x,) onto a domain J C R¢ such
that

(i) J, :=W(B, (x) NQ) CRY :={xeR":x"> 0} and ¥(x;) = 0;

(ii) (B, (xo) N0Q) =JN{yeR’:y! =0}
(iif) ||q,||C1(B,0(x0)) < Ko and [V (y)) — ' (1)] < Kolyy — ¥,/ for any y, € J;
(iv) W, is uniformly continuous in B, (x,).
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To proceed further we choose and fix a bounded smooth function y having
properties in the following lemma (Gilbarg and Hoérmander, 1980 or Kim and
Krylov, 2004).

Lemma 2.2. There is a bounded real-valued function  defined in Q such that

() Y, is uniformly continuous in Q, |, (x)| > 1 on 6, and the functions y and p are
comparable near 0Q (in particular, if Q) is bounded then p(x) < Ny(x) < Np(x));
(i) for any multi-index o we have

Sl(llpp‘“'(X) |D*(x)| < o0, p}i)nlop‘“'(X)lD“wx(X)l =0.

The functions ¥ and p are comparable in Q if Q is bounded. Therefore, in many
situations one can interchange y(x) and p(x). An advantage of using iy on some
occasions is that this function is infinitely differentiable.

We rewrite equation (1.1) in the following form:

d N ,
T a4 g Pk @

Here i and j go from 1 to d, and the coefficients a”, b’, ¢ are Borel measurable
functions of ¢, x.

To describe the assumptions on f we use the Banach spaces introduced in
Kim and Krylov (2004), Krylov (1999a,b), and Lototsky (2001). If 8 e R, n €
{0,1,2,...} and Q is bounded, then

n n d . n
H) = Hp(]R )={u:u,Du,...,D"uelL,},
L,,(Q) :=H),(Q) = L,(Q, p"?dx),

(2.2)
Hy o(Q) :=={u:u,pu,,...,p"D"ucL,,(Q)},

||f||11:;;’1,(a) =2 /Q ’PM(X)D“f(x)‘ppﬁfd(X)dx.

loe|<n
In general, for p € (1, c0) and y € R define the space H] = H)(R?) = (1 — A)7*L,

(called the space of Bessel potentials or the Sobolev space with fractional
derivatives) as the set of all distributions u such that (1 — A)">x € L,. We define

lully = (1 =)l .

The weighted Sobolev space H;’H(Q) is defined as follows. Let { € C°(IR,) be a
function satisfying

> (") >0, VieR.

n=—oo

Forxe Qand neZ ={0,+£1, ...} define

£ (x) = {(e"Y(x)).
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Then we have >, {, > const > 0 in Q and
{, € CX(Q), |D",(x)| < N(m)e™.

For 0,y € IR, let H;’O(Q) be the set of all distributions u on  such that
lully oy 3= e e ute [, (23)

It is known (see, for instance, Lototsky, 2000) that the set H;@(Q) is
independent of the choice of { and , and the norms generated by different choices
of { and  are all equivalent. In particular, if n is a nonnegative integer then

|wm@~2/WMMw“m (2.4)

|e|<n

The following results are taken from Krylov (1999b) and Lototsky (2000).
For v € (0, 1], we denote

lu(x) — u(y)|
|”|C(X) sup|u(x)| []C‘(X) Sup ————
x£y lx — ¥l

Lemma 2.3. (i) Assume that y —d/p = m+ v for some m =0,1,... and v € (0, 1].
Let i, j be multi-indices such that |i| < m, |j| = m. Then for any u € H, ,(2), we have

lpliH»@/pDiM S C(Q)’ ‘/jer‘erH/iju € C;{)L (Q)’

|¢It\+0/pDiu|C(Q) + Wm+v+0/pDJ'u]Cv(m < N||u||H;10(Q).

(i) ¥D,Dy:H Q(Q) — H, ” 0 (Q) are bounded linear operators, and

el oy < NIty + Nl oy < Nl o 25)
thm_WWW$w@+NWMWmSMM¢my (2.6)

(iii) For any v,y € R, {" H’ W(Q)=H, , [”(Q), and
[l ”Hp() W@ = =Ny~ ””H”,(Q) N”M”HPU MOE 2.7)

Denote

(D = L(O. T H)), (0,1 = L, (0. T}, Hy, (),
L (.)=H/(.) U=H"

2(_14a y—
(Q) wp( I+ )-HHp,gZ/p(Q)'

pﬁx

Q,7) if ue lp]H' J(Q,T), u(0,-) € U (Q) and for some

We write uesZ)p(“ 0.1

f c lp 1+2a]I_Ilr), (Q T)

du

Sy 28)
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in the sense of distribution. In other words, for any ¢ € C;°(£2), the equality

(Wt ) = (. ), 8 + [ (5. ). s

holds for all t < T. In this situation we also write f = u,.
The norm in @ (Q T) is introduced by

”u”-‘fb;ﬁf,(ﬂ,ﬂ = [|“|]9;{fﬁ(gn + [lu(0, ~)||U;f”_27(g)’

where

[|u|] (QT) - ||lp u”]ﬁfﬂz(ﬂ 7) + ”ll/l 21” ”]H 0(1) 7)°

01

(ot (2.9)
p — |y, 20-0)—
”M(O, ) ||Ul,)4;’2i(9) - H !//p M(O, ) HH;BZ—Z/p(Q).

The set $''7 (Q, T) is independent of the choice of ¥, and for instance the

p.0,00
norm |y~ u||]H 20, in (2.9) can be replaced by ||u||]H 2 The simplest case of

(@1
equation (2.1) is

du 2
= VU*Au.
dr =V

If u e yH +(Q, T), then by Lemma 2.3, > Au = u, € §~ "*2H) ,(Q, T). This shows
that the semi-norm [|u|]w 2 Q.1 is introduced naturally

Denote p(x, y)—p(x)/\p(y) ForceR,ve(0,1), and k=0,1,2,..., as in
Gilbarg and Trudinger (1983), define

17 =A% = wwmmme (2.10)
Ilfl k

B — Db
A = [0 = sup 747,y L= DTO)

©.yeQ lx — y|"
Il=k

)

. (2.11)
A1 = 110 = A% A =110 = 100 + [ o

j=0
By Dff we mean either classical derivatives or Sobolev ones and in the latter case
sup’s in the above are understood as ess sup’s.
Fix a function J,(r) >0 defined on [0,00) such that J,(zr) >0 unless
1€{0,1,2,...}. For t > 0 define
T+ = 1+ 6y(7),

and fix constants

09, K € (0,00), p€[2,00).
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Assumption 2.4. (i) For any 1 € R,
3ol Al < d'(r, x)2T3 < K|A|. (2.12)

(ii) The function a%(t, -) is continuous in x, uniformly in ¢. In other words, for
each x € Q, & > 0, there exists = d(x, €) > 0 such that

|a"(t, x) —a'(t.y)| < €

for all r and y € Q with |[x — y| < J.

(ili) There is control on the behavior of a”, b’, c near dQ). Namely,

lim  sup |a’(t, x) — a’(t,y)| = 0. (2.13)
p(x)—0 y,t
YEQ  |x—y|=p(x.y)
lim sup(|b'(¢, x)| + |c(t, x)|) = 0. (2.14)
0(230 1<T

(iv) Foranyr> 0,
ii 0 i 0 0
a1, I+ 1B (2 D + le(r, )L < K.

Remark 2.5. Tt is easy to see that (2.13) is much weaker than uniform continuity
of a. For instance, if € (0, 1), d =1 and ©Q = R, then the function a(x) equal to
2 +sin(|Inx|) for 0 < x < 1/2 satisfies (2.13). Also note that the coefficients y>*~'b’
and y*2c are allowed to be unbounded if o < 1/2 and « < 1, respectively.

From this point on, we assume that
d—1<0<d-1+p. (2.15)
Here are our main results.

Theorem 2.6. Let y € [0, 00) and Q be bounded. Then under the above assumptions,

(i) for any f ey "H) ((Q, T) and u, € Ujjt,zl(ﬂ) equation (2.1) with initial
P+

data uy admits a unique solution u in the class 9, ,(Q, T),

(1)  for this solution

2,02 g < V(W' 0y + ol ). (2.16)

7+2 =
9,.0.,(Q.T)

where the constant N depends only on d, vy, p, 0, o, «, K, T, and Q).

The following results are immediate consequences of Lemma 2.3, Remark 3.7
in this article and Lemma 3.2 in Kim (2004).
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Corollary 2.7. Let u € @;ﬁfz(ﬂ) be the solution of Theorem 2.6.

1) Ify+2—d/p=m+v for some m=0,1,..., ve (0,1] and i, j are multi-
indices such that |i| < m, |j| = m, then for each t,

Y= piy e C(Q), Y MP DIy € € (Q).
In particular,
WD u(x)| < Ny (x).
(i) Let
2/p<pu<B<1, y+2—B—d/p=k+e,

where k € {0, 1,2, ...} and € € (0, 1]. Then for any 6 > f — 1 + 0/p and multi-indices
i, j such that |i| <k and |j| = k,
W{SHi\Diu(I) _ l//éHi‘Diu(O) c C,u/2—l/p([0’ T], C(Q)),

WD (u(r) — u($)) ¢ [+ DI (u(r) — u(5)) e q)
o =+ sup 2-1
s#t |t — s|p s#t It = sl

= (e { P T ]

3. Auxiliary Results

The main goal of this section is to give some estimates for solutions of equations
defined on R? and RY.

Lemma 3.1. Suppose that a'/ are uniformly continuous in x, satisfy (2.12) and
|l (1, )i < K.

Also assume that f € H(T), u, € UI';'“ and u € ]H};“(T) is a solution of

du .
— =a" Q] 0, ) = .
dt A" Uiy, +f M( ) Uy
Then u € H}(T) and
sy = N (1l + 0 g+ ) (3.1)

where N depends only on d, p, d,, K and the continuity of a'.

Proof. One easily gets the assertion of this lemma by inspecting the proofs of
Lemma 6.6 and Theorem 5.1 in Krylov (1999a). We only give few comments.
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First, in Krylov (1999a), [lu, |y 1s estimated instead of ||“||1H";‘,“m' One gets the
estimate ||u|| H2(n) from

”””lH};“(D < Nllullpy iy + Nl -

Second, actually the constant N in Lemma 6.6 in Krylov (1999a) depends also

on T, but this is used just to drop the term ”MHII;I"‘“(D in (3.1). O
If O =RY, we will use the spaces H,, and @2’92,“(7') introduced in Krylov

(1999b). They are defined by (formally) taking y(x) = x!, so that {_,(e"x) = {(x)
and (2.3) becomes

lully, = 3 e IEC eI

neZ

For any smooth function n € C°(R_),

2 e InCu(e")IIg, = Nlulz, (3.2)

nelk

As in Krylov (1999b), by M* we denote the operator of multiplying by (x')* and
M = M". Thus,

leell gz = Ul gz, oy + 10, )l gz -
where

R —1 1-2a
allgpz oy = WMl + M0 gy

M = F-0-1 .
0, Yy = M0 0, ) s
Lemma 3.2 (Krylov, 1999b). All the claims of Lemma 2.3 hold true if { and H, ,(€2)
are (formally) replaced by M and H;,o) respectively. Moreover for any fixed p and v,

the constants N (corresponding to those in (2.5)—(2.7)) and the constant N in (3.2) are
bounded on any closed interval I C (d —1,d — 1+ p).

Lemma 3.3. For any nonnegative integer n > v, the set

50,0 N U €0, 7], C5(G))), (3.3)

k=1

where G, = (1/k, k) x {|x'| < k}, is everywhere dense in SZ);,M(T)
Proof. See the proof of Theorem 2.9 in Krylov and Lototsky (1999). Actually in
Krylov and Lototsky (1999), the lemma is proved when o = 0. One can easily check

that the same arguments hold true for any o > 0. a

The following three lemmas are taken from Kim and Krylov (2004).
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Lemma 3.4. Let constants C, o € (0, o), a function u € H;,e» and q be the smallest
integer such that |y| +2 < gq.

(i) Letn, e C*(RY), n=1,2,..., satisfy

S M |D*y,| < C in Q (3.4)

Sfor any multi-index o such that 0 < |a| < q. Then
roo< Pllull?,
X Il < NCTlty
where the constant N is independent of u, 0, and C.
(1) If in addition to the condition in (1)

Yo =6 onRY, (3.5)

n

then
lully, < NS Il . (3.6)
) B p.
where the constant N is independent of u and 0.

The reason the first inequality in (3.7) below is written for #* (not for #?) as in
the above lemma is to have the possibility to apply Lemma 3.4 to 2. Also observe
that obviously Y a® < (3 |a|)>.

Lemma 3.5. For each ¢ >0 and q=1,2,... there exist non-negative functions
N, €Ce(RY), n=1,2,... such that (i) on RY for each multi-index o with 1 < |a] < g
we have

Z’/Ii Z 1’ Znn S N(d)’ ZMM|Dann| S 8; (37)

(i) for any n and x,y € suppn, we have |x—y| < N(x'AYY), where
N=N(d,q, €) €[], ).

Lemma 3.6. Letp € (1, ), y, 0 € R. Then there exists a constant N = N(y, |y|+, p, d)
such that

i
® laf s o0 < Nlal S, 1l e (3.8)
1) ify=1,2,... then

lafl, < Nsuplal | fll, + NI fll,-sup sup [M"D*al, (3.9)
s IRi > P, IRd

4 1=ful=y
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(i) if |y] & {1,2,...} then

(3.10)

p.0°

K ) 1—s
lafll, = N(suplal) (lal.) £l
R{

where s=1ify=0,and s =1— % otherwise.

Remark 3.7. It follows that for any v > 0, ¥ is a point-wise multiplier in H;"U(Q).
Thus, by Lemma 2.3(iii), if 6, < 6, then

||“||H;>02(Q) = N||¢(02701)/p“||f1;‘”1 @ = N”””H;J)I(Q)'
Consequently if 0 < o; < a, then
||“||.s:>;,(,_0(n,n = N”“”.s:)‘;‘,y(,,y1 @n = N”u”s};’a‘yz(Q,T)‘

Lemma 3.8. Let a”/ be independent of x. If f € M~""*H., \(T), u, € Ul;*ézx and u €
9 (T) is a solution of

.0,
% =M*adu,; + f, u(0) =u, (3.11)
then u € Sﬁ)ﬁzz(T) and
1Ml < N (||M-1u||; e L e IIMOII‘,}ETO;%) . G12)
where N depends only on o, o, p,d, 0,y and K.
Proof. Denote c, := ¢*"1=%, Obviously
Il sy = N DO
=N)Y_ "0 2=20 |y (¢, 1, e"x)C||§I.;;+2(C;ID. (3.13)

n

Choose a function ¢ € Ci°(IR ) such that £ =1 on the support of {, and define
al(t, x) == (x")*a" (c,n&(x) + (1 — &(x))0",
where Y = 1 if i = j, and 67 = 0 otherwise. It is easy to see that for each k > 0,

supsup |a”|q < oo (3.14)
n t

and d¥ satisfy (2.12) (uniformly in n). Also note that v,(z, x) := u(c,t, €"x){(x)
satisfies
dv,

— 4y
dt - an Upyixi +fn
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where
fo=—2de"u(c,t, e"x){; — a’u(c,t, €"x) iy + ¢, fc,t, €' x){.

By Lemma 3.1 it follows that v, € H}"(c,'z) and

B0l sy = N (10l 1l + Nto(e 072

where the constant N is independent of n.
Coming back to (3.13) one gets (3.12). Indeed, by (3.14) (also see Lemma 5.2 in
Krylov, 1999a),

la,e"u(c,t. e" X)L Iy < N(d. p.p)lle"u,(c,t., e"x){ |y

]H (c Iy — ]H‘,(C,YIT)’
”anu(cnt’ ex)cxx”]H;(cn—lf) = N(d’ p; y)”u(cnt’ eX)CXX”?H};(C;II)'

Also
Z en(9*[?+272tX)||enuX(cnt’ e"x)cx”:}){;;((;m
n
nf n p p
= t, N < N|M"~
5l )l < Nl o = NIVl
Z en(@—p+2—2a)||u(cnt’ ex)gxx”;;;(c;ln
n
= P Nl = VMl
(0—p+2-22) P
Z en r * ”cnf(cnt’ enx)C”]H;')(C;IT)
n
_ (0+p(1-22)) 1-2
D Lty 1
2T ug ("L e < Nugl? o
Up U, o
The lemma is proved. O

Lemma 3.9. Assume that a'/ are independent of x. Then for any u € SZ)?LM(T),
17l = NIM = Mg DI,y + NG, (B19)
where N depends only on é,, o, 0, p, d and K.

Proof. 1If o = 0, then this lemma is already proved in Krylov and Lototsky (1999).
Here we modify the proof. The operator

MD.D; : §', (T) — H. ()

is bounded. By Lemma 3.3, it follows that we need to prove the lemma only for
functions u belonging to the set (3.3) with sufficiently large n.
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Denote c=2+0—d— p, ¢c =c— 20 and
fi=u,— M*au

xix]
Then,
N 1\ ne 1
T 0 = Gl + 0 [ (i)
- T .
= (xl)“luol“rf (POl ua iy + p(x) ul”2ub'=> f] d1
0
Integrate over IR? and get
T
1\ el (=2 ij
0= [ 0Tl dx+ [ [ T=p(e = DO Tulau
— () a (|ul”) e + pOe) T ul M f|]dx . (3.16)
By Young’s inequality and Corollary 6.2 in Krylov (1999b),

p(xl)c—l|u|p—l|M1—2:xf| < 5all|M_1M|p()Cl)0_d+N|M1_2af|p(xl)g_d,

flRfi )P 2auu,; dx > a'' (1 — ¢)*p~? /lRi |M~"ulP (x") '~ dx.
Also observe
—c[mi(xl)c’la“(luV’)x,- dx =a""c(c—1) -/lRi [M " u|P (x")'4 dx,
/,Ri(x])zluol”dx _ /mi MO0y P ()~ dx < Il
Coming back to (3.16) we get
a'[p(p = DA = e)*p? + (1 =) = d]IM"ully
=N (”Mlz“f”ﬁm(n + ||”o||f,;(;) .
Now it is enough to check that, if d — 1 < 0 < d — 1 + p, for sufficiently small ¢
pp—DA=c)p2+cl—c)=6=p ' d+p—0-1)0+1—-d)—35>0.
This leads the proof of lemma to the end. O

Lemmas 3.8 and 3.9 yield the following result.
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Corollary 3.10. Let 7y € [0, 00) and d' be independent of x. If ue 95 (T) is a

solution of equation (3.11), then e
||M71M||l];;7+ozm < N(0) (”Mlz“f”ﬁ[;_om + N””O”Zﬁi) ’ (3.17)
where N(0) depends only on &, p, d, a, 0,y and K.
Theorem 3.11. Let y € [0, o),
a2 2+ 160 L A+ le(e, I < K,
and
a1, x) = @, 3)| +15'(5, 9] + et 0] < B (3.18)

whenever t>0, x,y € R%, and |x —y| <x' Ayl. Then there exists B, = P,(0)
depending only on d, p, 0, o, 6y, K, y and K, such that if

B =B (3.19)
and u € 97 (T) is a solution of
du 2 i 2a—1pi 202
i M~ a"u, ;+ M= bu, + M “cu+ f, u(0)=u, (3.20)
then
||M*1u||;mm <N (||M12“f||§4;‘0m + ||uo||pU;,;z> ’ (3.21)

where the constant N depends only on d, p, 0, o, v, §,, K and K.

Proof. Case 1: y¢{1,2,...}. Take the least integer g > y+4. Also take an
e€(0,1) to be specified later and take a sequence of functions 7,, n=1,2,...,
from Lemma 3.5 corresponding to &, g. Then by Lemma 3.4, we have

-1 4 - -1 2P
| M u||%zm §Nn§||M un’ “H;;ﬁfm' (3.22)

For any n let x, be a point in supp, and a,(f) = a(t, x,). From (3.20), we easily
have

d(un? iy
A — bt ) o + M,

where
xixi

fn = (aij - aiij)ﬂiMuxfxf - ZG;IIM(I’[i xillyi — ai{M_luMz(nfz)
+ 2 uy +preM " w4+ MU ik
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By Corollary 3.10, for each n,

L A (AT T ey (3.23)

and by (3.10),

L (324)

H (aij - ailj)’/liMuxixj ||]H? = N”nnMuxix/”]H-"_o(T) sup |(aij - aizj)r’n
e D ke

where s =1 if y =0, and s = 1 — y/y+ otherwise.

By Lemma 3.5(ii), for each n and x, y € suppn, we have |x — y| < N(e)(x' A y!),
where N(¢) = N(d, g, €), and we can easily find not more than N(g) + 2 < 3N(¢)
points x; lying on the straight segment connecting x and y and including x and y,
such that |x; — x| < x! A x],,. It follows from our assumptions

sup |(aij - af,/)n,l| < 3N(e)p.

[0,7)xRE
We substitute this to (3.24) and get

H (aij — af{)nﬁMu

xix/ ]H;;()(T) = NN(S)ﬂS Il'/lnMuxix-f ||JH;;”(T)
Similarly,

I8+ Ml = N8 (g + 1M il )

Furthermore

ity < NIM "l (Mgl < NIM ] (3.25)

Coming back to (3.23) and (3.22) and using Lemma 3.4, we conclude

=1 P s =1 P 1-20 £|| P
97l < NNB” Ml o+ N0 1

(1 50(D

o+ Nl 2+ NCT M~ (3.26)

b (D)

where

C= sup 3 MP(DMOR))| + DM (12).0)))-

lel<q—2 =1

By construction, we have C < Ne.
Hence (3.26) yields

117 DS 4 1P 1-20 1P p
M, < MNP + Ml 48 (1211 Dol )
Finally to get the estimate (3.21) it’s enough to choose first £ and then f, so that
N, (N(e)pP + &) < 1/2 for f < f3,.
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Case 2: y€{1,2,3,...}. Take g,1, as in case 1 and arrive at (3.23) which is
M2 < V(U + J ] )
By (3.9),
[ =@My o = N sup (@ = @I Mucn s, o+ NIl
After this, one proceeds as in case 1, and gets (by choosing ¢ and f3, properly)

(170 [

-1 1=2u £|P
2y = V(M g + 1M F 1, gl )-

0 (D) — H, (1)

1’)
Here we use
1M gy = SN gz gy + NOIM ™l

Now it is enough to use the result of case 1 (by reducing f, if necessary). 0

Remark 3.12. By inspection the proofs of previous lemmas (based on Lemma 3.2)

one can easily check that for any fixed p, y and closed interval I C (d — 1,d — 1 + p),

N, :=sup N(0) < oo,
Oel

where N(0) is the constant in (3.17). Hence, from the proof of Theorem 3.11 it also
follows that

Bos == 161;1; Bo(0) > 0.

4. Proof of Theorem 2.6

First we prove a priori estimate.

Lemma 4.1. The estimate (2.16) holds true given that a solution u € 5"9;02“(0, 7)
already exists.

Proof. Let x, € 0Q). Without loss of generality we assume that x, =0 and
e, :=(1,0,0,...) is the unit normal vector of 0} at x, (otherwise do rotation
and translation properly). For the function ¥ in Assumption 2.1 we define
V= (Y(x), x"), so that for n =0,1,2, ...

W, omn W0, < N < oo, (4.1)

n,B,O(xo)ﬁ!
p()¥, (x) > 0 as p(x) - 0, (4.2)
Yy =x! xeJ,.
Denote r = ry/K, and fix smooth functions n € C°(B,), ¢ € C*(IR) such that

0<ne=<l,and n=11in B,,, ¢(t) =1 for t < -3, and ¢(t) =0 for > —1 and
0>¢ >—1.



07:33 16 Decenber 2009

Seoul Canpus] At:

Downl oaded By: [2007-2008-2009 Korea University -

1276 Kim

For each sufficiently large integer m, >0, x € R? introduce ¢, (x) =
e(m™'1nx"),

a, =ag,n+(—¢,ml b,:=be,n c,=7ce,n,
where [ is the d x d identity matrix,
@it x) = a’(r, ¥ (x)), bt x) = bi(t, v (%)),
Al = a" WL, b =ya "V + bV, (1, x) = c(t, P (x)).

Using Lemma 3.7 of Kim and Krylov (2004), one can easily check that there exists
a constant K’ (independent of m) such that

a2+ 1B, + lea i < K.

Take f, from Theorem 3.11 corresponding to d, p,0,a,d,,7,K and K’
Observe that ¢(m ™' Inx!) =0 for x' > e and |e(m~'Inx') —p(m ' Iny")| <m™! if
|x' —y'| < x' A y'. Also note that

2! (P(x)) = 0 asx' — 0.

Thus one easily finds m > 0 such that

|a, (1, x) = a,,(t, V)| + |b,, (1, )| + |e,, (, )| < B,

whenever 7 > 0, x,y € R? and |[x — y| < x' AL
Now we fix a p, < r, such that

\II(BPO ('XO)) C Br/2 N {X : xl < g—3m}-

Let ¢ be a smooth function with support in B, (x,) and denote v := (wé)(P~') and
continue v as zero in RY \ W(B, (x)). Since 7¢,, = 1 on W(B, (x,)), the function v
satisfies

dv y . A
= = MY+ M b+ MY+

where
F=FON, F=-2%aué, — P ualé ., —yP T ub'E s + Ef.

Next we observe that by Theorem 3.2 in Lototsky (2000) (or see Kim and
Krylov, 2004) for any v, « € R and h € y~H), ,(Q2) with support in B, (x,)

o o —1
¥ h”H[‘;VU(Q) ~ ”M h(¥ )HH},'AU' 4.3)
Therefore we conclude that v S"QHQ (T), and thus by Theorem 3.11 for each ¢t < T,

p,0,a

”M_IU”]H;:)ZQ) < N”Ml_zxf”l]-l;'(,(t) + NHMO(\I’_I)é(‘I’_I)” U[-,;zzx.
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By using (4.3) again we obtain

W uéllypaa.y < Nlladudlg . + Nladobul o

+ NI bl .0 + NI Fllu 0 + NlEuollye o)

Next, since

Ea(t, D, Eawalt, Y, €D, )|

are bounded on [0, 7],

(7 U5||1H+2(Q o =Nl 0.0 + Nl o, o+ NIy zxf”lH (@, x)+N||’40||U 2 Q)

Note that the above constants p,, m, K', N are independent of x,. Therefore,
to estimate the norm |y~ u||]H+z(Q y> one introduces a partition of unity (),
i=0,1,2,..., N such that {, € Cy(Q) and {; € C7°(B, (x;)), x; € 0Q for i > 1.
Then one estlmates W~ ul )l 20, using Theorem 5.1 in Krylov (1999a) and the
other norms as above. By summing up those estimates one gets

gy 20 = < Nl 0.0 + Nl 0. + Nlly' zaf”]H)U(Q D)
+ Nluoll 2 0)- (4.4)

Furthermore, we know

[Wrue, ”H @) = < Null, Q)
Therefore (4.4) yields

lullg 2 < Nllullg,. - an PNV,

) 0(Q.0) + N||u0||p:'+2

() U (@)

Now the estimate (2.16) follows from Theorem 2.7 in Lototsky (1999) (or see Kim,
2004, p. 16) and Gronwall’s inequality. The lemma is proved. |

Remark 4.2. Instead of (2.14), actually we are using

JJim Sl}p(lbi(t, )|+ le(r, 2)1) < Bo(0), (4.5)
xeQ)

for some f,(0) = B,(0, d, p,y) > 0, and by Remark 3.12 one can take f,(0) such
that for any closed interval I C (d — 1,d — 1 + p)

Bm = 191;; Bo(e) > 0.
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Finally considering the method of continuity, we finish the proof of theorem
by showing that for any f ey ""*H ,(Q,7) and u, € U;I,’ZU_(Q), there exists
ue ' (Q, T) such that

p,0,0

% =y*Au+f, u(0,-) = u,. (4.6)

We can approximate f with smooth functions having compact support.
Therefore it follows from the estimate (2.16) that we may assume that f is bounded
along with each derivatives in x and vanishes if x is near the boundary of the
domain. The same arguments show that we may assume that u, is bounded along
with each derivatives and has compact support in ). Thus we only need to prove
the following lemma.

Lemma 4.3. Let d —1 <0 <d— 1+ p. Suppose that f and u, are bounded along
with each derivatives and have compact supports in (). Then the equation

% =y Au+ f, u(0,.) = u, 4.7)

has a solution u € ‘b;f()za(ﬂ, 7).

Proof. By modifying the arguments in the proof of Lemma 3.8, one can easily
check that if u € YIL, ,({2, T) is a solution of (4.7), then u € 55;021(0, T) for any 7.
By Theorem 2.10 in Kim and Krylov (2004), for each ¢ € (0, 1] the equation

% =(e+y™Au+f, u(0,)=u, (4.8)

has a unique solution u® such that u® e SZ)Z,TO%O(Q,T) for any ye€ R and 0 €

(d—1,d -1+ p). Using Lemma 2.3 (also see Lemma 3.2 in Kim, 2004) one can
check that u® € C(Q), u|,q = 0, and u® is a classical solution. Now we use estimates
for solutions of degenerate parabolic equations (see, for instance, Theorem 1.2.9 in
Ladyzhenskaya et al., 1968) and get

sup sup |u°(, x)| < oo.

g w,,x

Consequently, if 0 > p then

S‘ip " | L7 < -

If 0 > p, then there exists a subsequence g, and u € YIL, ,({2, T) such that u® — u
weakly in yIL, ,(Q, T). It is obvious that u is a solution (4.7). Thus the lemma is
proved for 0 > p, and the theorem holds true if 0 > p. If 0 < p, we proceed as
follows. Fix 0, € (p,d — 1+ p) and closed interval I such that 0, 0, € I. Choose
B > 0 such that

281w, | + BBB+ D> + Bl | < Bo-
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Let § < f. By Remark 4.2 and the previous results for 6 > p, the equation

d .
d_l: — tﬁzaAu 4 !//Za—lbzuxi + l/IZa—ZCM 4 l//—/}f
has a solution u € yIL, 5 (2, T), where
bi = —2ﬂlﬁxi,
c = —[BGB+ L) + PYAy].

Observe that v:=yPuecyIL,, , (Q,T) satisfies

p.0;

dv )
— =yY*A .
7 Y Av + f.

Thus the lemma is proved if 0 > 0, — Bp. One can repeat this process until 0 > 0, —
nfp for some integer n. This is possible since f is independent of each step. The
lemma is proved. |
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