ON THE REGULARITY OF THE STOCHASTIC HEAT
EQUATION ON POLYGONAL DOMAINS IN R?

PETRU A. CIOICA-LICHT, KYEONG-HUN KIM, AND KIJUNG LEE

ABSTRACT. We establish existence, uniqueness and higher order weighted L,-
Sobolev regularity for the stochastic heat equation with zero Dirichlet bound-
ary condition on angular domains and on polygonal domains in R2. We use
a system of mixed weights consisting of appropriate powers of the distance to
the vertexes and of the distance to the boundary to measure the regularity
with respect to the space variable. In this way we can capture the influence
of both main sources for singularities: the incompatibility between noise and
boundary condition on the one hand and the singularities of the boundary on
the other hand. The range of admissible powers of the distance to the vertexes
is described in terms of the maximal interior angle and is sharp.

1. INTRODUCTION

In this article we continue the analysis started in [2] towards a refined L,-theory
for second order stochastic partial differential equations (SPDEs, for short) on non-
smooth domains. The main challenges in the construction of such a theory come
from two effects that are known to influence the regularity of the solution: On
the one hand, the incompatibility between noise and boundary condition results in
blow-ups of the higher order derivatives near the boundary—even if the boundary
is smooth. On the other hand, the singularities of the boundary cause a similar
effect in their vicinity—even if the forcing terms are deterministic. We refer to the
introduction of [2] and the literature therein for details.

The well developed L,-theory for second order SPDEs on smooth domains, car-
ried out within the analytic approach initiated by N.V. Krylov, shows that the
incompatibility between noise and boundary condition can be captured very accu-
rately by using a system of weights based on the distance to the boundary, see, for
instance, [4, 6, 10, 14, 15]. Moreover, the results in [2] indicate that a system of
weights based on the distance to a corner of the underlying domain is suitable to
describe the impact of this boundary singularity on the solution. Thus, in order to

2010 Mathematics Subject Classification. 60H15; 35R60, 35K05.

Key words and phrases. Stochastic partial differential equation, stochastic heat equation,
weighted Lp-estimate, weighted Sobolev regularity, angular domain, polygon, polygonal domain,
non-smooth domain, corner singularity.

The first named author has been partially supported by the Marsden Fund Council from
Government funding, administered by the Royal Society of New Zealand, and by a University of
Otago Research Grant (114023.01.R.FO).

The research of the second author was supported by Basic Science Research Program through
the National Research Foundation of Korea (NRF) funded by the Ministry of Education (NRF-
2017R1D1A1B03033255).

The research of the third author was supported by Basic Science Research Program through
the National Research Foundation of Korea (NRF) funded by the Ministry of Education, Science
and Technology (NRF-2013R1A1A2060996).

1



2 PETRU A. CIOICA-LICHT, KYEONG-HUN KIM, AND KIJUNG LEE

capture both effects, a system based on a combination of appropriate powers of the
distance to the boundary and of the distance to the boundary singularities suggests
itself.

Our primary goal in this article is to show how such a system of mixed weights can
be used in order to provide higher order spatial weighted L,-Sobolev regularity for
second order SPDEs with zero Dirichlet boundary condition on angular domains
and on polygonal domains in R?. For the moment we restrict ourselves to the
stochastic heat equation, since already the analysis of this equation involves many
non-trivial steps and has been a persisting problem for a long time. At the same
time, we believe that in this way we can shade some light on the general strategy
without getting lost in details. Our general setting is as follows: Let (wF), k € N, be
a sequence of independent real-valued standard Brownian motions on a probability
space (2, F,P) and let T € (0,00) be a finite time horizon. We consider the
stochastic heat equation

du= (Au+ fO+ fi)dt + gF dwf on Qx(0,T] x O,
u=0 onx(0,7T] x 00, (1.1)
u(0)=0 onQxO0O,

on various types of domains © C RY. Our focus lies in particular on polygonal
domains and on angular domains @ C R2. Note that, as usual, here and in the
sequel we use the Einstein summation convention on the repeated indexes ¢ and k.

Our main results address the existence, uniqueness and higher order spatial
regularity of the solution to Equation (1.1) on angular domains and on polygonal
domains O C R2. By using a weight system based solely on the distance to the set of
vertexes of O, we establish existence and uniqueness of a solution to Equation (1.1)
with suitable weighted L,-Sobolev regularity of order one with respect to the space
variable; see Theorem 2.8 (angular domains) and Theorem 5.4 (polygonal domains).
The lower bound of the range (2.6) for the weight parameter 6, which corresponds
to the best integrability property of the solution near the vertex, is sharp; see also
the introduction of [2]. Moreover, by using, in addition, appropriate powers of
the distance to the boundary 0O we describe the behavior of higher order spatial
derivatives of the solution; see Corollary 2.11 (angular domains) and Theorem 5.6
(polygonal domains).

The key estimate, which paves the way for all the results mentioned above, is
presented in Theorem 2.5. Roughly speaking, it shows which system of weights
is suitable in order to be able to lift the spatial regularity of the solution of the
stochastic heat equation (1.1) on an angular domain with the regularity of the
forcing terms. In short, it can be stated as follows: Let

D:=D,, = {z € R* 1z = (rcosd,rsind), r >0, ¥ € (0,x0)}, (1.2)

be an angular domain with vertex at the origin and angle kg € (0,27). Moreover,
let p(z) := pp(x) := dist(x, 9D) be the distance of a point x € D to the boundary
0D of D. If u is the solution to Equation (1.1) on D, then, for arbitrary m € N,
1<O <p+1andfeR, we can estimate

E/OT( > /D’p(:c)m_1Do‘u(t,m)‘p|x|9_2(p|(;|>>®_2 d:c> dt

la]<m
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by the weighted L,-norm

IE/OT/D||17|1u(t,x)|p|x92<p|(xx))@_2 dz dt

of the solution plus appropriate weighted L,-Sobolev norms of the forcing terms
fO f* and g, of order (m —2) V0, m — 1, and m — 1, respectively. It is worth
mentioning that the range for the parameter © in this estimate is natural and
sharp, see Remark 2.6 for details.

As already mentioned above, there already exists a comprehensive L,-regularity
theory for second order SPDEs in weighted Sobolev spaces with weights based solely
on the distance to the boundary, see also [5] in addition to the reference given above.
Typically, the solution u to Equation (1.1) on a domain O C R? fulfills

T
IE/ ( Z / ’pla‘_lDo‘u’pp@_d dm) dt < oo,
0 o

lo|<m

provided that the domain O is sufficiently smooth and the free terms f°, f* and g
are in corresponding weighted Sobolev spaces. More precisely, on smooth domains,
i.e., at least C', such a theory is possible with

d—1<0O<d+p-1,

see, e.g., [4, Remark 2.7]. However, on non-smooth domains, only © € (d+p—2—
g,d+p—2+¢) is possible with a small € > 0 that depends on the roughness of
the boundary of the domain and is not explicitly given [5]. In particular, for large
p > 2, © = d is not admissible, see [5, Example 2.17] for a typical counterexample.
Our results show that, on polygonal domains, if we use an appropriate power of
the distance to the set of vertexes to control the behavior of the solution in their
proximate vicinity, then © = d = 2 is possible away from the vertexes.

Our analysis takes place within the framework of the analytic approach. The
proofs of the main results rely on a mixture of Green function estimates on angu-
lar domains, suitable localization techniques and some delicate estimates for the
stochastic heat equation on C! domains. Alternatively, one could think of Equa-
tion (1.1) as an abstract Banach space valued stochastic evolution equation and
try to obtain a similar theory by using the extension of the semigroup approach for
SPDEs to Banach spaces developed by J.M.A.M. van Neerven, M.C. Veraar and
L. Weis [18, 19, 20]. However, for this to succeed, one would have to (at least!) check
whether the (properly defined) Dirichlet Laplacian on weighted Sobolev spaces has
an appropriate functional calculus. Moreover, one would need a description of the
domain of the square root of this operator in terms of suitable weighted Sobolev
spaces. To the best of our knowledge, both questions are not trivial and yet to be
answered.

This article is organized as follows: In Section 2 we present and prove the main
results concerning existence, uniqueness (Theorem 2.8) and higher order regularity
(Corollary 2.11) of the stochastic heat equation on angular domains. The proofs
rely on two key estimates, which are stated in Theorem 2.5 and Lemma 2.7 and
proven in detail in Section 3 and Section 4, respectively. Finally, in Section 5 we
present our analysis of the stochastic heat equation on polygonal domains. Before
we start, we fix some notation.
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Notation. Throughout this article, (Q2, F,P) is a complete probability space and
(Ft)e>0 is an increasing filtration of o-fields F; C F, each of which contains all
(F,P)-null sets. We assume that on Q we are given a family (w});>0, k € N, of
independent one-dimensional Wiener processes relative to (F;):>0. By P we denote
the predictable g-algebra on €2 x (0, 00) generated by (F;);>0 and any of its trace o-
algebras. Moreover, T € (0, 00) is a finite time horizon and Qr := Q x (0, 7). For a
measure space (4, A, i), a Banach space B and p € [1,00), we write L, (A, A, u; B)
for the collection of all B-valued A-measurable functions f such that

12, 0 gy = [ 11 i < oo

Here A is the completion of A with respect to . The Borel o-algebra on a topo-
logical space E is denoted by B(E). We will drop A or p in L,(A, A, u; B) when
the o-algebra A or the measure p are obvious from the context. For functions f
depending on w € Q, t > 0 and = € R?, we usually drop the argument w, and
denote them by f(t,z). If O C R? is a domain in R%, we write C2°(O) for the space
of infinitely differentiable functions with compact support in ©. Moreover, C2(0) is
the space of twice continuously differentiable functions with compact support in O.
For a function f: O — R and any multi-index a = (o, ..., aq), a5 € {0,1,2,...},

Df(z) := 0500 u(z), == (a',...,2%),

where 9" = 53((2'7(;;% is the «; times (generalized) derivative with respect to the i-th

coordinate; f i := %u. By making slight abuse of notation, for m € {0,1,2,...},
we write D™ f for any (generalized) m-th order derivative of f and for the vector of
all m-th order derivatives. For instance, if we write D™ f € B, where B is a function
space on O, we mean D® € B for all multi-indexes « with |a| = m. The notation
[z is used synonymously for D' f, whereas ||fz||5 := Y_,||fzi|/5. Throughout the
article, the letter N is used to denote a finite positive constant that may differ
from one appearance to another, even in the same chain of inequalities. When we
write N = N(a,b,---), we mean that N depends only on the parameters inside the
parentheses. Moreover, A ~ B is short for ‘A < NB and B < NA'.

2. THE STOCHASTIC HEAT EQUATION ON ANGULAR DOMAINS

In this section we present our analysis for the stochastic heat equation
du = (Au+ fO+ fi)dt + g" dwf, te (0,7, (2.1)

on angular domains D C R? with zero Dirichlet boundary condition and vanish-
ing initial value. We establish existence and uniqueness (Theorem 2.8) as well as
higher order spatial regularity of the solution (Corollary 2.11) within a framework
of weighted Sobolev spaces. The weights are products of appropriate powers of the
distance to the vertex and of the distance to the boundary (two infinite edges and
the vertex). The key estimate, which enables us to describe the behavior of the
higher order derivatives of u near the boundary even if the forcing terms behave
badly near the boundary but are sufficiently smooth inside the domain, is presented
in Theorem 2.5, see also Remark 2.6.

To state our results, we first introduce appropriate function spaces. The notation
is mainly borrowed from [2]. Throughout, D = D,, is as defined in (1.2) with
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ko € (0,27) and po(x) := |z| denotes the distance of a point z € D to the origin
(the only vertex of D). Let p > 1 and 6 € R. We write
LYL(D) := Ly(D, B(D), pf~%dz;R) and  LLy(D;6s) := Ly(D, B(D), p?~2du; l2)

0—2

o

for the weighted L,-spaces of real-valued and f»-valued functions with weight p
For n € {0,1,2,...} let

1/p
260) = { £l 00 1= (0 W'D ) <0

la|<n

and define K} o(D; (2) accordingly. Note that
K} o(D) = Lyy(D) and Ky y(D;ba) = Ly(D; o).

Moreover, we write I%;’O(D) for the closure in K} 4(D) of the space C3°(D) of test
functions.

We will frequently use the following basic properties of the spaces K ¢(D). They
are mainly due to the fact that for any multi-index «

sup (pL“'fl\D“pol) < N(a) < oo;
D
the proof is left to the reader.

Lemma 2.1. Letp > 1,0 € R and n > 1. If a is a multi-index with |a| < n, then
1057 D% Fll o101 oy + 1D (05" F)llgen 101y < Nl F sy 0,

and
HszK;;l(D) < N”f”K;")s_p(D)a
with N independent of f.
To formulate our conditions on the different parts of the equations, we will
use the L,-spaces of predictable stochastic processes on Q1 := Q x (0,T] taking

values in the weighted Sobolev spaces introduced above. For p > 1, 8 € R, and
n € {0,1,2,...}, we abbreviate

Z»a(D7T) = LP(QT7P7P & de, KEO(D))7
" 9(D,T;ly) := Ly(Qr, P, P @ da; K, 4 (D3 £3)),

LD, T) =K% ,(D,T), LLL(D,T;bs) := KO ,(D,T;ly),
and
K, (D, T) := Ly(Qr, P,P ® da; K, o(D)).
Using these spaces we introduce the following classes of stochastic processes that
are tailor-made for the analysis of Equation (2.1) on D.
Definition 2.2. Forp > 2 and 6 € R we write u € IC;LQ’O(’D,T) ifu e Kll)ﬂ_p(’D,T)

and there exist f° € L;E:]HP(D’ T), fi e LE%(D,T), 1=1,2, and g € LI[:](;(D,T; ly),
such that
du= (f°+ fi)dt + gFdwf, te (0,7, (2.2)
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on D in the sense of distributions with u(0,-) = 0, that is, for any ¢ € C°(D), with
probability one, the equality

t 0o it
(ult. 0 = [ 10000 = (Pl ds+ Y [(ahs ) dnk - (23)
k=1
holds for all t <T. In this situation we also write
Du = f° + f; and Su:=g
for the deterministic part and the stochastic part, respectively.

Remark 2.3. The spaces K;ye’o(D, T) from Definition 2.2 coincide with the spaces
R} (D, T) introduced in [2, Definition 3.4]. The only (apparent) difference is that
in the definition of ﬁ;’e(D, T') the deterministic part Du is required to be an element

of K, 4, ,(D,T) := Lp(Qr: K, . (D)), where K, (D) is the dual of K, ,,_,(D)
with 1/p+1/p’ =1 and 0/p + 0’ /p’ = 2. However, this is not really a difference,
since

Kb, (D.T) = {f+ fi: f° e Lk, (D, T), f e L,(D,T)}.
This can be proven with a similar strategy as the analogous result for classical
Sobolev spaces, see, e.g., [1, page 62ff.], and by using the fact that for reflexive
Banach spaces B with dual B*, the dual of L, (Q2r; B) is isometrically isomorphic

to L,(Qr; B¥), see, e.g., [3, Theorem IV.1.1 and Corollary II1.2.13].
In this article, Equation (2.1) has the following meaning on D.

Definition 2.4. We say that u is a solution to Equation (2.1) on D in the class
K;,Q,O(Da T) ifu € K;79,0(D7T) with

Du=Au+ fO+ flo = fO4+ (f" + ugi)gs and Su = g.

Now that we have specified the setting, we are ready to present our results. We
start with the key estimate in this article. Its proof is given in Section 3. Recall
that p(z) := pp(x) := dist(x,dD) denotes the distance of a point € D to the
boundary 9D.

Theorem 2.5. Letp>2,1<©<p+1,0€R, andm € {0,1,2,...}. Moreover,
let u € K} 4o(D,T) be a solution to Equation (2.1) on D. Then

T | p -2
E | —lDa p 2—2 () dx dt
[ E o ()

|a] <m—+1
T
SNIE/ / (|p01u|p+ Z |p'“‘“D°‘f°|”+Z Z |p\a|Dafi|p
o /P o] < (m—1)V0 T Jal<m
0-2
+ Z ‘palDo‘g@)pg_Q(Z}) dx dt,
la|<m

where N = N(p, 0,0, ko, m). In particular, N does not depend on T.

Remark 2.6. As mentioned in [4, Remark 2.7], the restriction 1 < © < p+1 on the
parameter © from Theorem 2.5 is necessary in order to obtain the corresponding
result for the stochastic heat equation on C!' domains with pg := 1 on C!. There-
fore, since a solution to Equation (1.1) on D that vanishes near the vertex can be
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considered as a solution to the same equation on a suitable C! domain, the range
of © in Theorem 2.5 is sharp.

In the proof of Lemma 2.9 below we first establish existence for equations with
nice forcing terms and extend it to the general case with a limit argument. For
this step to succeed, in particular to make sure that we maintain equality ‘for all
t < T’ and therefore the limit also fulfills the equation in the sense of distributions,
see Definition 2.2, we need the following lemma. It also plays a crucial role in the
proof of the existence result for the stochastic heat equation on polygonal domains
(Theorem 5.4), as it is one of the main ingredients in the proof of Lemma 5.3, which
in turn is used for a Gronwall argument to establish existence. Its proof is given in
detail in Section 4.

Lemma 2.7. Let p > 2 and 0 € R. Assume that u € ICII,’Q’O(D,T) satisfies
du= (f°+ fi)dt + gF dwl, te (0,77, (2.4)
in the sense of distributions. Then u € L,(2;C([0,T}; L[O] o(D))) and

p 0
E|sup lu(t ) | SN (I, oy + 151

(2.5)
2||P
+Z||f 75, o, +||g||mo o)’

where N = N(p,0, ko, T).

We have now all ingredients needed to state and prove our main existence and
uniqueness result for Equation (2.1) on D. The representation formula therein uses
the Green function for the heat equation on D = D, with zero Dirichlet boundary
condition, which we denote by T, see, e.g., [9, Section 1] for a precise definition.

Theorem 2.8 (Existence and uniqueness/angular domains). Let p > 2 and let

9 € R fulfill
p(l—w)<9<p<1+7r>. (2.6)
Ko Ko

Assume that g € ]LL‘D’]O(D,T;KQ) fo e }Lp]eer(D,T) and f' € ]L][:]Q(D,T), 1= 1,2.
Then

lta) = [ t [re-samfenias-Y [ t [ Tl = s ) dyds
+Z// —5,2,9)9" (5,) dy dw};

is the unique solution to Equation (2.1) on D in the class IC;7970(D, T). Moreover,
el oy < N (1, oy + 2 e .y + 19l p.10er)): (27)
7

where N = N(p, 0, ko). In particular, N does not depend on T.

If f© = 0 for i = 1,2, then this result has been already proven in [2, Theorem 3.7].
The extension presented here is essential to treat Equation (2.1) on polygons in
Section 5 even if the equation on the polygon does not contain terms of this type,
see also Remark 5.5 for details.
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The missing link between [2, Theorem 3.7] and Theorem 2.8 is presented in the
following lemma. Its proof relies on Theorem 2.5 and Lemma 2.7.

Lemma 2.9. Let p > 2 and let € R fulfill (2.6). Assume f' € ]L[O o(D,T) for
i =1,2 and define

) :;/Ot/pfyi(ts,x,y)fi(s,y)dyds.

Then v s the unique solution in the class K;ﬁ,o (D,T) to the equation

dv = (Av+ fi)dt, te(0,T), (2.8)
on D. Moreover, there exists a constant N = N(p,0, ko) such that
ol < N SIS e oy (2.9

In particular, N does not depend on T.

Proof. Step 1. Let f' € LLO,]G(D’ T), i = 1,2. By [8, Theorem 3.10], for any
0 <A< I (= Af in [8]),

A A—1
Tyt — s,2,9)] < N —— 12 £ (t—s) e =
- |z| + vt —s lyl + vt —s

where the constants o, N > 0 depend only on kg and A. Since 6 satisfies (2.6), we
can take A sufficiently large such that 1 — A < 6/p < 1+ A. Then the kernel

|| @=2/p
Ti(t,s,2,y) = Lueplyepliss|7| 1WFy(t —5,,Y)

satisfies the algebraic conditions in [8, Proposition A.5] with p = (6 —2)/p, A1 =
A2 = A —1 and r = 1. Hence by this proposition,

— ||y~ 1 E i
||/UHL[POV]9*P(’D’T) - ||po UH]LLO‘]Q(D7T) S N(pa 9) KO) _ ||f’L||]L£)01]8('D7T)
1

Step 2. Assume the f's are sufficiently nice, say, f* € L,(Q7, P;C2(D)). Then by
[2, Theorem 3.7],

U—Z// (t—s,2,y) fii(s,y) dyds = — Z// i(t—s,2,9)f"(s,y) dy ds

is the unique solution to Equation (2.8) in the class K} 5 4(D,T), see also [17, 22].
This, together with Step 1 and Theorem 2.5 with m = 0 and © = 2 lead to (2.9)
for f* € L,(Qr, P;C2(D)).

Step 3. General f € }LE]H(D,T), i = 1,2. Uniqueness follows from the case f’ = 0.
Take a sequence (f)nen C Ly(Q7, P;C2(D)) such that fi — fin ILEL(D,T) for
each i. Let v, € ICII)797O(D, T) be the solution to Equation (2.8) with fi. Then by
Step 1 and Step 2, (v,,) is a Cauchy sequence in ]f&;,e_p(’ll T). Let u := lim,, 00 vy,
in Kp 9—p(D,T). Fix ¢ € C2°(D). Then taking the limit in

(on(t, "), ¢ Z/ Un (8, ) i +fz( Vypgi)ds, Vi<T, (P-as.)
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and using the continuity of ¢t — (u(t),¢) (due to Estimate (2.5) from Lemma 2.7),
we find that du = (Au + f;l) dt in the sense of distributions. The integral rep-
resentation formula for u is due to the fact that by Step 1 we also know that
lim, o0 Uy, = v In L][:]efp(l), T). Estimate (2.9) follows by taking the limits in the
estimates for v,, proven in Step 2. ([l

Remark 2.10. Since Lemma 2.9 addresses the deterministic heat equation, the re-
striction p > 2 is obsolete. The result as well as the proof carry over to the case
p > 1 mutatis mutandis.

Proof of Theorem 2.8. This is now an immediate consequence of [2, Theorem 3.7]
and Lemma 2.9 above. O

Theorem 2.5 with © = 2 and Estimate (2.5) now lead to the following higher
order regularity result of the solution depending on the regularity of the forcing
terms f°, f?, and g*. Recall that in this section p denotes the distance to the
boundary of D.

Corollary 2.11 (higher order regularity /angular domains). Given the setting of
Theorem 2.8, let u be the unique solution in the class IC;ly,e,o(Dv T) to Equation (2.1)
on D. Assume that

T
C(m, 0, fi. 0 ¢q) = lo|+1 o £0|p la| Mo ¢ip
mofort) =6 [ [ (X e Y S e

lal<(m=1)v0 i lal<m

+1pa P+ |p'°“D“g|52)p22dxdt<oo

lal<m

for some m € {0,1,2,...}. Then

T
E/ Z / ‘p|a|—1Dau|p‘x|9—2 dx dt S NC(m,@, fia f07g) < 0,
0 D

o] <m—+1
where N = N(p,0, ko, m). In particular, N does not depend on T'.

We will need the following ‘general uniqueness’ lemma to handle the stochastic
heat equation on polygons in Section 5.

Lemma 2.12. Let 2 < p; < po and let 01,05 € R satisfy (2.6) for p = p1 and
D = pa, respectively. Assume for both j =1 and j = 2,
P eLyly ,(D.T). fely, (D) i=12 geLy, (D.T:b)

andletu € K}, 4. o(D,T) be the solution to Equation (2.1). Thenu € K} 4 (D, T).

Proof. This follows from the integral representation formula of the solution in
Theorem 2.8, that is, the unique solutions in K;lﬂho(D, T) and IC;279270(D, T) have
the same representation formula. O

Remark 2.13. To keep the presentation short, the results in this section are for-
mulated only for angular domains D C R? with vertex at the origin and with one
of the edges being the positive x'-axis. However, since every angular domain in
R2 can be seen as a translation of a rotation of such a domain, all results can be
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extended accordingly, as the Laplace operator is invariant under translations and
rotations. More precisely, fix a € (—m,7) and 2o € R?. Let

D :=D,,(z0,a) = {zeR?: 2=+ (rcosd,rsind), r >0, ¥ € (a,a+ ko) }.

Replacing D and p, by Dy, (20, a) and jo(x) := |x — xq|, respectively, in the defini-
tions of the weighted Sobolev spaces from above, we can define analogous spaces,
such as ng(ﬁ), K;e(f),T) and IC}L@’O(liT), on D. Then, the results in this sec-
tion hold with D in place of D. Indeed, let Q = (gij)1<i,j<2 be the orthogonal
matrix such that 15,{0 (xg,a) = 9 + @D,;,. Then, since the Laplacian is invariant
under the rotations and translations, the statement that u € IC;7970(1~)7 T) satisfies

du = (Au+ fO+ fi)dt + g~dw}, (2.10)

in the sense of distribution (analogous meaning to Definition 2.2) is the same as
the statement that v(t, z) := u(t, zo + Qz) € K} o ,(D, T) satisfies

dv = (Av+ f° +f§,-)dt+§kdwf,

where fO(t,x) = fO(t,z0 + Qx), f'(t,x) = quif'(t, 20 + Qx) + q2i f*(t, w0 + Q)
i=1,2, and g(t,z) = g(t, zo + Qz). Hence, all existence and uniqueness results as
well as all estimates can be extended to general angular domains, since, obviously,

1@y, 5y ~ (o + Q)lxep, ()

for any h € K} (D). To extend Lemma 2.7, formally set Au = 0 in (2.10).

3. PROOF OF THEOREM 2.5

In this section we give a detailed proof of the key estimate from Theorem 2.5.
Our proof is based on a suitable a-priori estimate for the stochastic heat equation
on C! domains, as presented in Lemma 3.6 below. We use this result to establish
an estimate for the solution on a subdomain of D which is bounded away from the
vertex and from infinity (see Lemma 3.7 below). Then we can prove Theorem 2.5
by using a dilation argument, as D is invariant under positive dilation. For this
strategy to succeed, it is crucial that the constant in Lemma 3.6 does not depend
on the time horizon T

We start with the definition of the weighted Sobolev spaces H,'g(G) on ct
domains G C R (d > 1), which we need for the statement of Lemma 3.6. First we
recall the definition of a C! domain.

Definition 3.1. Let G be a domain in R, d > 1. We write G € C} and say that
G is a Ct domain if there exist constants ro, Ko € (0,00) such that for any xo € 0G
there exists a one-to-one continuously differentiable mapping V of By, (zo) onto a
domain J C R? such that

(i) J+ = V(B (z0) NG) CRL and ¥(zo) = 0;

(ii) U(B,(20) NIG) = JN{y € R?: y! =0};

(it)) [ ¥llcr(B,, (o) < Ko and U=t (y1) — U (y2)| < Kolys —yo| for any y; € J;

(iv) ¥, is uniformly continuous in By, (zo).

Throughout this article, we assume that G is either Ri ={r e R%: 2! > 0} or
a bounded C! domain in R? (d > 1). Note that in both cases, G is of class C} in
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the sense of [4, Assumption 2.1]. Recall that p(z) = pg(x) = dist(z, 0G) for x € G;
p(z) =2 if G =R3. For p>1and © € R, we write
Lpo(G) = L,(G,p° %dz;R) and L, e(G;la) = L,(G, p°~Udx; ly)

for the weighted L,-spaces of real-valued/¢s-valued functions with weight p
For n € {0,1,2,...}, by HQO(G) we denote the space of all f € L, o(G) such that

ey o= 30 I6ID2SIE, ) < o0 (3.1)

la|<n

©—d

/

Moreover, we define the dual spaces
n n * 1 1 e o
pr(_)(G) = ( p/)@/(G)) 5 5"‘]? :].7 g"‘pf =d

The space Hy) (G;{2) is defined analogously for n € Z.

To state the main properties of these spaces, we introduce some additional no-
tation. For k € {0,1,2,...}, let

0 0
= 11106 1= sup o7 (@)D" f @)l
|BI<k

If G is bounded, let ¥ be a bounded C* function defined in G with |1/)|,(€0) + |9y ,(CO) <
oo for any k, which is comparable to p, i.e., N~!p(z) < ¥(x) < Np(x) for some
constant N > 0; see, e.g., [6, Section 2|. It is known that, if G is bounded,
then the map ¥ in Definition 3.1 can be chosen in such a way that ¥ is infinitely
differentiable in B;,(x¢) N G and for any multi-index «

< N(a) < o0 (3.2)

sup sup plo | DV
% BTO (QZO)HG

see, e.g., [6] or the proof of [7, Lemma 4.9]. Actually, after appropriate rotation and
translation, one can take W(z',2') = (¢(z),2’). By [16, Theorem 3.2] and (3.2)
above, if suppu C B, (z9) NG and r < 19/ Ky, then for any v,0 € R and n € Z, we
have

HW/UHH;,@(G) ~ ||($1)V(U o ‘I]_l)”Hg’@(]Ri)' (3-3)
Here are some other properties of the spaces H,'o(G) taken from [16] (see also
[6, 12]). If G = R, let ¢(z) := p(z) = z'.
Lemma 3.2. (i) C2°(G) is dense in H) o(G).
(ii) For any n € Z the operators YD, Dy : H) (G) — Hgél(G) are bounded
linear operators. In fact, for any u € H)' ¢(G),

lullry oty < Nltasll s ) + Nl oy < Nl o

llizy 6 < M@l oy + Nl oy < Nllularg oy

hold, where N is independent of uw and i € {1,...,d}.
(iii) Foranyv € R, n € Z, Yy"H)} o(G) = H} g, (G) and

@ SN ullgr @) < Nlullar, ) (3.4)

el ey

p,©—pv

(iv) For© e R and n € Z,

0
laullsrn () < N(dn)lal(") ullap ()
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(v) If G is bounded and ©1 < O3, then H} o (G) C H]' g,(G) and
luller o, (@) < N(n,d,01,02)ullar , (@)

(vi) Let n € Z and u € H)o(G) with K := suppu C G. Then for some
N = N(d’p) ®7K) > 07

Nﬁl”“”Hg(]Rd) < HUHH;",@(G) < NHUHH;}(]Rd)v

where H;}(Rd) = {u: D € L,(R?), V|a| < n} if n >0, and otherwise it is the
dual space of H(;”(Rd), where % + % =1.

Note that, by Lemma 3.2(iv) and the properties of 4, ¢ is a point-wise multiplier
in H] o(G) if G is bounded.

For the corresponding spaces of predictable H} o (G)/H,' ¢ (G; £2)-valued stochas-
tic processes we use the abbreviations

" o(G,T) = Ly(Qr, P; H o(G)) and  Lye(G,T) :=H,) o(G,T),
as well as
oG, T;ly) = Ly(Qr, P HJ (G £2))  and Ly o(G, T ly) :=H) (G, T;42).

The following classes of stochastic processes are tailor-made for the analysis of
Equation (2.1) on G.

Definition 3.3. Forp > 2 and © € R we writeu € 9 ¢ o(G,T) ifu € Hj o_,(G,T)

p,©—p
and there exist f € H;,_@a_p(G,T) and g € HZ;;(G,T;&) such that

du = fdt+g*dwF, te (0,1,
on G in the sense of distributions with u(0,-) = 0; see Definition 2.2 accordingly.
We denote
Du:= f and Su :=g.

In this article, Equation (2.1) has the following meaning on G.

Definition 3.4. We say that u € Hy o (G, T) is a solution to Equation (2.1) on
G in the class ) ¢ o(G,T) if u € ) ¢ (G, T) with

Du = Au+ f° + f% and Su =g.

Remark 3.5. All definitions above are given only for C! domains, as we say from
the beginning that in this article G is either a bounded C' domain or the half plane.
However, all the spaces defined above as well as the solution concept make sense
on any domain O C R? with non-empty boundary.

Now we have all notions we need in order to state and prove the a-priori estimate
for Equation (2.1) on bounded C! domains that we use to prove Lemma 3.7 and
therefore Theorem 2.5.

Lemma 3.6. Let G C R be a bounded C* domain, p > 2, n € {~1,0,1,...}, and

d—1< 0O <d—1+p. Moreover, let f° € HY 61,(G,T), fie HZ}Q(G, T),i=1,2,
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and g € H;L’Jél (G, T;ty). Assume u is a solution to Equation (2.1) on G in the class
95.0,0(G,T) for some ©1 € [0,d+p—1). Thenu € 552152’0(07T) and

P,©+p

+ 31 oy + ol @iy )
7

bz iy < N (lulley o6, + 10, @)
(3.5)

where N = N(p,d,0,n,G). In particular, N does not depend on T.

Proof. Step 1. First we prove that u € ﬁZBQ(G,T)‘ By [4, Theorem 2.9], under
the given assumptions, there exists a solution v € 55;:52(6? ,T). Since G is bounded,

by Lemma 3.2(v),
H'E? (G, T) CHY o (G, T) CHY o, _,(G.T),

p,©—p p,©—p

and therefore v € 5511,791 (G,T). By the uniqueness part of [4, Theorem 2.9] we get
u=wv (in f)zl,y@l(GﬂT)).
Step 2. We prove Estimate (3.5). In fact, by [4, Theorem 2.9], this estimate holds
even without the term ||ullL, ,(c,7) on the right hand side if we allow the constant
N to depend on T. However, a close look at the proof of [4, Theorem 2.9] reveals
that, indeed, if we leave this term on the right hand side, the constant can be kept
independent of T', since the dependence on T comes in only in the very last step
of the relevant part of the proof of [4, Theorem 2.9], when a Gronwall argument is
used in order to get rid of the terms that depend on w on the right hand side.
Instead of reproving [4, Theorem 2.9], we illustrate the relevant steps in the proof
and the changes required to obtain independence of T'. The key estimate is (5.6)
of [4], which says that

H“”H;;f_p(cj) < N(kum”ng(G,T) + ||u||H;}=@(G,T)

| (3.6)
e+ f0)

|H;TO(G,T) + ||9||Hgg(c,T;z2))~

In our setting, i.e., for the stochastic heat equation, the constant N in this estimate
does not depend on T. Indeed, as explained in detail in the proof of [4, Theo-
rem 2.9], by using a suitable partition of unity, Estimate (3.6) is obtained through
a combination of an a-priori estimate on the half space ([4, Theorem 2.10]) and
its analogue on the entire space ([11, Theorem 5.1]). The former theorem does
not add any dependence on T as the constant therein is explicitly proven to be
independent of T. This is different for [11, Theorem 5.1]: The constant therein
may indeed depend on 7. However, this dependence only occurs if we consider
equations with variable coefficients. For the stochastic heat equation we may use
the a-priori estimate from [11, Theorem 4.2] instead, which holds with a constant
that does not depend on 7. Note that on the left hand side of the estimate in [11,
Theorem 4.2], we have the L,-norm of the second order derivatives of the solution.
However, this is not a problem since in the proof of (3.6) we only use this estimate
for the solution of a stochastic heat equation with compact support in R? and, due
to Poincaré’s inequality, for a function v with compact support in R%, the norms
||”HH;+2’ Do HvajiHH;H—l and 2,  [|vgigs ||y are all equivalent.
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To derive (3.5) from (3.6) we argue as follows: Using (3.6) and the basic prop-
erties of the weighted Sobolev spaces ng(G) from Lemma 3.2, we easily obtain

lullgnz (@m) < N(HUHH;;;(G,T) + 110z o, @)

i
+Z 1f ”H;El(G,T) + HQHHZEI(G,T;b))'

?

(3.7)

Thus if n = —1, then (3.5) is proved. If n > 0, then another application of
Lemma 3.2(v) shows that (3.7) implies

lllgriz oy < N (lilgres oy + 1l o, cm)

%
+ 2 g ey + ol emien)-
K3

hich that trol n b n d suitabl
which means that we can contro HUHHJQ{IJ(G,T) y HUHH,,E,,,(GT) and suitable

norms of the free terms. After repeating this step for n more times, we arrive at
0
@)+ 1 e o, e
+>1IF
i

Estimate (3.5) follows by applying (3.7) with n = —1. Note that all constants in
the estimates above are independent of T 0

lilgr 2 iy < N (Il

P,O—p

H' (6T + ||9||H;’51(G,T;fz))'

Now we go back to D C R? and proceed to prove Theorem 2.5. The key step
is presented in Lemma 3.7 below. It provides an estimate of suitable weighted
L,-norms of the derivatives of the solution in

Up:={xeD: 1< |z| <4}

by appropriate weighted L,-norms of v and of the derivatives of the free terms on
the slightly bigger domain

Vi={xeD: 1/2 <|z| <8}

As these domains are bounded away from the vertex, the estimate involves only
the distance p to the boundary. It is crucial that the constant in Lemma 3.7 below
does not depend on 7. In the proof we use Lemma 3.6 with d = 2.

Lemma 3.7. Letp > 2,1 < © <p+1, and m € {0,1,2,...}. Moreover, let
u € K;)Q,O(D,T) be a solution to Equation (2.1) on D for some § € R. Then

IE/OT >

/ |p|a‘—1Dau|pp®—2 dax dt
Uy

la] <m+1
T
SNE/ / <U|p+ Z ‘p‘a|+1DafO’p+ Z Z|p|a‘Dafz‘P (38)
0 /W || <(m—1)VO lo|<m i
+ Z |p0¢|D0‘g|Z>p@2dIdt,
la|<m

where N = N(p, ©, ko, m). In particular, N does not depend on T.
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Proof. Assume that the integrals on the right hand side of (3.8) are finite (if not,
the statement is trivial). Fix a constant ¢ € (0,1/4), and for k = 1,2, 3, let

UF :={zeD:27F < |z < 22tke},

Choose a C* radial non-negative function n = n(|z|) such that n(¢t) = 1 for ¢t € [1,4]
and n(t) = 0 if t & [27¢,22%¢]. Also choose a C* domain G C D such that

U cGcUcW.

By the choice of n and G, un vanishes on the boundary of G and there exists
N = N(e) such that for all x € D Nsuppn,

N~ pp () < pa(z) < Npp(z). (3.9)
Let [ := 2m + 3 and set ¢ :=7n'. Then
d(Cu) = (A(Cu) +uAC — fiCui + FOC+ (—2ulpi + 1) )dt + CgFdwf, t e (0,7,

on G in the sense of distributions. Moreover, Cu € $), 5 o(G,T) since u € K;’O’O(D, T)
solves Equation (2.1) on D and since, by Hardy’s inequality,

ICullz, 2 @) S NI(Cuallz, . 0) < NlCullkr, () < N@,0,G, Q) llullkr, (D)

P
The second inequality above is due to py ~ 1 on the support of (. Thus, by an
application of Lemma 3.6 with n = m — 1, we obtain

Iullgrsr @y < N (D16 oy + D lucas
+ 1</

+¢gl

once we can prove that all norms on the right hand side are finite. The norms that
do not involve u together with [|u||L, (@) can be estimated by

H™o(G,T)

EARCE R LN AR

Hyo (G, Tita) T HCUHLP,@(G,T))’

InullL, o(c.r) + ||ﬁf0\|H;fnef+lgv0(G,T) + Inglley, (. 1ie2) + Z HﬁfiHng@(G,T),
i

which is finite since the right hand side of (3.8) is finite (use (3.9), Lemma 3.2 (in
particular, part (iv)) and the properties of 1 to estimate the norms above by the
right hand side of (3.8)). Moreover, since

Hro (@) =1 [ H7o(G) N||u’71_2Hng@(G),
and
HUAC”H;’}(;ipm) < N||U77[_2||H;(L@(G)7
the condition
12 ullam (@) < o0 (3.10)
is sufficient in order be able to apply Lemma 3.6 and obtain

7" ul HrEL (GT) S N(||ﬁl_2u| o 6,1+ ImullL, o @ m)

+ Z ||77fi\|H;j9(G,T) + ||77f0||H;:5}+p(G,T) + ||ng||Hg@(G,T;22))'

In particular, this shows that

- l
lIn 2U||H;;§@(G,T) <oo = U||H;:g{p(cj) < 0.
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In order to prove that (3.10) holds, we argue as follows: Since Hnl’QuHH;n@(G) <
N||77l*2u||H;n,@7p(G), we can iterate the arguments above with m replaced by m — j
and [ replaced by [ — 2j successively for j = 1,...,m. After finitely many steps we

arrive at the statement that if ||nullL, ;@ 7) < oo, then

||772m+3u||H;gl_p(G,T) < N(||77U\|Lp,@(G,T) + Z ani”HZf@(G,T)
i (3.11)

0
+Inf ”H;ﬁ"é__'_lgvo(G,T) + ”ngHH;’f@(G,T;éz))'

But, as already explained above, ||nullr, ,(c,r) is indeed finite since the right hand
side of (3.8) is assumed to be finite. Therefore, Estimate (3.11) holds. Moreover,
it proves (3.8), since due to (3.9) and that fact that n =1 on Uy,

Z / ‘p\od—lDozu‘Pp@—Q dr < Z / |p|a|—1Da(u,’72m+3)’Pp®—2 dx
Uy G

la|<m+1 || <m+1

<N > /G!p'c?‘le“(un%*?’)\ppg*de

la|<m+1

:N 2m+3u pm
lIm HHP,gip(G)’

and, as already mentioned above, the right hand side of (3.11) can be estimated
from above by the right hand side of (3.8). Note that all constants in the estimates
above are independent of T O

Now we can prove Theorem 2.5 by applying Lemma 3.7 to u, (t, z) := u(22"t, 2"x)
for each n € Z and summing up the resulting estimates.

Proof of Theorem 2.5. For every n € Z, let u,(t,z) := u(2?"t,2"z), » € D,
t < 272"T. Since u € K} 4,(D,T) solves Equation (2.1) on D, for every n € Z,
Uy € /C;@O(D, 2727T) and

dun = (Aup + 27" ) + 2" (f1)ar) dt + 2" g5 d(27 " whan,y), € (0,277,
on D in the sense of distributions with u,(0,-) = 0 and

fg(t7x) = f0(22nt7 an)a f;(t,l’) = fi(22nt7 an), and gn(tam) = 9(22nt, an)
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Note that (27"wh,, >0, k =1,2,..., is a sequence of independent one-dimensional
Wiener processes. By Lemma 3.7 applied to u,, for t < 272"T, we have

272 m+1
IE/ Z/ |p" ()2 DR u(2%7t, 2" ) [P p© 2 () da dt
0

2727LT
<N E/ / ( |u(2%7t, 2" x)|P
0 Vi

(m—1)VO0

+ Z k+1 22n2nkaf0 (22nt Iy )‘

+ Z > ok (x)2n 2k DR (22, 2n ) P

k=0 1
+ Z |oF ()2n 27k D g(227¢, 27 )| >p92(x) dz dt.
Thus, if for n € Z,

Uyi={zeD: 2" <|z|<2"} and V,:={zecD:2"?% < |z| < 2"}

then, multiplying both sides by 2™(®~2-P) changing variables (22"t,2"z) — (t,x),
and using the relations p(27"x) = 27 "p(z) and |z| ~ 2™ on U, —; and on V,,_1, we

Tm+1 -2
E/ / |pF = DRy P pf=2 (p) dx dt
0 Po

T (m—l)\/O
<N E/ / ( potulP Y [pE DR O
0 JViu4 =0
m _ o-2
EE S DA DAl ) (L) o
k=0 1 ©
By summing up with respect to n € Z, we obtain the desired result. ([l

The following uniqueness result on bounded C! domains will be used in Section 5
to treat the stochastic heat equation on polygons.

Lemma 3.8. Let G be a bounded C' domain in RY. For j = 1,2, let p; > 2
and ©; € (d—1,d — 1+ p;), and assume that u € ! o (G, T) is a solution to
Equation (2.1) on G with f°, f* and g satisfying

fo € ]ij,@j-‘rpj (Ga T) n ]L’pj,d-‘rpj (Ga T)7 fl € ij,@)j (Ga T) n ij,d(Gv T)7 i=1,2,
qg S ]Lp].’@j (G,T; 82) N Lp].’d(G,T; 62),
for j=1,2. Thenu € 9}, o, o(G,T).

p1,01,0

Proof. By [4, Theorem 2.9], we can define v; and vq as the solution to the equation
in ﬁ;l7d70(G, T) and ﬁ;27d,O(G, T) respectively. Denote ¢; = p1 Vps and g2 = p1 Apa.
Then by the uniqueness result in 5’)}12, d,o(G, T) we conclude v; = vy and it belongs
to 9, 40(G,T) as G is bounded. Also, due to Lemma 3.2(v) and the uniqueness
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in 9 o vaolG;T), we conclude v; = u. Now let v3 be the solution to the problem
in 9, o,0(G,T). The same argument as above shows vz = va. O

4. PROOF OF LEMMA 2.7

In this section we prove the second key auxiliary result of this article, Lemma 2.7.
Throughout, we take and fix a C* radial function 1 and a corresponding C* domain
G C D as in the proof of Lemma 3.7. Recall that n(t) = 1for 1 <t < 4. As a
consequence, there exists a constant ¢ > 0 such that

> onet)y>e>0, VteR (4.1)

Our proof of Lemma 2.7 relies on the the following characterization of the
Lz[z]e(D)—norm.
Lemma 4.1. Letp > 1 and 8 € R. Let u: D — R be a measurable function.
(i) If n and G are as above, then
[0, iy~ 3 el )12, ) = 3 ezt ), o
neL ne”Z
(ii) For any function £ € C5°((0,00)) we have
Y e lezhule o)y py < N(En.p,6)|lul

ne”Z

L[O] (D)

Proof. To see (i), it is enough to repeat the proof of [12, Remark 1.3]. Indeed, by
the change of variables e"x — x,

S e lneutc ), ) = | C@luta)pds,

nez
where

(@)= e Dp(ea]) ~ 2”2,
neE”Z
see [12, Remark 1.3]. Moreover, since suppn ND C G, the equality in (i) is also

satisfied. Part (ii) holds since
> em0Der (e a]) < N(€,n, 0,p)|z)"

ne”Z
see [12, Lemma 1.4] for details. O

In addition to Lemma 4.1, we also need the following counterpart of Lemma 2.7
for the stochastic heat equation on bounded C! domains. In the proof, we are going
to use the common abbreviations

HP(T) == Lp(Qr, P; HY(RY))  and L, (T;62) := Ly(Q7, P; Ly(R% £3)),
for n € Z.

Lemma 4.2. Let G be a bounded C* domain, © € R, p > 2, and u € 573;17,@,0(G7T)
with du = fdt + gdwy. Then u € L,(Q;C([0,T]; Ly o(G)), and for any ¢ > 0,

p —1
Esup ult, 7, e < N (lully o+ Iy i) 191, oamien)
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where N = N(d,p,0,G,T). In particular, if f = f°+ f,, then the right hand side
above is bounded by a constant multiple of

—1)| £0 —1| i
C”“Hﬁ;@_p(g,n +c | f ||up‘p,@+p(G’T) tc ||fl‘|£p,@(G,T) + HQHEP,@(G,T;ZZ)‘

Proof. Introduce a partition of unity (g, (1, (2, -+, {ar of G such that ¢y € C°(G)
and (; € C(By(z;)) (j =1,2,--- , M), where z; € 0G and r < ro/Ky. For any
© € R, m € Z, and v € H)'g(G), since (o has compact support in G, we can
consider (pv as a function defined on the entire space, so that by Lemma 3.2(vi),

ool ) ~ NGotl s aey- (42)
Also, by (3.3), for j > 1 and any ©,v € R,
Voo ||P ~ v, fl P
9 G0l 6y ~ NV GO g (13)

where ¥; is the corresponding mapping from Definition 3.1 related to z; € 9G.
Thus

M M
T | o] D w1t
»e =0 HYe(G) =0 P©

M
p R —1\p
~ (ol m(R) + Zl ”(ij)(q} )HH;Y,L@(Ri).
j=

As a consequence,

M
Y[ p ) —1yp
Bsup [u(t, )1, 0 ) < N(Efgg loull? ge) + J_}leﬂ*:fg NGO, g )).

Therefore, in order to obtain the desired estimate and the continuity assertion, it
is enough to estimate the terms on the right hand side appropriately and to prove
continuity of (ju, j =0,..., M. For the first term, note that

d(Co’LL) = COf dt + C()g dU}f, te (07 T]7

on R? and ou € HY(T) due to (4.2). Therefore, by [13, Corollary 4.12] (for p > 2)
and [13, Remark 4.14] (for p = 2),

Cou € Ly(2C([0, T]; Ly(R7)), (4.5)
and there exists a constant IV, such that, for any ¢ > 0,
E?Eg HCOU”i,, < NC”CO“H%}J(T) + NC?lHCOf”;H;l(T) + NHCOQHEP(T;@)
< NC”CO“H%;@_})(G,T) + NC?I”COf”%})H;’g(G’T) + N”COg”ﬁp:(_)(G’T;egy
Moreover, for every j € {1,..., M},
d((Gu) (W5 h) = (G dt + (G ) () dwy =: Fjdt + G dwg,  t € (0,T],

on R% and due to (4.3), (Cju)(\llj_l) € 9, 0(RY,T) (see Section 3 for notation).
Therefore, by [13, Theorem 4.1] (for p > 2) and [13, Remark 4.5] (for p = 2),

(Gu)(¥7) € Ly(:.C([0,T]; Ly,e (RT)), (4.6)
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and

. —1\P
E fgg ||(CJ“)(\I'J >||L1’»@(Ri)

T NIGIT,

< NG M ga iy + N IR et

—1 d
Hﬂ,(—)ﬁ-p(R

P =1/ £|IP .
< NC”CJUHH;)@_IO(QT) + Ne HCJfHH;gM(G,T) + N”CJQHLPTQ(GVT;ZQ)-

Summing up gives the desired estimate and v € L,(Q;C([0,T]; L, o(G))) follows
from (4.5) and (4.6), together with (4.4). The second assertion is due to the fact
that, by Lemma 3.2,

i
£

HIL, (@) S N[ frill g

it < NIF ey o) O
We have now all ingredients we need in order to prove Lemma 2.7.

Proof of Lemma 2.7. We first prove Estimate (2.5). By Lemma 4.1,

Esup [u(t. )0 ) <N D e Bsup [ult. e @)}, (@)
t<T nez =

For n € Z, let v, (t, z) := u(t, e™x)n(z). Then
dvn = [e7"(f'(t,€"2))in(x) + fO(t, e"a)n(@)]dt + g*(t,e"z)n(z)dwy, ¢ € (0,T),
on G. Note that

e[t ")) pin(x) = e [f(t e a)n(@)] g — e (€T (2),
and
(vn)gi = eugi(t,e"z)n(x) — u(t, e"x)ng(x). (4.8)

Obviously, L, 2(G) = L,(G) and by Hardy’s inequality,
lonllizz, @) < N (105 vnllz,c) + 3o I @n)asln, ) < Nl @adellz, @ (49)

By Lemma 4.2 with © = d = 2, (4.9), and (4.8), for any ¢ > 0

]ESUP ||Un( )”L »(G)

< N(cenp > et eIl ) + e D €™ masl?,

e e f el g e ‘1Z|Ipfz U

:U d (GvT)

—m*Wﬂuwm%M@ﬂ+mmﬁwmmwmm)
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Since p is bounded in G, we can drop p above, so that, if we choose ¢ := e " and
use (4.7), we get

Esup ||u(t, )||?
thH ( )HLL,]G(D)

< N (Sl W, pry + P Sl o

+Z ne”f 77||]LP 4(D,T) Jrz nerZ ')77:1:17”]1‘])(1)71“)

+ Z (049 £0(., M oyt N Z e"lg(-. e"')nﬁp,d(D,T;@)) .
n n

Therefore, due to Lemma 4.1(ii), Estimate (2.5) holds.
To prove the continuity assertion, we take a sequence of smooth functions &, €
C(R?) such that &, = 1if 3/n < |x| < n, &,(x) =0 if |z| < 2/n or |z| > 2n, and

< o0. (4.10)

sup sup sup |z |(&n)

7 n x

Moreover, for every n € N, let G,, C D be a bounded C! domain such that
Dn{z:2/n<|z|<2n} C G, CDN{z:1/n<|z| < 3n}.
Then

d(gnu) = [(Enfl)m‘ - (gn)m‘fl + fnfojl dt + §ngkdwf, te (0, T],
on G, and, by the choice of &,, we also know that &,u € §5(Gn, T) since &u €
K} 00(D,T) C K!, (D,T), see also [2, Remark 3.2]. By Lemma 4.2 with © = 2,

p,0—p
&nu € Ly(Q;C([0,T); L,(Gy)). Since &, vanishes near the origin and toward infinity,

we conclude

&u € L,(Q:C([0,T); Lpo(D)).
Applying (2.5) to £u—E&u and using (4.10), we find that &, u is a Cauchy sequence
in L,(€;C([0,T7; Lp,e(D)), which converges in this space to a limit v. Moreover, ap-
plying ( 5) to fnu u, we find that w = v in L,(Q; Lo ([0, T7; Lp,e(D)). Therefore,
u(t) = v(t) for all t < T (P-a.s.). Thus u has the desired version with continuous
paths. O

5. THE STOCHASTIC HEAT EQUATION ON POLYGONS

In this section we present our analysis for the stochastic heat equation (2.1) on
polygons in R?. We fix the following setting: Throughout, let © C R? be a polygon

with vertexes {v1,vs,...,vy} C R2. For x € O, put
pa)i= min e —uil ple) = polx) = dist(z, 90),

and for j =1,..., M define

i = interi le at v, =
kj := interior angle at v;, Ko 12}22\/[ Kj.

Motivated by the analysis of the stochastic heat equation on angular domains
from Section 2, we are going to use weighted Sobolev spaces with weights based on
the distance p to the set of vertexes in order to establish existence and uniqueness
of a solution. More precisely, for § € R, p > 1 and n € {0,1,2,...}, we define
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the spaces K} p(0), K] 4(O;l2), L[po]e(O), and LLO]Q(O;EQ) in the same way as the
corresponding spaces on D from Section 2 with p, replaced by p, i.e., for instance,

”qun (0= Z / |p|a|Dau|p 592z
|| <n

The space [D(;_’G(O) is the closure of the space C°(O) of test functions in K;_’(,(O).
In analogy to Section 2, for the L,-spaces of predictable stochastic processes with
values in the weighted Sobolev spaces introduced above we use the abbreviations

p.0(O;T) = Lp(Qr, P; K7 5(0)), .00, T la) := Ly(Qr, P; K (05 £2)),
LEY(O,T) ==K ,(0,T), LEY(O, T, 65) := KO 4(O, T; bs),
and )
K, 0(O0.T) == L,(Qr, P; K, 4(O)).
Moreover, K} 4 (O, T) is defined the following way.
Definition 5.1. Let p > 2. We wrzte u € ero((’) T) ifu € er (0. T) and

tZere exist fO € LI[,O%JFP( T), ft € ]L 90, 1),i=1,2, and g € L[O 0(O,T;0y) such
that

du= (f°+ fi)dt + gF dwl, te (0,77,
on O in the sense of distributions with u(0,-) = 0; see Definition 2.2 accordingly.
In this situation we also write

Du = f9 + f; and Su :=g.
In this article, Equation (2.1) has the following meaning on O.

Definition 5.2. We say that u is a solution to Equation (2.1) on O in the class
lCll,_re’O(O,T) if u e IC;VQ_’O(O,T) with

Du=Au+ fO+ fio = fO4+ (fF +ugi)ys and Su = g.

Before we look at Equation (2.1) in detail, we first prove the following version
of Lemma 2.7 for polygons. It is a key ingredient in our existence and uniqueness
proof below.

Lemma 5.3. Let p > 2 and § € R. Assume that u € ICZI)7970(O,T), such that
du = (f+ fi,)dt + gFdw} with

frell, 01), fellloT),i=12 andgelLl}(O,T;L).

p,0+p
Then u € Ly(Q:C([0,T]; LI (0))) and
]E p
suplju(t, )71 o

0
<N(lully, o+ I1£1 om0+ 19121 0.7:,))

= NC(u, f°, f*,9,T),
where N = N(d,p,0,T) is a non-decreasing function of T. In particular, for any
t<T,
t

t
0 ri
[ o < [ B0 Il s < NCp0.7) [ €l 5) s
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Proof. We combine Lemma 2.7 (see also Remark 2.13) and Lemma 4.2 as follows.

Fix a sufficiently small r > 0 such that Bs,(v;) contains only one vertex v; and
intersects with only two edges for each j < M. Choose a function ¢ € C2°(R?) such
that 0 < {(z) < 1 for |z] < 2r, {(x) = 1 for |z| < r, and £(z) = O for |z| > 2r.
Let &;(x) := &(xz — v;) and put §p(z) =1 — Z]M=1 &i(z), x € O. Note that by the
choice of r and &, the supports of the &;’s (j > 1) do not overlap, and therefore
0< Zj\il & < 1. Moreover, & (x) = 1 if x is not close to vertexes, that is, if
p(x) = miny<j<p |z —vj| > 7. For j =1,2,...,M, let D; be the angular domain
centered at v; with interior angle x; such that

Dj N B3T(’Uj) =0nN B3T(’Uj). (51)

Moreover, let G' be a C' domain in O such that

&(z)=0 for z € O\G and 11612 plx) >ec>0. (5.2)

Note that by the choice of &;, D;, j = 0,1,...,M, and G, for any § € R and
vE Kzl)’afp((’)),

”500”45’,]9(0) ~ [1€ovl|L, () 1€ovlixcr, (o) ~ léovllmr, (@) (5.3)

||§jv||K;797p(0) = HﬁjUHK;ygfp(Dj) (4 =1). (5.4)

The first and the third relation are trivial and hold actually for arbitrary measurable
v: O — R, provided the expressions make sense. The second one is due to (5.2)
and Hardy’s inequality as

leovllicr, (0 < N(lléovlzyicr + 3 lEov)a
i

L,(@))

S Néovllmr, (@) < N HE)ailln, @) < Nll¢ovllkr, (o)

The three relations from (5.3) and (5.4) together imply, in particular, that

M M
1ol Lot o) ~ ZO €501 o1 (o) ~ Moz, ) + Z; €50l Lot
J= J=

M
@ T2 _lgvlkr, . (55)

p,2—p

M
||’UHK;YG7P(O) ~ Z ||€jv||K;197p(O) ~ [[€ov]| 1
7=0

j=1
Also note that for any multi-index «,
M M
> lo D&l o) (o) + > [0ADEjll o1 o) < Nwli el (o) (5.6)
]:0 ) _]:O P P

Using the preparations above, we can verify the assertion the following way. For
each j € {1,2,..., M}, v :=¢&u € ICIIJ)Q’O(D]‘,T) with

dw = (& 1)ar + & 10 = (&) f1) dt + &9 dwy, t€(0,T),  (5.7)
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on D; in the sense of distributions. Thus, by Lemma 2.7 (see also Remark 2.13)
and (5.1), w/ € L,(C([0,T]; LI’} (0))), and

oo SN (I (OT)+Z||@J”||L[NOT (5.8)

Fleully,om + 1€ Wi, o r) + 16980, 0 7))

Esup €5l

Also, u® := &u € $,5(G,T) and (5.7) holds with j = 0. Thus, by Lemma 4.2
and (5.2), u® € LP(Q;C([O,T];LL%(O))), and (5.8) holds with j = 0. Therefore,
by summing up all these estimates and using above relations, we get the desired
result. (]

Our main existence and uniqueness result for the stochastic heat equation on
polygons reads as follows. Recall that in this section x¢ denotes the maximum over
all interior angles of the polygon O.

Theorem 5.4 (Existence and uniqueness/polygons). Let p > 2 and assume that
0 € R satisfies (2.6). Then for any

fPely,, (0.T), fellf(0,T),i=12 and gelLly(0,T;t),

FEquation (2.1) on O has a unique solution u € ICIl),97O(O, T). Moreover,

||u||K;17,97p((9,T) <N (”fOHILs]Ger(O,T) + Z ”fiH]LLO‘]e(@’T) + ||gHL£i]9(O7T;Z2))7 (5'9)
where N = N(p, 0, k0, T).

Proof. Step 1. We first prove that (5.9) holds given that a solution u € K} 4 (O, T)
already exists, by using corresponding results for the stochastic heat equation on
angular domains and on C' domains. This will, in particular, take care of the
uniqueness.

Let r > 0, &, Dj, j = 1,...,M, as well as { and G be as in the proof of
Lemma 5.3. A very similar reasoning as therein can be used to verify that {u €
g)pHO( T), §]uelcp90( ,T) for j > 1, and that for all j € {0,1,..., M},

d(&u) = (AGu) + (—2u(&) e + & )ai
FUAE — (&)ai [T+ £0) dt + €57 dwl,  t e (0,T).

Thus, by Theorem 2.8 for j > 1 and by Lemma 3.6 for j = 0 (see also [4, Theo-

rem 2.9]), we obtain the estimate for ||£ju||]Kl ) for each ¢t < T. Then summing

up over all j and using (5.5) and (5.6), ylelds that for each ¢ <T,
+IFN7

Il 0.0 < N (Il (5.10)

L, (0.7)

+Z||fl||ﬂc o 1910 0.7, )

L(0,)

Recall that
du:(f0+(fi+umi)wi)dt+gkdwfv t<T,
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and Hux||]L[o] 0,5 S NHu||K1 (0,9)" Thus, by Lemma 5.3 and (5.10), for each
Pp,0
t<T,

W, 00 <N [Tl o ds

0P p
R (PR )+ W o * Nl oren):

Hence the desired estimate follows by Gronwall’s inequality.

Step 2. We prove existence as follows. Due to Lemma 5.3 and the a-priori estimate
obtained in Step 1, we may assume f0, f*, i = 1,2, and g are very nice in the sense
that they vanish near the boundary and

o fi, f° € Lo(Qr, P; Lo(0)), and g € La(Qr, P; La(O; £2)).

Then, by classical results (see, for instance, [21] or [5, Theorem 2.12]), there exists
a unique solution u in 5352,0((’), T), which satisfies, in particular,

p u,uyi € La(Qr, P; Lo(0)), i = 1,2, and sup |u| < Nljug|z,00)-  (5.11)

Note that for each j > 1,

d(&u) = (AGu) + 21+ PO dt + &g dwf, te(0,T),  (5.12)
on D;, where, due to (5.11) and the fact that (£;),: = 0 near the vertex v,

Pt 2t 6 LD, DAL, (5a3)

FI0 = uAg; + 08, + Z &)afl €YY (D, T)NLYYL (D, T),  (5.14)

and
&9 € LI (D, T;6) N LEL(D;, T; 5).

p,0

Since p(z) > p(x), it follows that for each for j > 1 we have {u € K34 ¢(O,T).
Thus, by Lemma 2.12, we conclude &;u € le 0.0(0,T) if j > 1. Similar arguments
based on Lemma 3.8 yield that {yu € ﬁp72’(](G T). Therefore, &yu € IC:}J7970((’)7T)
(see (5.3)), and consequently u € K, o(O,T). O

Remark 5.5. Note that even if we were to consider Equation (2.1) on O with f = 0,
i = 1,2, our proof strategy for Theorem 5.4 (and Theorem 5.6 below) requires that
we are able to handle the localized equation on D; with forcing term ((§;)z:u) i,
which means that we have to be able to treat Equation (2.1) on angular domains
with f? # 0. This is why we need the extension of [2, Theorem 3.7] presented in
Theorem 2.8 even for the proof of Theorem 5.4 with f* =0, i = 1,2.

We conclude with our main higher order regularity result for the stochastic heat
equation on polygons.

Theorem 5.6 (Higher order regularity/polygons). Given the setting of Theo-
rem 5.4, let u be the unique solution in the class IC;’Q’O(O,T) to Equation (2.1)
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on O. Assume that

Clm,6, ', °,g) =E / LU S wemoepra s S peinery

la]<(m—1)VO0 i |al<m

IS D%l ) dedt <

lal<m

for some m € {0,1,2,...}. Then

/ > /|pla\ LD|"p? 2 dzdt < N C(m,0, f', f°, g), (5.15)

|| <m—+1
where N = N(p, 0, ko, m,T).

Proof. We prove the statement by induction over m. As in the proof of the re-
sults above, we use a partition of unity and apply corresponding results for the
stochastic heat equation on angular domains (Corollary 2.11) and on C' domains
([4, Theorem 2.9]) to estimate the solutions of the localized equations.

Let r > 0, &, Dy, j = 1,...,M, as well as {, and G be as in the proof of
Lemma 5.3. In addition, assume that G C O is chosen in such a way that

O\ Barjalv) € G € O\ Brya(vy).

As a consequence,

pc~po and p~1 on supp&NO. (5.16)

Step 1. The base case. Let m = 0. Note that in this case, the only difference in
Estimate (5.15) compared to (5.9) is the weight we put on « on the left hand side of
the inequality: p~?5%~2 in (5.15) instead of the smaller 5°~?~2 from (5.9). But to
obtain this sharper estimate we argue in a very similar fashion as in the proof of the
latter with two changes: We use Corollary 2.11 instead of Theorem 2.8 to estimate
the solution in the vicinity of vertexes and we use the slightly modified choice of
G and (5.16) to replace pg by po after applying [4, Theorem 2.9] to estimate the
solution away from the vertexes. In detail, we argue as follows: The same reasoning
as in the proof of Theorem 5.4 shows that &yu € 9, 5 (G, T) and {u € K, 5 o(D;, T)
for j > 1 satisfy (5.12) on G and on Dj, j > 1, respectively. In particular, if
1 < j < M, then by Corollary 2.11 (see also Remark 2.13), Estimate (5.15) holds
with &u and C(0,0, 7%, f7:9 &) in place of u and C(0,0, f%, f°, g), respectively.
Here f7:* and f7:¥ are taken from (5.13) and (5.14). Moreover, by the corresponding
result on C!' domains (see [4, Theorem 2.9]) and (5.16), Estimate (5.15) also holds
for &u and C(0, 0, £, f90 ¢4g) in place of u and C(0,0, £, f°, g), respectively.
Summing up all these estimates and using the second relationship in (5.16) yields

/ > / ol =t D)’ 5%~ 2dxdt<NZCO€ F7170,¢59)

|| <1

<NIIUH” +NC(0.0. ', % 9)

_,(0)
< NC(0797f17f07 9);

the last inequality above is due to (5.9). The base case is proved.
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Step 2. The induction step. Suppose that (5.15) holds for some m € {0,1,...} and
C(m+1,0,f', f° g) < co. Then, by assumption,

T
IE/ > /\p‘al—lpau\Pﬁf’—QdagdtSNC(m,e,fi,fO,g). (5.17)
0 O

o] <m—+1

Using (5.17), one can easily check that
Y Clm+1,6, 7, f7°0.¢g) <NC(m+1,0, ', f. 9).
j=0
Therefore, appropriate applications of Corollary 2.11 (see also Remark 2.13) and [4,

Theorem 2.9] yield suitable estimates of 3°, <, 12 E fOT |plI =1 D (¢;u)|P 502 dxdt
for j =0 and 1 < j < M, respectively, which, summed up, yield

T
IE/ > /\p‘al—lpau\pﬁﬁ’—Q da dt
0 o

|| <m+2
M
Jyi £3,0 i £0
<N C(m+1,0,f7, 70 ¢g) <NC(m+1,0,f, . g).
j=0
Thus the induction goes through and the theorem is proved. (I
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