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1 Introduction

In recent years we have been interested in the stochastic heat diffusion occurring
in wedge shaped subdomains of R?, which are probably simplest non-smooth Lips-
chitz domains. In the literature there exist almost fully developed regularity results
for the stochastic heat diffusion on C! domains, but when it comes to Lipschitz
domains the results are quite unsatisfactory and very little is known. To fill in the
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gap between the theory for C'' domains and the theory for Lipschitz domains, the
wedge domains are what we decided to pay attention first.

Along the way, we set the theme that the angle around the vertex affects
regularity of the temperature when the boundary temperature is controlled. We
believe that our previous work [4] captured such relation in a certain way. Based
on this work, in [3] we proceeded to construct a theory on the stochastic diffusion
in polygonal domains. The main tool of our results was an estimate on Green’s
function for the heat operator with the wedge domains obtained in [5]. Looking
back, what we feel sorry about is that the estimate only involves the weight of
powers of the distance to the vertex. “only” means that it could be better or much
better if the estimate also involves weight of the distance to the boundary. Having
weight depending only on the distance to the vertex in the estimate did not yield
satisfactory boundary regularity of the solution and caused quite a bit of trouble
when we constructed a global regularity theory for polygonal domains.

Aiming more natural and hopefully complete theory for polygonal domains, we
imagined a refined Green’s function estimate that involves both the distance to the
vertex and the distance to the boundary. This paper is about this improvement
task.

The main contents of this paper are as follows. In Section 2, we introduce a
Green’s function estimate of the time measurable parabolic operator £ = % —
Zij:l aij(t)D;; defined on a conic domain D C R with a vertex at the origin.
We prove an estimate of the type

lz—y|?

Gt s.m) < N1, o) & L) ()"
,S,L,Y) < 1,92 (t_s)d/2 \/m t—s

x(j%/\l)(j%/\l), B1, B2 >0, (1.1)

where p(x) := dist(xz, D). The ranges of 1 and B2 are determined by D and £
and described in Remark 2.2. Note that estimate (1.1) involves both the distance
to the vertex and the distance to the boundary, and gives a subtle decay rate as
z,y approach the boundary or the origin. In Sections 3 and 4, we obtain some
critical upper bounds of 1, 82 for the operator L.

In this paper we use the following notations:

- a A B =min{q, 8}, aV B = max{a, B}
- N(---) means a constant depending only on what are indicated
2

- Diju = %
and

- Br(z) ={y € R*| |y — 2| < R}

- BR(z) = Br(z)ND

- Qr(t,z) = (t — R?,t] x Br(x)
QR(t,x) = (t — R*,1] x (Br(z) N D).

Also, we will frequently use the following sets of functions (see [6]).

V(QRr(to, o)) : the set of functions u defined at least on Qr(to,z0) and satis-
fying

sup lu(t, M Lo(Brzo)) T VU Lo (Qr(to,20)) < 0O-
te(to—R2,to)



Green’s function of parabolic operator with conic domains 3

- Vioc(Qr(to, o)) : the set of functions u defined at least on Qr(to,zo) and
satisfying
u € V(Qr(to,x0)), Yre (0,R).
- V(QE(to,x0)) : the set of functions u defined at least on QR (to, o) and satis-
fying

e (o B2 0] et M zaBR @ + 1Vl 2@ t0.w0)) < 00

- Vioe(QE (to,0)) : the set of functions u defined at least on QX (to,z0) and
satisfying
u € V(Qr (to,z0)), Vr e (0,R).

2 Main result
We define our conic domain in R¢ by
D={ser\ {0} ‘ % e M},
where M is a connected open subset in the sphere S¢~! = {¢ € R? | |¢| = 1} which
has C? boundary. Here, C? boundary means that for any fixed point p € S%~! \D

and the stereographic projection of -1 \ {p} onto the tangent hyperplane at —p,
the antipode of p, the image of D has c? boundary in the hyperplane.

| L

(=

d=2 d=3

Fig. 2.1 Casesofd=2and d=3

For example, when d = 2, for each fixed angle x € (0,27) we can consider

D =D, = {(rcos@, rsinf) € R? | r € (0, oo), —g <0< g} (2.1)

In this paper we consider the Green’s function of the operator

0
£ = a — Zaij(t)Dij (2.2)
1,7
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with the domain D. We assume that the diffusion coefficients a;;, 4,57 = 1,...,4d,
are real valued measurable functions of ¢, a;; = aji, ¢,j = 1,...,d, and satisfy the
uniform parabolicity condition, i.e. there exists a constant v € (0, 1] such that for
any t € R and € = (&1,...,&4) € RY,

v[g]? < i (t)&g < v e (2.3)

%)

We denote the Green’s function by G(t, s, z,y). By the definition of Green’s
function G is nonnegative and, for any fixed s € R and y € D, the function
v==G(-s, vy) satisfies

Ly=0 in (s,00)xD; v=0 on (s,00)x0D; v(t,)=0 for ¢t<s.
Also, in this paper we use the notations po(x) = |z|, p(x) = dist(z, D) and

Rt,x:m/\lzm/\l, Jow o= P g

Vi Vi ’ Vi

Remark 2.1 Since #L-l <aNnl<2- a%‘;_l for any a > 0, we can also define R; o
and Ji . by

Re. po(z) , p(z)

= t,x -

T po(x) +VE pla) + vt

From the probabilitstic point of view related to a Brownian motion killed at
the boundary of 0D, G is essentially a transition probability and bounded by a
constant multiple of Gaussian density function:

1 . Jo—y|?

OSG(ms,m,y)SNme =, t>s, x,y€ED, (2.4)
where the constants N, ¢ > 0 depend only on space dimension d and v in the
assumption (2.3).

Having further information of the domain, the right hand side of (2.4) can be
refined. Especially, for our conic domains D, one can pursue the following type of
estimate

-
(t — s)/2

|2
- lz—y|

AF AT
Rtfs,x Rtfs,y € s, t>s8, XY € D

G(t7 s’ "I“ﬂ y) S N

for some positive constants AT, A™. Since Ry, is less than equal to 1, this estimate
is sharper as we find bigger AT, \™ satisfying the estimate.

Remark 2.2 As in [6], the critical upper bound Ad > 0 of AT can be characterized
by the supremum of all A such that for some constant € = ¢(A\) € (1/2,1) it holds
that

A
lu(t,z)] < N(\€) <%> sup |ul, V(t,z)€ Qg/Z(to,O)
D:(t0,0)

for any to > 0, R > 0, and u belonging to Vic(Q% (to,0)) and satisfying

Lu=0 1in Qg(to,()) i u(t,z)=0 for x € 90D.
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Moreover, the critical upper bound A > 0 of A~ is characterized by the supremum
of A\ with above property for the operator

L= FTa Zaij(—t)Dij. (2.5)

Both A} and A, will definitely depend on M = D N S, Especially when
D =D, in (2.1), A\l and A\ will depend on the opening angle «. If in addition £

is the heat opeartor, £ = % — Ay, then

See Section 2 of [6] and Section 3 of this paper for details.

The following lemma is, we think, the most updated estimate of G among the ones
involving Ry . only.

Lemma 2.1 ([6]) Fiz AT € (0,\}), A= € (0,\;). Then there exist constants
N, o > 0 depending only on M,v, AT, A\~ such that

1 + - _glz=y?
G(t,S,ZL’,y) S N mR?_S’I Ri\—s,y & t—s (26)
and
1 _glz=ul?

At—1 pA~
IV2G(t,s,z,y)] < N m&,m Ry ¢ t—s

foranyt > s, xz,y € D.

Remark 2.3 In fact, [6] has the estimates of the derivatives of G up to the second
order that contain Lemma 2.1 as a part. We refer to Theorem 3.10 of [6]. Yet, the
estimates involve Ry only.

Remark 2.4 Despite the beauty in estimate (2.6), we note that the right hand side
of (2.6) does not go to zero as = or y approaches boundary of D, meaning that
the estimate is not sharp enough in terms of the boundary behavior of the Green’s
function.

On the other hand, for any domain satisfying, for instance, the uniform exterior
ball condition, the corresponding Green’s function of £ is bounded by the constant
multiple of

1 _glz=yl®

which is now forcing the degeneracy of the Green’s function at the boundary (see
e.g. [2]).

Of course, our domains, for instance, like Dy in (2.1) does not satisfy the
uniform exterior ball condition if x > m. However, for any x, D, is mostly flat
except a samll neighborhood of the vertex and we hoped a refined estimate that
involves both R, and J; ; together. After all, we settled down with the following
theorem, which is the refined estimate we mentioned in the introduction and is
the main result of this paper.
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Theorem 2.1 Take A}, \_ from Remark 2.2. Then for any AT € (0,A\F), A\~ €
(0,\7), there exist constants N, o > 0 depending only on M, v, AT, X\~ such

that
N

12
70.\w yl

+_ - _ lz=yl=
G(ta S, T, y) S Ri\—s,; Ri\fsyyl Jt—s,z Jt—s,y € t—s (27)

foranyt>s, x,y € D.

Remark 2.5 Obviously estimate (2.7) is sharper than estimate (2.6) since Jiz <
R: . Moreover, estimate (2.7) gives delicate boundary behavior of Green’s funci-
ton.

Remark 2.6 The strategy of our proof of Theorem 2.7 is inspired by [2] and [7]
although the details are quite different.

In the proof of Theorem 2.1, we will use the following two lemmas from [6].

Lemma 2.2 (Proposition 3.2 of [6]) Let u belong to V(Qr(to, o)) and satisfy
Lu =0 in Qr(to,xo0), then
N

|Vu(t,x)| < E Q S(;lp )|u|a V(taw) € QR/Q(thx0)7
Rr(t0,T0

where the constant N depends only on v and d.

Lemma 2.3 (Proposition 3.4 of [6]) There exists a sufficently samll do such
that the following holds for any 6 € (0,00) : Let xzo0 € D, p(xo) < dlzo|, and
R < |562—°‘ Then if u belongs to V(QR (to,x0)) and satisfies Lu = 0 in QF (to,x0)
and u(t,x) =0 for x € 0D, then

N
Vutt.z) < Fp s Jul, V(bw) € Qs (io, 7o)
r(0,%0

where the constant N depends only on M,v,Jd.

Proof (Proof of Theorem 2.1)

1. First, we fix s € R, y € D. We show that there exist constants N, o depending
only on M, v, AT, A~ such that for any t € (s,00) and z € D,

+_ - _ole=yl?
Gltssva) < oy Jione REZD R0y 55 2g)

For given t € (s,00), we consider the following two cases of = € D.
- Case p(z) > 3 (|lz| AVE=s).

In this case, by assumption we have

Therefore,

Rt_S,I:lL'A1<2&A2:2(p(“’) /\1>. (2.9)
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A

Fig. 2.2 Two cases of x

Then, using Lemma 2.1, we immediately get (2.8).

- Case p(z) < 3 (|z| A v/t — s); the point close to the boundary.

For such point « € D, there exists xg € 9D such that |z — x| = p(x). For this
xo € 0D, G(t, s,x0,y) = 0 and there exists § € (0,1) such that

G(ta s,a:,y) = G(t7 8,.%,?/) - G(tWS?any)
S |CL‘ - x0||VIG(ta S,i‘,y”
= p(2)|VG(t, s, 2,y)l, (2.10)

where Z = (1 — 0)x + 0z € D.
To estimate the gradient part, we make use of Lemma 2.1. Now, since

1
7] > lol —bla— o] > lal — p(x) > Zlal, 1] < lal +6la a0l < lal +p(x) < 2],

we note that 1
iRtfs,x <Ri s <2Ri—s,2.
In addition, the inequalities
eyl <|z—yl+|z—2[<|Z-y[+ ]z -2 ST -y[+ V-3
give
-yl < —gle -y + s,
Hence, |VG(t, s, %,y)| is bounded by

S
(t —s)(@+D)/2

2
1 lz—y
o | vl

At —1 50~ =l
Rtfs,;thfs,ye t=s o,

where the constants N’, ¢’ > 0 still depend only on M, v, AT, and A~. This,
(2.10), and p(z) < v/t — s lead us to (2.8) again.

2. Now, we consider the operator L defined in (2.5). Let G denote the Green’s
function for £ with the same domain D. Note that the diffusion coefficients a;;(—t),
1,7 =1,...,d, also satisfy the uniform parabolicity condition (2.3) with the same



8 Kyeong-Hun Kim et al.

v. Since for any s € Rand y € D, /3@(, $,+,y) = 0on (s,00)xD and G'(, $,,y) =0
on (s,00) X 9D, we can repeat the argument in Step 1 literally line by line. Hence,
denoting the critical upper bounds of A for the operator L by 5\;", ;\c_ and noting
that A\f = Ao, A\ = \F by Remark 2.2, with the same constants N, o in (2.8)
which depending only on M, v, AT, A™, we obtain that

o—uy|2
Jooaw REIRY, e (2.11)

t—s,x

A N
G(t, s, z,y) < m

for any t > s and z,y € D. Note that the locations of AT, A~ in (2.11) in compar-
ison with the locations of them in (2.8). This is simply because A\~ € (0, AF) and
At e (0,A7).

3. Next, using the result of Step 2 and the following identity
G(_87 _tv Y, 1‘) = é(ta S, T, y) or G(tv S, T, y) = G(_Sv _t7 Y, $)7 t>s

which is due to a duality argument (see (3.12) of [6] for the detail), we observe
that with the same constants N, o in (2.8) we have

N - o lz=ul?
G(t,s,2,y) < m Jt—s,y Ri\fs,; Rt s €
N A — o lzul?
= m Rt s,x Jt—s,y Ri_ s,; i (2.12)

for any ¢t > s and x,y € D.

4. Finally to finish the proof of (2.7) we repeat the argument in Step 1.

For the points x away from the boundary the argument is the same. Indeed, if
p(z) > % (Jz| Av/T—s), then (2.9) and (2.12) certainly give (2.7).

Therefore for the rest of the proof, we may assume

plx) < = (|x| AVE=s).

In this case we first show

L AT -1 50" =1 _0\ —y|?
m#s,th—”Rt e T (2.13)

|va(t, s,x,y)| S N

For this, we fix (s,y) and set
u(t,z) = G(t, s, x,y).

Take ¢ € (0,00 A1/2), where dp is from Lemma 2.3 which depends only on M. We
consider the following two cases.

- Case p(z) > 8|z|. Put R = $(|z| A /T — s) which is less than 2 p(z) so that
Br(z) C D. Since u belongs to V(Qr(t,x)) and satisfies Lu = 0 in Qr(t,x), by
Lemma 2.2, we get

N
Vet <Y sup .
Qr(t,z)

We note that for (r,z) € Qr(t, z),

t—s

0<t—r<
= LS 4

(t—s)<r—s<t-—s,

=~ w
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1
|2l < lel + R < 2[al, |2 > |z| = R > S|

and

lz =yl >z —yl-R> |z —y|—Vt—s,

1
—lz—yl < *5|w7y|2+(t*8),

ezl Loyl 4
r—s — 2 t—s 3
Hence, using (2.12) we get
N + _ \zfy\z
|u(7“ z)‘ ( S)d/2 Ri\fs,z Jr—s,y Ri\ sgl; e
N AT —1 —0'/7“ vl?
SmRt stt swBRi_s ye€ e
Consequently, we have
N
|[Veu(t,z)] < = sup |u]
R Qu(tz)
N 1 At 1 A~ v ot lz=ul?
< Ri—soRp_ 5 3 J R i=s
= Ja| AVE—s (8 —s)d/2 T mE sy i,
N + 1 gl le=ul®
Jt—snyi\—s ;R? sy1 s,

T (t—s)@tn/2

and thus (2.13) is proved.

- Case p(z) < §|z|. In this case, we put R = 3(|z| A v/ — s). Since u belongs

to V(QE(t,z)) and satisfies Lu = 0 in QR (t,z), and u(t,z) = 0 for = € ID, we
can apply Lemma 2.3, and have

N

Veu(t,z) < &

sup |ul.
QR (t,x)

Similarly as before, we again obtain (2.13).
Finally, by (2.10), the computations below (2.10), and (2.13), we obtain (2.7).
This ends the proof.

3 On the critical upper bounds /\(::i:

In this section we discuss some detailed informations of the critical upper bounds
AT and A\, whose characterizations are given in Remark 2.2.

We first introduce some known results on AZ. The following statements are
the 3rd, the 8th, and the 7th in Theorem 2.4 of [6]:
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— If L= Lo:= 2 — A, then

Af(ﬁo,p)=—$+\m+%, (3.1)

where A is the first eigenvalue of Laplace-Beltrami operator with the Dirichlet
condition on domain M = DN S9!, where 47! is the sphere with radius 1
in R

— Suppose that (a;j)axq is a constant matrix. Then

A}(c,p)zxf(zo,ﬁ):—¥+\/l+ %, (3.2)

where A is the first eigenvalue of the Dirichlet boundary value problem to
Beltrami-Laplacian in the domain M = DN S%~! while cone D is the image of
D under the change of variables x — y that reduces (a;;)dxq to the canonical
form (9ij)axa with the Kronecker delta d;5, 4,5 = 1,...,d.

— For the general operator £ = % — Zijzl aij(t)D;j; in (2.2), we have

(d—2)?
4 )

where v is the uniform parabolicity constant in (2.3).

Afz—g+y A+ (3.3)

Remark 3.1 One big difference between (3.2) and (3.3) is that “d” appears in (3.3)
in place of “d — 2”. This actually causes a big gap between (3.2) and (3.3). To
demonstrate this, let d =2, D = Dy in (2.1), and £ = Lo = % — (Day2y + Dayas)-
Then we can easily find A in (3.1), which is the same as A in (3.2). To find A,
we just need to find the smallest eigenvalue A > 0 and its eigenfunction ¢ = ¢(0)
satisfying

which yields ¢(8) = cos(v/A8) and cos (\/X 5/2) = 0. Hence, the eigenvalues

satisfy VA k/2 =m/2+km, k=0,1,2,..., and thus A = 7% /x>
In this example, if for instance k = 7, then (3.3) yields, as we can take v =1,
a trivial information AX > 0, whereas (3.2) gives A =1.

In this section we improve (3.3). In particular, we will replace d in (3.3) by

d— 2. We assume that the coefficients aq;(t), 1,5 =1, - , d, satisfy a;;(t) = a;i(t),
and there exist constants v1,v2 > 0 such that for any ¢ € R and ¢ € R?,
vil€? < ai(h)€ig; < raléf’, (3.4)
2%}

The condition (2.3) is a special case of this condition: v1 = v, ve = v 1.

Theorem 3.1 For the operator L in (2.2), we have

d—2 / / d—2)?
/\étZ—T+ % A‘l’%a (3.5)

where v1, v2 are the uniform parabolicity constants in (3.4).
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Note that if v < v1 < v2 < v~ !, the right hand side of (3.5) is quite bigger that
that of (3.5). Indeed,

d—2 v1 | d—2)2 d d—2)2
<2+\/V72 A‘I’(4)><2+l/ A+(4)
=1+(\/Zj;—v)\//1+%21.

To prove the above theorem, we start with the following lemma which is a
slight modificaiton of Lemma A.1 of [6].

Lemma 3.1 Let u2 < Z—; (/1+ % and 0 < €1 < e2 < 1. Then there exists a

constant N depending only on p, €1, €2 such that

/ |$|2“|Vu|2dxdt+/ (2242 u2dadt < NRQH’Q/ |2 dzdt
QzR(tl’)vO) QZR(t07O) QZR(tﬂvo)

for any R > 0 and any function u belonging to Vloc(Qg(to,O)) and satisfying
Lu =0 in QF(to,0), u=0 on R x dD.

Proof The proof of this lemma is almost the same as that of Lemma A.1 of [6].
The only difference is that we use conditon (3.4) instead of condition (2.3).

Proof (Proof of Theorem 3.1)

1. Refering to Remark 2.2, we note that it is enough to show that for any
2
p € R satisfying p? < Z—; (/1 + @), there exists a constant /N depending only
on M, i, d such that

d—2

2\ "7 H

lu(t,z)] < N <LR|> sup lul, V (t,x) € Qg/Q(to,O)
QER(tmO)

for any to > 0, R > 0, and u belonging to Vloc(Qg(to, 0)) and satisfying
Lu=0 inQFK(to,0) ; wu(t,z)=0 for = dD.

Also, we note that we may assume to =0, R = 1.
2. Take any function w satisfying the conditions in Step 1 with to =0, R=1
and take any (¢,z) € QID/Q (0,0). Let us denote

r=lel(< ), De= (- /41 x (B1,(0)\ By, (0)).

Then as in the proof of statement 7 of Theorem 2.4 in [6], we have

|u(t,3[:)|2 < Nr_d_Q/ |u(T, y)|2dyd7'

I3

gNr*%/ W12 u(r, y)2dydr. (3.6)
D

r
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The last inequality in (3.6) holds since for the points y in D,, |y| are comparable
with 7.
Now, we define a time-changed function of u:

v(s,y) :=u(t + 7‘25, Y).

This function is well defined at least on Q¥ (0,0) due to t + r%s € (—1,0] for
s € (—1,0]. Moreover, v belongs to Vioe(QT (0,0)) and satisfies

Ly=0 inQT0,0) ; v=0 on RxdD,
where £ = % =i r2a;;(s)Di;. We note that
rulé? <3 rfai(s)€iy < rval¢f?
2%

r2uy
r2vy

is the same as Z—;

is the uniform parabolicity condition for £ and the ratio

and hence we can apply Lemma 3.1 for £ and v. Having this in mind, we continue
with (3.6) as below.
Since
(t+rs,y) €D = (s,y) € (~1/4,0] x B3,.(0)

and (—1/4,0] x B%T(O) C Q%(0,0), the last quantity in (3.6) is bounded by

Nrfd+272u/ |y|2“72|v(s7y)|2dyds. (37)
Q7(0,0)
3
Then we apply Lemma 3.1 with ¢; = %, €2 = % and see
/ I~ |u(s,y)*dyds < N |v(s, y)|*dyds
Q%(0,0) Q2(0,0)
1 8
<N sup |vf?
Q%(0,0)
8
<N sup |ul?, (3.8)
Qg(ovo)

where the last quantity in (3.8) follows the observation t + r2s € (— (%)2 ,0] for
2
any s € (—(2)”,0].
All the constants N in this Step 2 depend only on M, p, and d. Hence, (3.6),
(3.7), and (3.8) give the claim in Step 1.

Remark 3.2 For instance, let d = 3 and for any fixed k € (0, 27) take
D=D, = {(rsin@cosqﬁ, rsinfsin ¢, rcosh) € R3 |

r € (0, oo),0§9<g, 0<¢§27r}.

Then the first eigenvalue A of Laplace-Beltrami operator with the Dirichlet con-
dition on domain D,, N S? satisfies
1 455
—_— <A<
2| log(cos(k/4))] = — k2
where jo &~ 2.4048 is the first zero of the Bessel function Jo (see [1]). Hence, using
(3.9) and Theorem 3.1 we can obtain rough lower bounds of M

(3.9)
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4 Evaluation of )\Ci when d = 2

Finding the exact values of AF are very difficult in general. In Section 3 we pre-
sented a decent estimation of them from below. In this section we attempt to
evaluate A\X when d = 2 and the diffusion coefficients aij, 1,J = 1,2, in our oper-
ator £ are constants.

As a12 = a21, we can set

A= (ai)2xe = <‘g i)

By (2.3) matrix A is positive-definite and the eigenvalues are greater than equal
to v and in particular there is a symmetric matrix B such that A = B2,
For any fixed x € (0,27) and « € [0,27) we denote

Dy, i = {w:(rcosﬁ, rsinf) € R? |r € (0, oo), fg+a<0< g+a}7

calling  the central angle of the domain Dy .
We consider the operator

0
L= a - (aDrrlxl + b(Dxlac2 + szrrl) + Cngxz)

with the conic (angular) domain Dy q.
Below arctan is a map from R — (—n/2,7/2).

Proposition 4.1 For £ and D, defined above, we have

™

AL Dra) = =
where

W ) — arctan ( w ) (4.1)

v/det(A) det(A)

with constants @,b from the relation
cosa sina ab\ {cosa —sina
= . . . (4.2)
—sina cosa ) \bc) \sina cosa
In particular,

(i) if kK = m, then & = 7;
(i) if a =0 and b =0, then K is determined by the relation

tan (g) = \/gtan (g) (4.3)

R = ﬂ—arctan(

for k € (0,2m) \ {m}.
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Proof 1. We first consider the operator

0
£0—§7AI

with domain Dk, . In this case we note K = xk and, as in Remark 3.1, we again

have -
M= =VA=-.
K

Indeed, the eigenvalue/eigenfunction problem
gy — _k _k : _5 —o(E =
~"(0)=20(0), 0e( -5 +a,~T+a);  o(-5+a)=0(5+a)=0

leads us to have ¢(0) = cos (VA(6 — a)) and cos (VA £/2) = 0. Hence, the first
eigenvlaue A again satisfies v/A x/2 = 7/2. Thus we have

AE (Lo, Dro) = VA = g

2. General case. Having (3.2) and the accompanied explanation in mind, we
take a symmetric matrix B satisfying A = B2. The change of variables z = By
transforms the operator aDz,z, +bDg 0, +0Dayz, +C Dy, into Ay = Dy, y, +Dy,ys,
in y-coordinates, that is, putting v(¢,y) = u(t, By), we obtain

(aDnu + bD12u + bDaru + cDaou)(t, By) = Ayv(t,y), (t,y) € R x '15,
where D is the image of Dy, under a linear transformation defined by

5 = B_LDn,a = {B_lx LT E Dn,a} .

We note that D is also a conic (angular) domain with a certain central angle
k. In fact, we can use (3.2) and Step 1 to have

A2 (£, Dra) = A (Lo, D) = =
Let us verify the formula for k. We first note

kDN B1(0)]e " ~
— =1"—""27" and hence k& =2-|DnN B1(0)|,
o = B0V DN Bi(O)]e

where |E|, denotes the Lebesgue measure of E C R%. By the relation y = B~ 'z,

we then have

PN B :[{ eD:ly<1} dy

L dx
|det( N Jizen:|B-1a|<1}

K/24+o |B~ vy | !
/ rdrdf
s/det(A —k/24a

K/24o

2\/det(A /r@/?-‘,—a ‘B 1v0|2

K/24a

2\/det(A /K/2+a vg A 1”09

dé

do,
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cosf
sin 6
and change of variable gives

where vy = ) Now, a direct calculation based on translation, symmetry,

|5ﬁ Bi(0)|¢

1 K/2 1 0 1
2¢/det(A) \Jo ng Vo —Kk/2 UgA Vg

o i) o

a ccot29 —2bcot§ + @ + Gcot20 + 2bcotf +a) sin20
_ y/det(A) [ 1 1
= Y0

= + = dt
cot(r)2) Ct? —2bt+a  ct2+2bt+a

1 ¢ cot(k/2) — b ¢ cot(k/2) +b
=3 (W—arctan(\/m) —arctan(\/m>> )

where

QI
o S

()

with @, b, and € defined in (4.2). Hence, we obtain (4.1) for % and the proof is
done.

Remark 4.1 Let us consider the simple but essential case of b =0 and a = 0, i.e.,

L with A = <g (CJ) and domain D,. Then, from (4.3), we observe that the ratio
r := 2 of the diffusion constants, rather than the exact values of a and c, along

with  decides & and hence the values AX. We also note that for & € (0, )

R—m as r — o0; F—0" as r—o0t

and for k € (m,2)

F— T as r—o00; K—2w  as r—o0t.

In particular, if k € (0, ), or domain D, is convex, and the diffusion constant to
x2 direction is relatively much lager than the the diffusion constant to x; direction,
then A\ are much bigger than 1 and hence Green’s function estimate (2.7) gives
better decay near the vertex since Rt o < 1.
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