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Abstract

We establish existence, uniqueness, and Sobolev and Holder regularity results for the stochastic partial
differential equation

d d oo
du:( Z aijuxixj +f0+2f;i)d;+2gkdwf, t>0,xeD
i,j=1 i=1 k=1

given with non-zero initial data. Here {wf :k=1,2,.--} is a family of independent Wiener processes
defined on a probability space (2, P), a"/ = a'/ (w, t) are merely measurable functions on € x (0, 00), and
D is either a polygonal domain in RZ or an arbitrary dimensional conic domain of the type

D(M);:{xeRd;ieM}, MCsl @=2) 0.1)

|x| .
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where M is an open subset of §9-1 with €2 boundary. We measure the Sobolev and Holder regularities of
arbitrary order derivatives of the solution using a system of mixed weights consisting of appropriate powers
of the distance to the vertices and of the distance to the boundary. The ranges of admissible powers of the
distance to the vertices and to the boundary are sharp.

© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

The goal of this article is to present a Sobolev space theory and Holder regularity results for
the stochastic partial differential equation (SPDE)

d d 00
du=|>"a%uy+ O+ i lde+) ghdwf, 1>0: u©, )=uy (L1
i i=1 k=1

defined on either multi-dimensional conic domains D(M) (see (0.1)) or two dimensional polyg-
onal domains. Here, M is an open subset of §9-1 with C? boundary, {wf‘ k=1,2,---}1is
an infinite sequence of independent one dimensional Wiener processes, and the coefficients a'/
are merely measurable functions of (w, ¢) with the uniform parabolicity condition; see Assump-
tion 2.2 below.

To give the reader a flavor of our results in this article we state a particular one, an estimate,
below: Let D = D(M) be a conic domain in RY, p(x) :=dist(x, dD), and p,(x) := |x|. Then
for the solution u of (1.1) with zero boundary and zero initial conditions, the following holds for
any p > 2:

E

St~—

f(|p—1u|P+|ux|P) P80 50~ dx dy
D

IA

T d
CJEf/(|pf°|"+Z|f"|f’+|g|,’;)p§—®p®—ddxdr (1.2)
0 D

i=1
withd — 1 < ® <d — 1 + p accompanied with the sharp admissible range of 6; see (1.8) below.
Also see (1.7) for higher order derivative estimates. Unlike the range of ©, the range of 6 is
affected by the shape of domain D, which is determined by M. Estimate (1.2), if p, is replaced

by the distance to the set of vertices, also holds when D is a (bounded) polygonal domain in R?.
Regarding Holder regularity, we have for instance, if 1 — % =4§>0,

—1+2 (v-6 —1+6+2 (-6
1o~ 7 O Pu(w, 1, ey + 1o TP 0O Pu(w, 1, )]es iy < 00,
for a.e. (w, t). In particular,
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lu(w, t,x)| < C(w, t)pl‘%(x)py“@)/l’(x) for all x € D. (1.3)

Estimate (1.3) shows how 6 and ® are involved in measuring the boundary behavior of the solu-
tion with respect to p and p,. See Theorem 2.25 and Theorem 5.6 for the full Holder regularity
results with respect to both space and time variables.

To position our results in the context of regularity theory of stochastic parabolic equations, let
us provide a stream of historical remarks.

The L ,-theory (p > 2) of equation (1.1) defined on the entire space R? was first introduced
by N.V. Krylov [17,21]. In these articles the author used an analytic approach and proved the
maximal regularity estimate

d
||ux||L,,msc(||f°||L,,m+Z||f‘||me+|||g|e2||me), p=2, (14

i=1

provided that u(0, -) =0, where L ,(T) := L, (€ x (0, T); L ,(R%)).

As for other approaches on Sobolev regularity theory, the method based on H*°-calculus
is also available in the literature. This approach was introduced in [5], in which the maximal
regularity of ~/—Au is obtained for the stochastic convolution

t

u(t) ::/e(lfs)Ag(S)dWH(S)-
0

Here, Wy (¢) is a cylindrical Brownian motion on a Hilbert space H, and the operator —A is
assumed to admit a bounded H°°-calculus of angle less than 77 /2 on L7(0), where ¢ > 2 and O
is a domain in R?. The result of [5] generalizes (1.4) with fi =0,i=1,...,d as one can take
A=Aand O =R

One advantage of the approach based on H*°-calculus is that it provides a unified way of
handling a class of differential operators satisfying the above mentioned condition. However
this approach is not applicable for SPDEs with operators depending on (@, t), and even the
simplest case A = A, it is needed that 9O is regular enough, that is 90 € C?. Compared to
the approach based on H®°-calculus, Krylov’s analytic approach works well for SPDEs with
operators depending also on (w, #), and it also provides the arbitrary order regularity of solutions
without much extra efforts even under weaker smoothness condition on domains.

Since the work of [17,21] on R, the analytic approach has been further used for the regularity
theory of SPDEs on half space [18,19,14] and on Cl-domains [13,11,10]. The major obstacle of
studying SPDEs on domains is that, unless certain compatibility conditions (cf. [4]) are fulfilled,
the second and higher order derivatives of solutions to SPDEs blow up near the boundary, and
such blow-ups are inevitable even on C*°-domains. Hence, one needs appropriate weight system
to understand the behavior of solutions near the boundary.

It is shown in [18,13,11] that if domains satisfy C' boundary condition, then blow-ups of
derivatives of solutions can be described very accurately by a weight system introduced in [20,
13,23]. This weight system is based solely on the distance to the boundary. Surprisingly enough,
under this weight system it is irrelevant whether domains have C>-boundary or C!-boundary, that
is, the regularity of solutions is not affected by the smoothness of the boundary provided that the
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boundary is at least of class C'. To be more specific, let O be a C!-domain, p(x) = dist(x, d0),
then it holds that (see [11,13]) foranyd — 1 <® <d — 1 + p,

T

E f / (o~ ul + lux )P p® 4 dt
(@)

0
7 d
SCEf/(|pf°|”+Z|f"|p+|g|g)”p@—ddt. (1.5)
) i=1

The condition ® € (d — 1,d — 1 4 p) is sharp and is not affected by further smoothness of 90
as long as 0 € C!. Note that estimate (1.5) with smaller © gives better decay of solutions near
the boundary than that with larger ®. In particular, we have u(w,t,-) € WOI’P (0) from (1.5) if
0 <d.

As for results on non-smooth domains, that is 0 ¢ C', very few fragmentary results are
known. It turns out that (1.5) holds true on general Lipschitz domains if ® ~d —2 + p (see [9]),
and hence the case ® = d is not included in general if p > 2. An example in [9] also shows that
if ® < p/2, then estimate (1.5) fails to hold even on simple wedge domains of the type

D) = {(rcos n,rsinn) € RZ:r >0, ne (—K/2,/</2)}, K < 2. (1.6)

The vertex 0 makes the boundary non-smooth and changes the game.

Our interest on conic and polygonal domains arises from such question which, in particular,
ask if estimates similar to (1.5) hold on such simple Lipschitz domains. We got the clue of the
problem from a PDE result on conic domains [15] (also see [24,26]) which is similar to (1.5),
without the term g = (g!, g2, --+) of course. It uses the weight based only on the distance to
the vertex. A work on SPDE using a weight system based only on the distance to the vertex is
introduced in [3] (also see [2]), in which we studied the model case of d = 2 and a'/ = §; ; for a
starter of the program.

Even for the model case considered in [2,3] we struggled to have higher order derivative
estimate and left the problem as the future work. The main issue is to include the distance to the
boundary in our weight system to have a satisfactory regularity relation between solutions and
the inputs. In fact, there was an omen of aforementioned difficulty that is implied in the Green’s
function estimate used in [3] and [2]. The estimate dominating Green’s function does not vanish
at the boundary although it does at the vertex. We need more refined Green’s function estimate
for the starter of a satisfactory regularity result.

We then set a program of three steps: (i) preparing a refined d-dimensional Green’s function
estimate for operators with measurable coefficients (ii) preparing PDE result (iii) establishing
SPDE result addressing the higher order derivative estimates. First two steps are done in [7] and
[8], and this article fulfills the last step. In [7] the refined Green’s function estimate involves both
the distance to the vertex and the distance to the boundary and it now vanishes at all the points
on the boundary with informative decay rate near the boundary. The work [8] fully makes use of
what we prepared in [7] and it is designed to serve this article well.

Now let us explain our L ,-regularity result in more detail. Recall p,(x) :==|x| and p(x):=
d(x, dD), which denote the distance from x to vertex and to the boundary of the conic domain
D = D(M), respectively. We prove that for any p >2 andn =0, 1,2, - - -, the estimate
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T
IE/:/(ur‘mp4—me—%~~+wp"D”“uvﬁx£‘®p®—ddxdr
0 D
T
sCE//(mﬂw+~Aﬂw“DHﬁp
0 D

d d
A NP A4 Y "D P

i=1 i=1

+|glfz+~~+Ip”D"glfQ)pf‘@)p@‘ddxdt (1.7)
holds for the solution u = u(w, t, x) to equation (1.1) with zero initial condition, provided that

d—1<0®<d—1+p, p—-r)<6<pd—-1+1r). (1.8)

Here, A} and A are positive constants which depend on M and are defined in Definition 2.14
below (also see Proposition 2.17 and Remark 2.18). The same estimate holds for polygonal do-
mains in R2. Estimate (1.7) with condition (1.8) is indeed an (seamless) extension of [8] to
SPDEs, and what is satisfactory is that the ranges of ® and 6 in (1.8) are not shrunken smaller
than the ranges for the deterministic parabolic equation. For this however very delicate com-
putation is required and providing the work done successfully is one of main purposes of this
article.

Finally, we want to summarize the improvement in this article over the results in [3] and [2].
Our domains D(M) in R4, d > 2, generalize two dimensional angular domains (1.6); the choice
of M is much richer when d > 2. Our operator ) _; i a'l(w,t)D;  far generalizes Laplacian oper-
ator A in [3] and [2]. These generalizations make computation much more involved, especially,
for the stochastic part of the solution. Also, thanks to the mixed weight system, we can now study
the higher order derivatives in an appropriate manner and implementing it requires quite a work.
Moreover, in this article we do not pose zero initial condition and hence we propose right func-
tion spaces for the initial condition in terms of regularity relations between inputs and output,
where the initial condition is one of inputs. This result is new even for deterministic PDEs on
conic domains. Holder regularity results based on aforementioned improvements are also new
even for PDEs on conic domains.

This article is organized as follows. In Section 2 we introduce some properties of weighted
Sobolev spaces and present our main results on conic domains, including Holder regularity re-
sults. In Section 3 we estimate weighed L, norm of the zero-th order derivative of the solution
on conic domains based on the solution representation via Green’s function and elementary but
highly involved computations. The estimates of the derivatives of the solution on conic domains
are obtained in Section 4 and the proof of the main results on conic domains are posed there, too.
In section 5 we establish a regularity theory on polygonal domains in R2.

Notations.
e We use := to denote a definition.
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For a measure space (A, A, 1), a B_anach space B and p € [1, 00), we write L,(A, A, ; B)
for the collection of all B-valued .A-measurable functions f such that

”ngp(A,A,M;B) = /”fllgdu < 00.
A

Here, A is the completion of A with respect to 1. We will drop A or u or even B in
L,(A, A, u; B) when they are obvious from the context.

R4 stands for the d-dimensional Euclidean space of points x = (!, .- x4 ), Br(x):={ye
Re:jx —yl<r}, R :={x = (!, ..., x):x!' > 0},and S := {x e R? : |x| = 1}.

For a domain O C RY, BY (x) := Br(x) N O and 0 (1, x) := (t — R?, 1] x BY (x).

N denotes the natural number system, No = {0} U N, and Z denotes the set of integers.
Forx, yinR?, x-y:= Zf-l:l x’y! denotes the standard inner product.

For a domain @ in R?, 8O denotes the boundary of O.

For any multi-index o = (a1, ..., aq), o; € {0} UN,
af af
fo=5r fa=Dif =5 D® f(x) := D5 --- D' f(x).

We denote || := Zflzl a;. For the second order derivatives we denote D; D; f by D;; f. We
often use the notation |gfy|” for |g|” D", |D; f|? and |gfyx|? for |g|” Zi’j |D;; f|7. We also
use D™ f to denote arbitrary partial derivatives of order m with respect to the space variable.

e A.f:=);Djf,the Laplacian for f.
e Forn e {0}UN, W)(O):={f:3_4<, Jo |D* fIPdx < 00}, the Sobolev space.

For a domain O C R¢ and a Banach space X with the norm | - |x, C(Q; X) denotes the set of
X -valued continuous functions f in O such that | f|c(o.x) :=sup,co | f(x)|x < 0o. Also,
for a € (0, 1], we define the Holder space C*(O; X) as the set of all X-valued functions f
such that

[ fleeo:x) =1 flco:x) + [flceo.x) <00

with the semi-norm [ f]c« (. x) defined by

_ lf(x)— fWIx
[fleao:x) = sup —————"—=.
x#yeO lx — ¥

In particular, O can be an interval in R.

For adomain O CRY,C >°(0) is the space of infinitely differentiable functions with compact
supportin O. supp(f) denotes the support of the function f. Also, C**(O) denotes the space
of infinitely differentiable functions in O.

For a distribution f on O and ¢ € C°(0), the expression (f, ¢) denote the evaluation of f
with the test function ¢.

For functions f = f(w, t, x) depending on w € , r > 0 and x € R¢, we usually drop the
argument w and just write f (¢, x) when there is no confusion.
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e Throughout the article, the letter C denotes a finite positive constant which may have dif-
ferent values along the argument while the dependence will be informed; C = C(a, b, - - -),
meaning that C depends only on the parameters inside the parentheses.

e A ~ B means that there exist constants Cy, C; > 0 independent of A and B such that A <

C1B < (C,A.

d(x, O) stands for the distance between a point x and a set O € R<.

a Vv b=max{a, b}, a AN b=min{a, b}.

1y the indicator function on U.

We will use the following sets of functions (see [15]).

- V(Qg(to, x0)): the set of functions u defined at least on Qg(to, Xxo) and satisfying

sup w1, 8O o)) F IVUN Ly 09 (19,20 < O©-
te(to—R2,1]

- VIOC(Q(I?(IO, x0)): the set of functions u defined at least on Qg(to, xo) and satisfying

u e V(Q% (1. x0)). Vre(O,R).
2. SPDE on d-dimensional conic domains

Throughout this article we assume d > 2. Let M be a nonempty open set in §d=1 .=
{x eR?: |x|= 1} and M denotes the closure of M. We assume M # S9~!, and define the
d-dimensional conic domain D by

D=D(M) = [xe]R"\{O}‘ |i—|eM}.

When d = 2, the shapes of conic domains are quite simple (Fig. 1). For instance, with a fixed
angle « in the range of (0, 27) we can consider

D=p® ::i(rcosn, rsinn)eIR2|re(O, 00), —% <n< g] 2.1

Let {wf }ren be a family of independent one-dimensional Wiener processes defined on a
complete probability space (£2,.%, P) equipped with an increasing filtration of o-fields .%; C
7, each of which contains all (%, P)-null sets. By P we denote the predictable o-field on
Q2 x (0, co) generated by .%;.

In this article we study the regularity theory of the stochastic partial differential equation

d 00
du=(Lu+ fO+ 3 fL)di+Y ghduf, 10, xeDWM) (22)
i=1 k=1

under the zero Dirichlet boundary condition. Here

d
L= Z aij(a),t)Dij.

ij=1
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Fig. 1. Cases of d =2 and d = 3.

- Each of the stochastic integrals in (2.2) is understood as an It6 stochastic integral against the
given Wiener process.

- The infinite sum of stochastic integrals is understood as the limit in probability (uniformly
in ¢) of the finite sums of stochastic integrals. See Remark 2.9.

Here are our assumptions on M and the diffusion coefficients.
Assumption 2.1. The boundary dM of M in S¢~! is of class C2.
Assumption 2.2. The diffusion coefficients a'/, i, j = 1,--- , d, are real-valued PP-measurable

functions of (w,t), symmetric; a'/ = a’/t, and satisfy the uniform parabolicity condition, i.e.
there exist constants vy, v» > 0 such that forany r €e R, w € Q and & = (51, e Ed) eR4,

vilE? <> Y (. 0)EE; < vlEl”. (23)

ij
To explain our main result in the frame of weighted Sobolev regularity, we introduce some
function spaces (cf. [2,8]). These spaces collect the functions whose weak derivatives can be

measured by the help of appropriate weights consisting of powers of the distance to the vertex
and of the distance to the boundary. Let us define

Po(X) = po,p := |X], p(x) = pp(x) :=d(x,dD).
For p € (1,00), 0 € R and © € R, we define
Lyo.o(D):=Ly(D,pl~p® dx),
and for m € Ny define
K} o.0D) :=1{f p'D¥feL,p0D), laf <m).
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The norm in K qu 9.0(D) is defined by

1/p

_ el pa £1p 0—O  O—d
Ik, g0y = D /|p D f1Ppl®p°tax | . 2.4)

lee]<m D

The space K 21, 0.0 (D) is related to the weighted Sobolev space H ;"’ o (D) introduced in [13,20,23]
as follows:

H;@(D) = KZ!,@,@(ID),
whose norm is given by

1/p

I o) = ) / 1D f1PpO~Cdx | m e Np. 2.5)

<
loe|<m D

Note that the weight of H ;1,®(D) is based only on the distance to the boundary. Using the fact
that for any © € R and multi-index o

sup p*1#| DY pk (x)] < C(n, @) < 00, (2.6)
xeD

one can easily check
feK), o) ifandonlyif pl'~®/PfeH" (D),
and the norms in their corresponding spaces are equivalents, that is,
~ 0-0)
1Ak, o0 ~ 108~ fllan ). n € No. 2.7)

Below we use relation (2.7) to define K; 9y®(D) for all y € R. Let ¢ = ¥yp be a smooth
function in D (see e.g. [22, Lemma 4.13]) such that for any m € Ny,

Yp(x) ~ pp(x),  pAID™ T yp| < N(m) < 0. (2.8)

Actually, such 1 exists on any domains. Indeed, let O be an arbitrary domain, and put pp(x) =
d(x,00), and

Opri={xeO:e % < po(x) <e "k}, (2.9)

Then mollifying 1, , one can easily construct &, such that

£, €CX(On3). ID"&| <CmE™. Y &a(x)~1,
neZ
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and then one can take

Y=yo=) e & x). (2.10)
neZ

It is easy to check that Y = Y satisfies (2.8) with po in place of pp.
Next we choose a nonnegative function ¢ € CZ°(R) such that £ > 0 on [e~L, e]. Then, by
the periodicity,

0
> @)y >c>0, VieR. 2.11)
n=—00

For pe(l,00) and y e R, by H) = H 1},/ (R%) we denote the space of Bessel potential with the
norm

el gy = (1= 27 ull ey o= IF 1A+ ERPF@EN L, e

In case y € No, H ,),/ (R?) coincides with W,’,/ (R?). The spaces of Bessel potentials enjoy the
property

lull o = Null e, v1 =72

Especially, we have ||u||1 , = [l H, for any y > 0. For £,-valued functions g we also define

. 2
18l 7 ) = I1(1 = A gl I, -
Moreover, for R¢-valued functions f = ( f 1., f 4y we define

1€l 5 ay = 1L = D) PR gy

From now on, if a function defined on a domain O vanishes near the boundary of O, then
by a trivial extension we consider it as a function defined on R?. In particular, for any k € Z
and a function f on O, the function ¢ (e ¥y (x)) f(x) has a compact support in O and can be
considered as a function on R¢.

Definition 2.3. Let p € (1, 00), ®, y € R, and O be a domain in RY. By H;;ﬁ (O) we denote the
class of all distributions f on O such that

”f”[;ﬂ/o(o) — Zen®”é-(e_nl//(en.))f(en.)"l[iI’J;(]Rd) < 00, (212)
P neZ

where ¥ = Yo is taken from (2.10). Similarly, H ;’,9 (O; £3) is the set of £;-valued functions g
such that

p — n® —n n. ny P
1857 1 .—%e 1™ V(" NLE Ny gy, < O
ne
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It turns out (see [23, Proposition 2.2] or [8, Lemma 4.3]) that the new norm in (2.12) is
equivalent to the norm in (2.5) if y € Ny. In other words, for y € N,

2l o DFE I, ~ D / 10/ D% 17 p®~ dx, (2.13)

neZ lel<¥ ¢

and the equivalence relation depends only on p, v, ®,d,n, ¢, ¥ and O.
Now we use equivalence relations (2.7) and (2.13), and define K ;7/»0,6)(2)) for any chosen
y € R.

Definition 2.4. Let p € (1,00),0,0,y € R, and D be a conic domain in RY. We write fe
K? 5 (D) if and only if p’~/? f € H” (D), and define

— | ,@—©)/p
P g e (2.14)
The space K; 0.6 (D; £2) and its norm are defined similarly. Also we write f:(fl, f2, s fd) €
K} 90D RY) if
d

N i
Ifll7, DRy = Zl 1 W7, oy < 00
1=

Note that the new norm of the space K}: 0 .©(D) is equivalent to the previous one if y € Np.
Below we collect some basic properties of the space K ; 9.0(D).

Lemma 2.5. Let p € (1,00) and 0,0,y € R.

(i) For a domain O and n € C°(Ry),

n® -n n. noyP p
XZ:E lIn(e™" Vo™ f )y SC(P,@,d»V,77,(9)||f||H;®(0)- (2.15)
ne

The reverse inequality also holds if n satisfies (2.11). Moreover, the same statements hold
for £3-valued functions.

(ii) C°(D) is dense in KZ,G,G(D)'

(iii) Forany n e R,

||Wﬂf||1<;8’®(p) ~ I fllgr (D) (2.16)

P.0+up,©+up

where  satisfies (2.8). The same statement holds for £,-valued functions.
(iv) (Pointwise multiplier) Let y €R, n € Ng with |y| < n. If|a|£,0):= supp Zlalslnl oD% <
00, then

0)
lafligr, =< Cup.Dlal I llgr, ) 2.17)
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(v) The operator D; : K;ﬁ’@(D) — K;g:_p’@_i_p(D) is bounded for any i =1, ...,d. In gen-

eral, for any multi-index a we have

ID“Fllgrs oy <CIS g2, o (2.18)

p,0+la|p, O+l p

The same statement holds for €y-valued functions.
(vi) (Sobolev-Holder embedding) Let y — % >n+ 6, wheren € Ng and § € (0, 1). Then for any

14
fe Kp,e_p,(.)_p(,D)y

=142 (9—
D1 T p0m P D flop,

k<n

—1+5+2 (9—6
Hp" T oD sy < Cllf g 2.19)

ﬂ*p@*p(D) ’

where C=C(d,y, p,0,0, M).

Proof. All the results follow from Definition 2.4 and properties of the weighted Sobolev space
H;/@(O) (cf. [23,20,16,13]). See e.g. [23, Proposition 2.2] for (i)-(iii) and see [23, Theorem 3.1]
for (iv).

To prove (v), we put & = p&’ ~®? Then, using £Df = D(Ef) — £~ DE) f and (2.14), we
get

-1

0+p.©+p

By [23, Theorem 3.1],
IDEN 7ty = CIEF Ny o0y = CIf ik, oy
Using (2.6), one can check |1ﬁ§_1 D§|§,?) < oo for any m € N. Thus, by (2.16) and (2.17),

1" DE) f1l -1

p.0+p,0+p

-1
0 SCNWET DO fllr1. ) <CUF ot .

Thus (v) is proved.
Finally we prove (vi). Put g = £f. Then by [23, Theorem 4.3],

k—142 —1+5+8

k<n

Hence, to prove (vi), it is enough to note that the left hand side of (2.19) is bounded by a constant
times of the left hand side of (2.20). The lemma is proved. O

Using the aforementioned spaces, we now introduce the function spaces for the solutions u to
equation (2.2) as well as the function spaces for the inputs f°, f, and g. To make equation (2.2)
well-defined after all, we restrict p € [2, 00); see Remark 2.9 (i) below. With such p and a fixed
time T € (0, co) we first define
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HI(T):=L,(Qx (0,T],P; H})),
H(T, €2) := L, (2 x (0, T1, P; HY (€2)).

Next, for 8, ®, y € R we define the function spaces

K 90D, T) =Ly x (0, T, P; K, 4 5(D)),
K o o(D.T.d) :=Ly(Qx (0.T1, P K} o o(D; RY),
K} 00@D.T. £2) ==Ly @2 x (0.T1.P: K} 5 o(D: £2)),

and denote

Lpo.o@D,T):=K), oD, T), Lyse®T,d):=K,D,T.d),
Lpo.o(D.T. t2) =K o(D. T, ).

Also, by K& (D, T') we denote the space of all functions f of the form

f@,6,0 = 1.5 fik),

i=1

where 79 < --- < 15, is a finite sequence of bounded stopping times with respect to the filtration
(Z1)i>0, and f; € C°(D), i =1,...,m. Similarly, we define K2°(D, T, £») as the space of
£5-valued functions g = (g!, g2, ...) such that the first finite number of g* are in K(D, T)
and the rest are all identically zero. We also define KX°(D, T, d) for R9-valued functions f =
(f',..., %) in the same manner. Moreover, by K2°(D) we denote the space of all functions f
of the form

fl@,x)=Y 14 fi(x),
i=1
where A; € Fpand f; e C°(D),i=1,...,m.

Remark 2.6. For any 6, ©, y € R, K2°(D, T) is dense in K;ye@(D, T)andsois KX (D, T, ¢3)

in K;,Q’Q(D, T, £;). Indeed, by the definition of P, any function f € K;,Q’Q(D, T) can be ap-
proximated by functions of the type

m
Z Lz (). 1141 ()] (i (X)),
i=1

where 1, are bounded stopping times and k; € K; 06D, i=1,...,m. Thus the claim fol-
lows from Lemma 2.5 (ii). Similarly, K2°(D) is dense in L ,(2; K;,/,(;,@(D)) = L,(Q, %, P;
K} o).
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From now on we will also use the notation

y+2 . pYt2-2/p
Up,@,(H)(D) T Kp,0+2—p,®+2—p(D)'

The following definition frames the spaces for the solutions of our SPDE.

Definition 2.7. Let pe[2, 00) and 0, ©, y €R. We write uek’, 120 (D, T) if ueK’ 5> o (D.T),
2 2 . o~
(0, )€U 0 (D):=L (2, Fo, P; U )% (D)), and there exists (f,3) €K” . o, (D, T) x

K%;}@ (D, T, £,) such that
du = fdt + Zékdwf, re€(0,T]
k

in the sense of distributions on D, that is, for any ¢ € C°(D) the equality

t 00 t
(M(l, ')7 90) = (M(O, ')s 90) + /(f(sv ')7 ‘P)ds + Z/(gk(s9 ')7 w)dwf (221)
0

k=1 0
holds for all ¢ € (0, T'] (a.s.). In this case we write
Du:=f and Su:=3.

. 2 .
The norm in IC;;’@(D, T) is given by

u = |ju Du Su
I I|IC;;?®(D,T) I ”Kztf—p,(—)—p(D’T) + ”K;,e+p,®+p(D~T) + ”KZE@)G)’T’ZZ)

+ ”M(O9 )”Unge('D)
p.o,

Remark 2.8. Let us go back to our main equation (2.2). Let fOe KZ,9+17,®+[7(D’ ), f=

(fl fH eKVE(D. T.d), g € KV G(D. T £2), (0, ) € UY 3% (D), and u belong to

KV+2

pO—p.O— p(D, T) and be a solution to equation (2.2), that is, u satisfies

d o0
du = (z:u+f°+2f;>dt+2g’<dwf, te(0,T]

i=1 k=1

in the sense of distributions on D. Then by (2.18) in Lemma 2.5 (v), we have
d
0 j ¥
Lut O+ ek, 0mp(D.T)
i=1
and consequently u belongs to IC;;?(_) (D, T) with the accompanied inequality
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u +2
” ”K:;;,(),(-)(,D’T)
d

0 i
<C||u
<C(lulgrz gy IS ||K;’9+p,®+p@,n+.§1||f st .1,
1=

Hlhgrit, 7, 180 Mgz ). (2.22)

Remark 2.9.

(i) Note that for any m,n € N with m > n, the quadratic variation of the continuous martingale
Yo, fé &5, pdwkis Y1, fot (8*(s), )%ds. Following the lines in [17, Remark 3.2] and
using the condition p > 2, one can easily check

x T

EY [ @O0 <N p DIZI,, 01,0y
k=1 0

which implies the infinite series Y ¢ [y (8(s), )dw¥ converges in L>(2; C([0, T1)) and
in probability uniformly in ¢ € [0, T']. As a consequence, (u(t, -), ¢) in (2.21) is a continuous
semi-martingale on [0, T'].

(i) In Definition 2.7, Du and Su are uniquely determined. This can be seen by using the same
arguments in [17, Remark 3.3].

Theorem 2.10. For any p € [2,00) and 6,0, y € R, IC;;’Z@) (D, T) is a Banach space.

Proof. We only need to prove the completeness. This can be proved by repeating argument in
Remark 3.8 of [16], which treats the case 6 = ® and D = Ri. The argument in this proof is

quite universal and, without any changes, works on any conic domain D withany 6, ® e R. O

The following theorem addresses important temporal properties of the functions in
IC;“?@ (D, T). See Section 1 for the notations [-]c« and | - |ce.

Theorem 2.11. Let p € [2,00) and 6,0, y € R.

@) If2/p <a < B =1, then for any u € K} 52 (D, T),

Efyf~'u)” < CcTB=p/2),1P , 2.23
v ”]Ca/z—l/p([o,r];K,{;z(_;ﬁ(D)) = ”u”ICZ}?Q(D,T) (2.23)
and in addition, if ¥~ 1u(0, ) € L,(Q2; K;;z(;ﬁ (D)),
Elwf=1u? < CE|lwf! 0.9)”
v u'c([o,r];K,Z;i;ﬂ(D)) < CRI™ )”K;;i;ﬂm)
+CTPP2= 1y (2.24)

p
K 2e(D.T)
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where  satisfies (2.8) and constants C are independent of T and u.
(i) Foranyu € ICV-ZZO(D T) with u(0, -) =0, u belongs to L ,(2; C([0, T1; K’ .0, o(D)) and

E sup lu(0)1” < Cllu)? :
pop 11 rt oy = Wt lere2 oo 1

where C =C(d, p,n,0,0,D,T). In particular, foranyt <T,

t

lllgrat o S / Esup [u()ly, . ) ds <C / s s 229)

p.o, r<s pH()
0

Proof. We follow the argument in [16, Section 6] (or the proof of [9, Theorem 2.8]), using [16,
Corollary 4.12].

(i). As usual, we suppress the argument w. Put £(x) = |x|~®)/7 and set v = £u, f = &Du,
g = &Su. Then we have

o0
dv=fdt+) gtdwf, 1e(0,T]
k=1

in the sense of distributions on D with the initial condition v(0, -) = £u(0, -). By (2.16) and
Definition 2.4, we have

=B [yl
1 v Co2=1/r (0. 71K, 375" (D)
CErr 2.26
Wewn-vnqor.yn, o) -

< CZe”(OH’(ﬂ DE[uC. e pe" )],

Ce/2=1/p([0,T]; HV+2 5)

Now, by assumption, the function v, (z, x) := v(¢, e"x){ (e "¢ (" x)) belongs to H’;,H(T) and
satisfies

dv, = f(t,e"X)c(e"Y(e"x)dt + Y g (. e"x)¢ (e "y (" x))dwy, >0 (2.27)
k=1

on the entire space R<. Then, by [16, Corollary 4.12] and (2.27), there exists a constant N > 0,
independent of 7' and u, so that for any constant a > 0,

E[v(,e" ey )],

cal2=1/p (10,71, HY 2 7F)

= CT R alu . )e U@ Dy o

TG YDy ) 1B YD)
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holds. Taking a = ¢~"”, we note that (2.26) yields

1= CTEOPR (3 O=P ot ez ey (e ) I)!

n

+ Z en(@+[’) “ f_'(’ en.)g(e_nw(en')) ”%I};(T)

Hy+2 (T)

D F ORI G ¢ ””Hv“(m)

=CT#- “>P/2( u |+ IDu
el oy HIBHI o,

s )
8l o

<C‘T‘(/S Ol)p/2 u p
4052 57y

Thus (2.23) is proved.
If Y8~ 1u(0,-) € L, K’ 2P (D)), then we note that ¥#~'u belongs to c([o T1;
; P p.6,0 , g R

K ,):;20 b (D)) now. For estimate (2.24), we have

L =E[yP1u? _
2 v |C([0,T];K;,Jg’2®ﬂ(7)))

n(©+p(B-1)) —n P
<C)Y e E[vC. e )5 DIG 0 1 s, (2.28)

and by [16, Corollary 4.12] again, for any constant a > 0,

Elv(,e" )i (e "y (e" ))Ip

(0,71 H; Py

< CE[v(0,€" )¢ (e ™"y (e" ~>)||;;py+z,ﬁ

+C PP 1P (“Ilv(~, ey E NI?
H}, ()

+a TG e IE @Y N gy oy F 1BEC €M IE T (" >)||Hy+1(”))

This, (2.28), and the same argument above, especially the adjustment @ = ¢~"*” for each n, lead
us to (2.24).
(i1). We use the notations used in (i). Obviously,

Byt 5, < C Do CE suplvte, Y@ DI

1
Ko@) ~ t<T

By Remark 4.14 in [16] with 8 =1 there, v, € L ,(2; C([0, T']; H},/H)) and for any a > 0,
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E sup [lv(, e" )¢ (e™" Y (e" ))IIHy+1 <C(allv( DI G ))IIHM

t<T (T)

+a I e Y@ N gy gy + 185G IS Y (@ DI

»(T) H, (T, ))

Again, taking a = ¢~""” and following the above arguments, we get

Esup [lu()|”
t<IT) ;glo(D)

= (ull?, . +IDully, o ISull?

p.0—p,©— p(D’T) P 0+p,0+p Ky-gl@)(DT( ))

=C flull?

ICZ;ZG)(D,T)'

The theorem is proved. O

Remark 2.12. The additional condition y#~'u(0, ) € L, (2 K %7 (D)) for (2.24) does not

follow from the assumption u € ICV+ ‘o(D, T). This condition is unnecessary when we prove the
corresponding result on polygonal domams See Remark 5.3 for detail.

Remark 2.13. Theorems 2.10 and 2.11 hold for any 6, ® € R, but certain restrictions will be
given later for our main results, Theorems 2.19 and 2.21. Actually the admissible range of 6
for our Sobolev-regularity theory of equation (2.2) is affected by the shape of D = D(M), the
uniform parabolicity of the leading coefficients, the space dimension d, and the summability
parameter p. On the hand, the admissible range of ® depends only on d and p, that is,

d—1<0O®<d—-1+p.

To explain the admissible range of 6 for equation (2.2) we need the following definitions. For
some of the notations in them one can refer to Section 1.

Definition 2.14 (cf. Section 2 of [15]). Let L = Zfl j=1¢" (1) D;j be a uniformly parabolic “de-
terministic” operator with bounded coefficients '/ s.

(1) By At el = A L.p We denote the supremum of all A > 0 such that for some constant Ko =
KO(A L, ./\/l) 1t holds that

|x|
lv(r, x)| < Ko ( R) sup  [v], Y (t,x) € QF»(t0.0) (2.29)
0% (10,0)
4

for any R > 0, 19, and the deterministic function v = v(¢, x) belonging to VIOC(Q?(IO, 0))
and satisfying

vw=Lv inQFP.0) ;: w(,x)=0 forxedD. (2.30)
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(i) By 2., we denote the supremum of A > 0 with above property for the operator
I: = ZO[U(—I)DU'.
iJ

Note that Ko in (2.29) may depend on the operator L. Such dependency on L is one of
major obstacles when one handles SPDE having random coefficients, since it naturally involves
infinitely many operators at the same time. To treat such case, which is in fact our case in this
article, we design the following definition.

Definition 2.15.

(i) By 7v,,», we denote the collection of all “deterministic” operators in the form L =
Zf{ j=1 o'l (1) D; j» where o'/ (t) are measurable in ¢ and satisfy Assumption 2.2 with the
fixed constants vy, v in the uniform parabolicity condition (2.3).

(ii) For a fixed D = D(M), by A.(v1, v2) = A (v1, v2, D) we denote the supremum of all A > 0

such that for some constant Ko = Ko(A, v1, v2, M) it holds that for any operator L € Ty, ,,
R > 0 and 19,

|x|
lv(r, )] <Ko(R> sup  [ul, VY (t.x) € QF (0. 0). (2.31)
0%% (0.0)
4

provided that v is a deterministic function in Vloc(Qg(to, 0)) satisfying

w=Lv inQF@0,00 ; v(,x)=0 forxedD.
Remark 2.16.

(1) Note that the dependency of Ky in Definition 2.15 is more explicit compared to that of
Definition 2.14. By definitions, if L is an operator in 7y, ,,, then

)‘cL > Ae(vi, v2).

(i1) The values of )Li L and A.(v1, v2) do not change if one replaces 3 in (2.29) and (2.31) by any
number in (1 /2 1) (see [15, Lemma 2.2]). Following the proof of [15, Lemma 2.2], one can
also show that for any constant 8 > 0

hopL=heps  He(Bui, Bua) =he(vi, ).
Below are some sharp estimates for kf 1 and A.(v1, v2). See [15] for more information.
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Proposition 2.17.

1) If L = Ay, then

d—2 (d —2)?
+
o= AT

>0,

where A = Ap is the first eigenvalue of Laplace-Beltrami operator with the Dirichlet con-
dition on M. In particular, if d =2 and D = DY) (see (2.1)), then

T
)‘th:_'
’ K

(i1) Let 0 < vy < vy < 00. Then we have A (v, v2) > 0 and

d VI (d —2)?
Aei,vm)>——+ [— A+ . (2.32)
2 %) 4

Proof. (i) follows from [15, Theorem 2.4.3]. (ii) also follows from the proofs of [15, Theorem
2.4.1, Theorem 2.4.7], which only consider the case v, = 1/v;. Inspecting the proofs of [15,
Theorem 2.4.1, Theorem 2.4.7] one can easily check

d [v (d—2)?
+ 1 + .
)‘c,LZ_E"' V—2 A+ 7 , and )\,C’L>C>0 it LeT,,

where the constant ¢ is the Holder exponent of solutions to equation (2.30), and it can be chosen
so that it depends only on vy, v, and M. Moreover, for A > 0 satisfying

d [ w—2n
A<cv(—§+/?-A+( 4))
2

the constant Ky in (2.31) can be chosen so that it depends only on vy, v, and M. This proves
(2.32). O

Example 2.18 (d =2). For « € (0,27) and « € [0, 27), we consider

D=Ika:{x=0ww,mmmeRﬂrem,m)—%+a<9<§+a}

and the constant operator
L= anlxl + b(Dxlxz + szxl) + CDX2X27

where a, b, ¢ are constants such that a + ¢ > 0 and ac — b* > 0. Then, by [7, Proposition 4.1],
we have
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+ .4+ .
)"CaL _)\‘CvaDK.Ct -

’

e

where

N ( ¢ cot(k/2) + b ) _ aretan ( ¢ cot(k/2) — b )
Jdet(A) Vdet(A)

with constants &, b, ¢ from the relation

a b\ [ cosa sina)fa b\ (cosa —sina
b ¢) \—sina cosa/\b ¢ sine  cosa J°
In particular, we have k =7 if k = 7.

Now, let k £ 7, @ = 0 for D. Also, let b =0 in L. In this case we can take vi = a A ¢ and
vy =a V ¢ in (2.3). We note that « is determined by the simple relation

()= fen (%)

We are ready to pose our Sobolev regularity results on conic domains. We formulate them into
two theorems to handle random and non-random coefficients separately. The proofs of them are
located in Section 4. Note that the admissible range of 6 for non-random coefficients is relatively
wider than that of random coefficients.

Theorem 2.19 (SPDE on conic domains with non-random coefficients). Let L = Zi ) a (+)D; i

be non-random, p € [2,00), and y > —1. Also assume that Assumptions 2.1 and 2.2 hold, and
0,0 € R satisfy

pA=AT ) <O<pd—1+4_,), d-1<O0<d-1+p. (2.33)
Then for any fOeK! o (D.T),f=(f'. - fH e KV (D, T.d), g e KV 5o (D. T 1y),

and uqy € U;;-gz@ (D), equation (2.2) has a unique solution u in the class IC;;z@(D, T) and
moreover we have

0
lersz .y < COL o

+ |If +1 + +1
P o, T Mgyt o gy Fl8lgret oo 71y

+||uo||U;;2® D) (2.34)
where the constant C depends only on M,d, p,0,®, L, y. In particular, it is independent of T.
Remark 2.20.

(i) A particular result of the above theorem is introduced in [2] (cf. [3]). More precisely, the
combination of Theorem 2.8 and Corollary 2.11 in [2] covers the case

L=A, ©=d=2, D=D® of (2.1).
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(ii) If y > 0, the separation of two terms f° and f= (f!,---, %) in our equation is redundant
and we simply pose f € ]Kp 0-4p.O+p (D, T) instead. This is because, by (2.18), we have

i +1 ;
WO+ b €KY gy p oy pyD fr € KD o, (D), B €KL (D) i=1.....d.
The corresponding change in the estimate (2.34) is clear.

Theorem 2.21 (SPDE on conic domains with random coefficients). Let L=, j a(w, 1)D; ; be
random, p € [2,00), and y > —1. Also assume that Assumptions 2.1 and 2.2 hold, d — 1 < ©® <
d— 1+ p, and

p(l — Ac(vy, vz)) <6l < p(d — 14 Ac(vy, vz)). (2.35)
Then all the claims of Theorem 2.19 hold with a constant N = N(M.,d, p,y,0, ©, vy, vp).

Remark 2.22. By Proposition 2.17, (2.35) is fulfilled if

2 2
d+2 \/i/ G 2) <6<p —+\/7‘/AD @- 2) . (236)

In the case of L = A, by Proposition 2.17, (2.33) is fulfilled if

d_Ia +(d_2)2 0 L N +(d—2)2
a_ —o<ol?
r|3 D 1 r|3 D 1

Remark 2.23. By (2.4), inequality (2.34) yields (1.7). In particular, if y = —1 and u(0,-) =0

then we have
T
s/
0 D
T
0

|71l + 1y ) o= 0O~ dx

d
<CE /(|pf°|P 3P 18, )l OO de .

i=1

Remark 2.24. The solutions u in Theorems 2.19 and 2.21 satisfy zero Dirichlet boundary con-
dition. Indeed, under the assumptiond — 1 < ® <d — 1 + p, [6, Theorem 2.8] implies that the
trace operator is well defined for functions in K! (D, T), and hence by Lemma 2.5 (iv)
we have u|y3p = 0.

p.0—p,©—p

Here comes our Holder regularity properties of solutions on conic domains.

Theorem 2.25 (Holder estimates on conic domains). Let p € [2,00), 6,0 € R, and u €

IC;'ZZO (D, T) be the solution taken from Theorem 2.19 (or from Theorem 2.21).
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Q Ify+2- >n+8 where n € Ng and § € (0, 1], then for any 0 <k <n,

k=143 0-0)/p pyk

n—1+45+9
lp P Ps r

u(, 1, e + [p pE=OP DM (W, 1, )]es () < 00

holds for a.e. (w,t), in particular,
lu(w, t,x)| < C(w, t)p“%(x)pg—“@)/!’(x) forall x € D. (2.37)
(i) Let
2/p<a<B=<l, y+2-B—-d/p>=m+e,
where m € Nog and ¢ € (0, 1]. Putn=p8 — 1+ ®/p. Then for any 0 <k <m,

|,o”+kpée_®)/p(Dku(l7 ) = D¥u(s, ) |g(D)
<

E ,;?ET |t — s|pe/2-1 . (239
|:pn+m+gp(9 ®)/p (Dmu(t ) _ Dmu(s )):I .
E sup ¢D _ . (2.39)

t#s<T |t — s|per/2=1

Proof. (i) By definition, for almost all (w, t), we have u(w, t,-) € K ;;2_ o—p (D). Thus (i) is a

consequence of (2.19). Similarly, the claims of (ii) follow from (2.19) (2. 2?) and the observation

1P~ u(r) - M(S))IIKM s

poe (D)

E t;?ET It — s|@2=1/p)p
(1) = u)1? 12y »
~F sup p.0+ﬁ1)*p.®+ﬂp*p( )
t£s<T |t — s|@/2=1/p)p ’

Remark 2.26.

(i) (2.37) tells how fast the solution from Theorem 2.19 (or Theorem 2.21) vanishes near the
boundary. Near boundary points away from the Vertex u is controlled by p'~®/P and, if
p > O, the decay near the vertex is not slower than ,oo —0/p,
(1) In (2.38) and (2.39), a/2 — 1/ p is the Holder exponent in time and 7 is related to the decay
rate near the boundary. As «/2 —1/p — 1/2 — 1/p, n must increase accordingly.
(iii) Suppose 6 = d satisfies (2.36), and letu € IC1 d(D T) be the solution from Theorem 2.21.
Assume

d+2)
p

> 0.

ko:=1—
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Then for any « € (0, k), we have

t, —ul(t, p t, — N P
Esup sup lu(t, x) —u(t, y)| +E sup sup lu(r, x) —u(s, x)|
[t — s]</2

(2.40)
1<T x,yeD lx — y|* t#s<T xeD

Indeed, (2.40) can be obtained from (2.38) and (2.39) with appropriate choices of «, 5. For
the first part, to apply (2.39) we take 8 = ko —k +2/p suchthat2/p < 8 < 1, and take ¢ =
1— B8 —d/p =« = —n.For the second part, we use (2.38) witha =« +2/p,8=1—d/p
sothat 1 —ap/2=—pk/2.

3. Key estimates on conic domains

In this section we consider the solutions to SPDEs having a non-random operator. We fix a
deterministic operator

Lo := Zai'/(t)Dij € 7;1,1;2. (3.1
)

See Definition 2.15. We will estimate the zeroth order derivative of the solution of the equation

d [ee)
du = <L0u+f0+2f)ji>dr+zg’<dwf, t>0, x e DIM). (3.2)

i=1 k=1

Let G(t,s,x,y) denote the Green’s function for the operator 9; — Lo on D = D(M). By
definition (cf. [15, Lemma 3.7]), G is a nonnegative function such that for any fixed s € R and
y € D, the function v(t, x) = G(¢, s, x, y) satisfies

(Bt — Lo)v(t,x) =5(x—y)s(t—s) in RxD,
v(t,x)=0 on RxdD; v, x)=0 for f<s.
Now, for any given
fPelporporp®@. 1), f=(f' - fHel,peD,T.d),

g€lppoD,T,02), uo€Lp(K),H o (D)

we define the function R (uy, fo, f g) by

Ruo, O£, g)(t, x)

- / G(t,0,x, Y)uo(y)dy
D

' P
+/fG(t,s,x,y)f(s,y)dyds—Z//G},i(t,s,x,y)fi(s,y)dyds
0D =1y p
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k=1

00 t
+Z//G(z,s,x,y)g"(s,y)dydwf. (3.3)
0 D

One immediately notices that the function R(uo, f,f, ) is a representation of a solution of
(3.2) with zero boundary condition and initial condition u(0, -) = up(-); see Lemma 4.3 in the
next section. Our main result of this section is about this representation and it is given in the
following lemma.

Lemma 3.1. Let T < 00, p € [2,00) and let 0 € R, ® € R satisfy

p(1—A§L0)<9<p(d—1+x;Lo) and d—1<0©<d—1+ p.

If fo € Lp,9+p,@+p(Dv T)’ f € ]Llli),e’(-‘)(p, T: d)7 g € ]LP,Q,@(Di T7 £2)7 and uo € LP(Q;

Kg+2_p’®+2_p(D)) = L,(Q, Z; Kg (D)), then u := R(uo, f°,f, g) belongs to

. +2—p,04+2—p
Lpo—po—p(D,T) and the estimate

0
1L s 007 = C(1FONL 0100y .1 + L, g 0D 7.
HIGIL, o D760 + 0]l 00 )

0+2—p,04+2—p

holds, where C = C(M,d, p,0,®, Lg). Moreover, if
pI—=2c(vi,m) <8 <p(d—1+2(vi,2)),
then the constant C depends only on M, d, p, 6, ©, vy and v;.

To prove Lemma 3.1, we use the following two results. Lemma 3.2 gathers rather technical
but important inequalities we keep using in this section.

Lemma 3.2.

() Leta+B>0, >0,andy > 0. Then foranya > b > 0

7 1 o C
S (a0 (b4 V)T TR T e

where C = C(«, B, y).
(ii) Letoc >0, a+y >—d, y > —1 and B, v € R. Then for any x € D,

[y1* POY  olaiy, < ¢ g B
+1 + 17V,
Z I+ D e+ € y < C>x|+1D)* P (o) +1)

where C =C(M,d,a, B,y,v,0).
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Proof. See Lemma 3.2 and Lemma 3.7 in [8]. O

For the operator L, we take the constants K, )Lj Lo’ Ao Lo and the operator I:o from Defini-
tion 2.14.

Lemma 3.3. Let A" € (0, )\ZLO) and 1.~ € (0,1 ;). Denote

;Lo
Ky =Ko(Lo, M,2"), Ky = Ko(Lo, M, 17).

Then, there exist positive constants C = C(M, vy, vy, AE, th) and o = o (vy, Vo) such that for
any t > s and x,y € D(M), the estimates

2
AT—1 prA=—1 —o 22
JI—S,X Jt—Sq)’ Rt—s,x Rt—s,y e =

@) G@,s,x,y) < m
2

|x

.. C +_ - _ _ -y
(ll) ’VyG(t,s,x, y)| < (t—s)w.]tis’x R?L_S’): R?L—s,; e 0=

hold, where

Po(X) p(x)
Rt,x = J;7 =

o)+ T po)

In particular, ij‘ki € (0, Ac(v1, v)), then C depends only on M, vy, va, At

Proof. (i) See inequality (2.8) in [7].

(i) Denote é(t, s,x,y) =G(—s,—t,y,x). Then G is the Green’s function of the operator
0 — f,o, where io = Zi’j oc"j(—t)D,-j. Then by inequality (2.14) of [7] applied to é, for any
At e (o, Aj‘) and A~ € (0, 1), there exist constant C, o > 0, with the dependencies prescribed
in the lemma, such that

2
o =l

AT—1pAt—1 — :
Jt—S,th—s,x Rt—s,ye s

IViG(t,5,x,y)| < (1 —5)@+h/2

forany ¢ > s and x, y € D. This and the fact V,G(z, s, x, y) = Vxé(—s, —t,y,x)prove (ii). O

Since R (up, fo, f, g) = R(up,0,0,0)+RO, fo, f,0)+7R(0,0,0, g) with 0 as zero functions
in their corresponding function spaces, we will treat these three parts separately in following three
lemmas and then combine them to obtain the claim of Lemma 3.1. Especially, the stochastic part
R(0, 0,0, g) is important in this article and elaborated thoroughly in Lemma 3.7.

Lemma 3.4. Let p € (1,00), and let 0 € R, © € R satisfy

p(l—2T Y<O<pd—1+1,) and d—1<O<d—1+p.

c,Lo c,Lo

Ifug € L,(2; Kg+2_p7®+2_p(2))), then u ="R(uo, 0,0, 0) belongstoIL, g_p o—p(D,T) and
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[|ue ||IL,,,9,,,,@,,, D, 7) = Clluoll Ly Ke(;)+2_p,(~)+2_p (D))

holds, where C = C(M,d, p,0,®, Ly). Moreover, if

P(1=2e1,12)) <6 < p(d =1+ Ac(v1,12)), (3.4)
then the constant C depends only on M, d, p, 6, ©, vy and v;.
Proof. Green’s function itself is not random. Hence, recalling the definitions of R(u¢, 0, 0, 0)

and L = KO, for simplicity we may assume that uo and hence u are non-random and we just
prove

T

_ e _ 142 _ _
[ [1o7turptop0daxar < [ 157 oot~ ar. (3.5)
0 D D

1. Letusdenote u:=—14+ 0 —-d+2)/p,a:=—14+(® —d+2)/p, and

h(x) := po ()"~ p(x)*ug(x).

Then the claimed estimate (3.5) turns into a simpler form of

On the other hand, by the range of @ given in the condition, we can always find AT € (0, ki Lo)
and ™ € (0, )‘:Lo) satisfying

p—a o—%

Pt %p Pﬂ

<N|h . 3.6
Ly(0.TIxD) = IAlL, D) (3.6)

d—2 d—2
LT ot eu< TS, (3.7)
p p

Also, by the given range of ® we have

1 1
14+ —<a<-. 3.8)
p 4

Hence, we can choose and fix the constants y, § satisfying

_ d=2 1
O<y<A"4+———n, O0<f<——0
p P

Noting ‘1[7;2 <d— %, % <2— % which is due to condition p € (1, c0), we then have

d 1
O<y<A +4d———pn, 0<f<2———a. 3.9)
p 4
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Moreover, as AT € (0, )Lj Lo) and A~ € (0, A, Lo)’ by Lemma 3.3 there exist constants C =
C(M, Lo, vi,v2, A%), 0 = o (v1, 1) > 0 such that

- b=y
G(t,0,x,y) <Ct™ 8 RETIRN T g iy e
J, B 1-8 le—y[?
=c;‘éR,*,IlJ,,xRZy<,{—’y> Ry, V(Rf—y> e T (310
t,y t,y

holds for all # > s and x, y € D. Let us prove estimate (3.6).

2. Using Holder inequality and (3.10), we have

1 =| [ 6605 o)y
D

< / G(1,0,x, )y 7" p(3) " h(y)Idy
D
S C N Il(t’-x) ° 12(t9x)7

where g = p/(p— 1); 5 + 5 =1,

1/p
_d =y At—1
Lt x) = /z § om0 ROTIP P Ky - )Py |
D
and
, 1/q
d x—=yl
L(t,x) = /t_”_a T Ko, y) - |y R p = () dy
D
with

Ty PP N AN Y
Ki(t,y) =R/ (R’_>> . Kt y) = Rt(,y )4 <Rt,y) '
t,y ty

3. We show that there exists a constant C depending only on M, d, p,08,®, v, v, and A~
such that

B0 < (I +v7) " (o + i)

This is done by Lemma 3.2 (ii). Indeed, by change of variables y/ﬁ — y and the fact
p(¥)/t=p(y//1), we have
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_d ey _ 3
Lt x) =t 2/6 T Ko, )|y TR p(y)| T dy
D
zfuq/Z/e*f’l%*ylz [y|*" —r-y—ltathg . p(y)1—a=ha
(y|+ DG =r=1+ha  (p(y) + 1)1-Pa

dy,

for which we can apply Lemma 3.2 since (3.9) implies (A~ —u —y)g > —d and (1 —a — )q >
—1. Thus we get constant C = C(M,d, p,0,®, A, o) such that

Izq(t,x) <C <|x| + \/;>(—u+a)q (p(x) 4 \/;)—ocq

holds for all ¢, x.
4. To prove estimate (3.6), by Step 3 we first note

2 2
o) TP - Jut, x)| < C Ix [ () TP - (1, %) - (2, x)

<Cp) PRITIS It x)
for any ¢, x. Using this and Fubini’s Theorem, we have

T

Ly a2 ol »
10470 Ful] o1y =€ [ [ 100012 (RECS 1)) v
0 D

=C/h@%M@WW%
D
where

T

d lx—y oo
Is(y)=/t‘7K1(t,y) /e“’ P RO T D O DP (0 =2 x| .
0 D

Since (3.7) and (3.8) imply (AT + u)p — 2 > —d and (« + 1)p — 2 > —1, by change of
variables x /4/t — x, the fact p(x)/+/t = p(x/+/t), and Lemma 3.2 (ii), we have

T +
1 —olx—L2 |X|O‘ +pu—a—D)p p(x)(a+l)p—2
- 7
L(y) /tKl(t,y)/e (e[ + DO =7 (o) 5 D@07 dxdt
0 D
v 2
sc/Kmemw+¢0 dr
0
|ly|y=Pp p ()PP
- / v=~rp ﬂp+2dt'
o Iyl + 1) (b + 1)
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Lastly, owing to yp > 0, 8p > 0, and the fact |y| > p(y) in D, we can apply Lemma 3.2 (i) and
we obtain

L(y) <C(M,d, p,6,0,v1,v2,15).

Hence, there exists a constant C having the dependency described in the lemma such that

Estimate (3.6) and the lemma are proved.

p—a =2 ”’

PL " P u

<Clh|f .
L,(0,T1xD) ~ Iz, )

5. When 6 obeys (3.4), we choose AT in the interval (0, A.(v1, v2)). Then the constant C of
Green’s function estimates in Lemma 3.3 depends only on M, vy, vs, AE. Therefore, in particu-
lar, constant C in (3.10) does not depend on L¢. Tracking the constants down through Steps 1, 2,
3, 4, we note that the constant in (3.6) does not depend on the particular operator L. Rather, it
depends on vy, vy and hence C = C(M,d, p,0,0,v(,1). O

Remark 3.5. For y > 0, ||“||L,,(]Rd) < ||u||H; (Rd 18 a basic property of the space of Bessel po-
tentials. This with Lemma 2.5 and Definition 2.4, in the context of Lemma 3.4, yields

”uO||LP(Q;K3+27P’®+27P(D)) < ||MoIILP(Q;KGII%MLP(D)) = IIMOIIUPIQQ_(_)(D)

if p>2.

Lemma 3.6. Let p € (1, 00) and let 6 € R, ® € R satisfy
p(l—)\;‘:LO)<9<p(d—l+)\;L0) and d—1<0O®<d—-1+p.

If e L,piporpDT), fec L‘;’g,@(D, T.d), then u := R0, f°,f0) belongs to
Lyo—pe—p(D,T) and the estimate

lulL,, pop@.1) = C(llfolle,Mp,@ﬂ(D,T) + ”f”]Lp,g_@('D,T,d))

holds, where C = C(M,d, p,0,®, Ly). Moreover, if
p(l=2c(vi,m) <0 <p(d—1+i(vi,12)),
then the constant C depends only on M, d, p,0,©®,v| and v;.

Proof. By the same reason explained in the beginning of the proof of Lemma 3.4, we can assume
£9, £, and hence u are non-random and we just prove

T T

/f|p_1u|ppg_®p0_ddxdt5C/f(|,o FIP+187) p =€ p~dxat. (3.11)
0 D 0 D
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Furthermore, when f = 0 estimate (3.11) is already proved in [8, Lemma 3.1], the deterministic
counterpart of this article. Hence, we may assume f° = 0. Finally, for simplicity we further
assume f2=...= f4=0.

1. We denote u := (0 —d)/p and @ := (® — d)/p and set

h(t, x) = 2% (x)p% (x) £ (2, x).

Then (3.11) turns into

< CllhllL,qo.71xD)- (3.12)

n—a a—1
u
”'00 P ‘L,,([O,TIX’D) -

We prepare a few things as we did in Step 1 of the proof of Lemma 3.4. By the range of 6

given in the statement, we can find A+ € (0, AILO) and A~ € (0, A;LO) satisfying

d r d _
l—— AT <u<d—1——+4+Ar".
p p

Also, by the range of ® given we have

——<a<l-——.
p p

Then we can choose and fix the constants y, 2, 81 and B, satisfying

d—1 N 1 _ d
——— <y <A —1l4p+—, O<yp<A 4+d—-1———p
p p p

1 1
O<pr<a+—, O<for<l———o0. (3.13)
p p

Moreover, since AT € (0, Aj) and A~ € (0,A7), by Lemma 3.3 there exist constants C =
C(M, Lo, vi,v2, A%), 0 = o (v1, 1) > 0 such that

v,G B T ey
| y (I,S,X,y)|_ ([—S)(d+l)/2€ X =5, x B t—s,x NMt—s,y
LN )ﬂl (L )ﬂz
(t — s)@d+D/2 o Ri—s x ey Ri—sy
1-B1 -2
+_ Ji_ -_1_ Ji—s v
xRV <—’ ”) R <—t ”) (3.14)
’ Rtfs‘x o Rtfs,y

holds for all # > s and x, y € D. Now, we start proving (3.12).
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2. By Holder inequality and (3.14), we have

t
|u(t,x)|=‘/fGy1(t,s,x,y)fl(s,y)dyds
0 D

t
S//IVyG(t,s,x,y)l-Iyl_”“,o(y)_“lh(s,y)ldyds
0 D

<CL(t, x)- L, x), (3.15)
where g = p/(p — 1),
I, x)
t 1/p
1 o =2
— o~ f—s — —_ p
- //([—S)(d+l)/ze Kl,l(t Sv-x)Kl,Z(t 5»}’)|h(s’y)| dde
0 D
and
L(t, x)
t 1/q
1 le—y\z
_ —0 = _ _ (—pnt+a)g joq
= // G—nanz K21t =5, x)K22(2 =5, y)|y] P (y)dyds
0 D
with
yip [ Jix pro vp Iy por
Kl,l(t?x):Rt,lx <—’) ’ K1,2(t1 y)ZRz,zy <—’> s
Rt,x Rt,y
- 7\ (1-Bg _ 7.\ P
Ko (%)= RY%, 7 (—) L Kool y) =R, T (—”y> -
’ Rt,x ’ Rt,y
3. We show that there exists a constant C = C(M, d, p, 0, ®, vy, 12) > 0 such that
1
DL(t,x) < Clx| ¥ (x) ™4 (3.16)

holds for all ¢, x; we note that the right hand side is independent of 7.
First, by change of variables y/+/t —s — y and Lemma 3.2 (ii), which we can apply since
(3.13) gives A~ — 1 — u — y2)q > —d and (—a — B2)q > —1, we have

1 gy _ _
(1 —5)@+D/2 / e Koot — 5, )|y T p ()T dy
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—y2 |y|()\’—u—1—yz+a+ﬂz)q p(y)(—a—ﬁz)q

—(_ g2 | ol
M / ‘ (bl + DO 580 (o(y) + DPor

<Ct =) (1x]+ T=3) T (o) + T—5) ",

where C = C(M, d, p, 0, ®, v, 1»). Using this, we have

Ig(t,x)

t
< C/.Kz,](t —s5,x)-(t—s)"1/? (le + /t —s)(_lH_a)q (,o(x) + Jt — s}_aq

t x| —1=n+B0a o (x)(1=BDa 1

(1] + T —5) & —TFu=a=n+Ba " (p(x) + /T —s)(Fa=Pa (1 —5)1/

Then, the change of variable r — s — s and Lemma 3.2 (i), which we can apply since we have
(A 4+ u—y1)g>1and (1 +a — B1)g > 1 from (3.13), we further obtain

I (t,x) < Clx| T4 p(x)~@at],

which is equivalent to (3.16).
4. Now, by (3.16) and (3.15) we have

lu(t,x)| < CIi(t,x) - La(t, x) < C x| * p(x) "4 111, x)

and hence

T
g™ P ully (OTXD)<Cf/|p(x>|*11{’<r,x)dxdr
0
T
=C//13(s,y)-|h<s,y>|f’dyds,

0

where

“dxdt.

T
1 —0
13(5,)’)2 (t—s)(d+—l)/26
s D

By change of variables t — s — ¢ followed by x/+/f — x and Lemma 3.2 (ii) with y; p — 1 > —d
and B1p — 1 > —1 from (3.13), we have
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T
1 =y _
13(S7y)=/mK1,2(f—S,Y) /6 7S K110t —s,x)px) Vdx | dt
s D

o]

r1—B0p Bip—1
|x| p(x)

— |x—L|2
e T ax | ar
_/l ],2( )’) (|x|+1)(}/l_ﬁl)[7 (p(x)—{—l)ﬂlpe X
D

0
n 1
SC/Kl,z(t,y) (p(y)+«ﬁ) t=12dr
0
_c - ly|(r2=FB2p p(y)h2p 1 J
- (| |+ﬁ)(yz—ﬂz)P ( ( )_i_\/lt)ﬂzPJr] 2 f
2 (ly p(y

Lastly, due to y»p > 0 and vo p > 0, Lemma 3.2 (i) yields

13(85 )’) S C(Ms d7 p’ 09 ®1 V], VZ)-
Hence, there exists a constant C having the dependency described in the lemma such that

P
14
<
Lp([OvT]XD) - C”h”Lp([O»T]X'D)'

—a a—1
J u‘

(3.12) and the lemma are proved.

5. The last part of the claim related to the range of 6 holds by the same reason explained in
Step 5 of the proof of Lemma 3.4. O

Now, we move on to the stochastic part, the most important and involved one.

Lemma 3.7. Let p € [2,00) and let 6 € R, © € R satisfy

p(l—AZLO)<9<p(d—1+A;LO) and d—1<0© <d—1+ p.

Ifgell,p0(D,T,L), thenu:="R(0,0,0, g) belongs to 1L, o—, ©—p(D, T) and the estimate
Nl oo p@.1) < CllgIL, b oD.7.6 (3.17)
holds, where C = C(M,d, p,0,®, Ly). Moreover, if
p(1—=Ae(v1,12)) <6 < p(d — 14 1 (v, 1)),
then the constant C depends only on M, d, p, 0, ©, vy, and v,.

Proof. 1. Again, we denote = (0 — d)/p and « := (® — d)/p. We put h(w,t,x) =
P % (x)p(x)¥g(w, t, x) and recall
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Qr=Qx(0,T], L,Qr xD):=Ly(Qr xD,dPdtdx).
Then (3.17) is the same as

;/,aotl

”'0 ”i,,(sszD) =C ” |hle, “i,,(sszD)' (3.18)

As we did in the proof of Lemma 3.6, we prepare few things. By the range of 6 given, we can
find constants AT € (0, Aj‘LO) and A~ € (0, k;LO) satisfying

d d
l—— 2T <u<d—=+21".
14 14

Also, by the range of ® we have

1

——<a<l-——.
p p

Then we can choose and fix the constants y1, y2, B1, and B, satisfying

d—2 2 d
——<y1<k+—1+u+— O<pp<A +d———pu
p p
1 2 1
—<Br<a+ —, O0<Br<2———oq. (3.19)
p p 4

Further, by Lemma 3.3 there exist constants C = C(M, L, v1, v2, ), e =0, 1) >0>
0 such that for any # > s and x, y € D,

c ol RAT-1 A1
G(tsxy)_(t s)d/2 Jr—sx Jr—s,y tAxRt 5,y

I . B J B2
=C (t _ S) d/2 *0’ RIJ‘/I ox ( [—s,x RI?/ZS y =8,y
Ri—s x o Ri—s.y

1-B1 1-p2

+_ Ji_ - Ji_s

x RS (—R’ ) R (—R’ ”) (3.20)
t—s,X : t—s,y

holds.

2. We first estimate the p-th moment E|u(t, x)|? for any given ¢ and x. Using Burkholder-
Davis-Gundy inequality and Minkowski’s integral inequality, we have

Elu(t, x)|p—IE‘ Z//G(t s, x, )8k (s, y)dydw

kENO
2 p/2
/ > / G(t,5,x,)8 (s, y)dy | ds
0 kGN D
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. 2 p/2
<CE / /G(t,s,x,y)lg(s,y)lgzdy ds
0 D
t 2 /2
=CE / /G(t,s,x,y)lyl_‘”“p(y)“"lh(s,y)lzzdy ds
0 D
We denote
) ) 12
Iw.1,x) = / f Gt 5. V3 p(y) (@, 5. Y)lendy | ds
0 D

Then, using (3.20) and applying Holder inequality twice for x and then 7, we get

; 1/2

Iw.1,x)<C /(/11-12 dy)zds (3.21)

0 D

=Cllhi(w,t, -, x,)L,0.0)xD.ds dy) H I2(2, -, x, ')||Lq(D,dy)‘ L (O0.ds)

Whereqzﬁ,rz%(zooifpzﬂ,

ID(w,t,5,x,) (3.22)

—dp ol /N Jisy \” ! p
= sy e B (R (S ) R (D2 e, s,y
Rt—s,x Rt—s,y 2

_ ey
=(t—s) P = K11t —5,x) K120 —5,y) [h(@, s, )]},

and
Ig(t,s,x,y)
x—y[2
:(t—s)_d/2e_6 [—}S
e {(Ji=sx NP (s TP !
x | RELY (—) RZY (—) |y | p ()~
Rt—s,x Rt—s,y
)2 gl _ _
=(t—s) e Kyt —s.x) Koot —s.,y) [y TFFMp(y) 7,
with
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Yip JtJC pre Y2p Jl’y Pap
Kl,l(tax)th,x R— ) Kl,z(t7y)=R[,y R— )
t,x Ly

(1-B1)q (1-B2)q
R Ji, A — Ji,
Ko1(t,x) = RY, 74 (R’—) . Kaolt,y) =R, 7 (ﬂ> :
t,x

Note, by (3.21) we have

Elu(t, x)|P < CEI?(t, x) (3.23)

P
. . p
Lo(ydsy M@ 122 XL 0.0 xD.ds

<C|ine, ey m.an]

3. In this step we will show that there exists a constant C = C(M, d, p, 6, ©, vi, v2) > 0 such
that

|7HF p (x) T2, (3.24)

” ”IZ(t’ X, ')||Lq('D,dy)| L ((0,0),ds) = Clx

In particular, the right hand side is independent of ¢.

Case 1. Assume p =2 (hence, ¢ =2 and r = 00). First, we consider

/Izz(t, s,x,y)dy
D

1 g l? _ -
=Kz,1<r—s,x>~m/e 7T Koot =5, Iy P p ()7 dy.

Since 2(A™ — u — ) > —d and 2(1 — o — B2) > —1 from (3.19), by change of variables
y/s/t —s — y and Lemma 3.2 (ii), we have

1 gl _ _
m/e T Koot = s )P 72 dy
D

R I = LGN 10) S
(|)’|+1)2(F—V2—1+ﬂz) (,()(y)+1)2(1—/32) y

< C(Ix]+vi=5) "7 (o) + VT =3) .

Hence, we have

172
2
sup /12 dy
s€[0,1]
_ o 172
<C sup (K2,l(f—S,x)’(|x|+\/f—s)2( D (p(x) + VT —3) 2"‘)
s€[0,1]
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|x|k+_1—y1+ﬁ1 ,O(x)l_ﬂl
=C sup . )
set0) \ (%] V1 =) TR met B (o) + 1= )t
+1-8
=C |x|_u+a,0(x)_a sup R)‘Jr—l-Ht—Vl (ﬂ)a !
se \ 7 Ri_sx

<Clx[T"p(x)™®

duetoA™ —14+pu—y>0,0+1—8;>0and0< Ji—s.x < Ri—s x < 1. Thus (3.24) holds.

Case 2. Let p > 2. Again, since (A~ — u — y»)q > —d and (1 —«a — f2)q > —1, by change
of variables and Lemma 3.2 (ii), we observe

1 ey _ _
=i / e Kot — 5. p) |y T p(y) " dy
D

X2 |y|*" —r—ra=ldatpag p(y)(I—e=F2q

— a2 | 0 )
€= /e (ly| + DHP " =r=1+)a  (p(y) + 1)(1-F2a
D

<C (x| +vVi—=3) T () + T—5)

dy

Hence, we have

1
/||12(t,s,x, L, D.dy 9
0

t
r/q

SC/ {K21 = 5,20 (1314 V=) T (oo + v =s) "} s
0

; x| = 1=n+B0r p(x)1=B0r

¢ (x| + V1t — S)()»+_1+M—V1—Ot+ﬁ1)r ' (p(x) + m)((x*“*ﬁ])r ds.
0

Moreover, since (3.19) also gives ()ﬁ' +u— yl) r>2and (o +1— B1)r > 2,using Lemma 3.2
we again obtain

1/r

t
H ||12(t, X, ')”Lq(dy;'D)| L ((0,1),ds) = / ”IZHZL](’D’dy)dS
0

< Clx|™*Hp(x) et =2/,
4. Now, by (3.23) and (3.24) we have
E|lx|“~*p(x)*  ut, x)|”
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t
< C(|x|“7°‘p(x)°‘71)p -E //I{J(I, s,x,y)dyds - (|x|7u+ap(x)fa+172/p)l7
0 D

t
:C,o(x)fZIE//Ilp(t,s,x,y)dyds.
0 D

Therefore, taking integrations with respect to x and ¢, using Fubini theorem and recalling (3.22),
we have

T t

E10f 0 ul] iy <CE [ [ [ [ 101217 dyas axar
0D 0D

CE /13(s, y) - |h(s, Y1}, dyds, (3.25)

D

St~

where

T
1 _g ol _
I3(s. y) :=f/me T K (s, 2, ) K25, 0, y)p(0) 7 dad.
s D

Since (3.19) also implies y1p —2 > —d and B1p — 2 > —1, by change of variables T — ¢ — ¢
followed by x/+/t — t and Lemma 3.2 (ii), we have

T
1 =yl _
IB(S,Y)Z/WKI,Z(I—S,Y) /6’ s Ki1(t—s,x)p(x) Zdx | dt
s D
lx|1—=ADP p(x)Prp—2

_g/|x_L|2
Vi
(Jx| + D =BOP (p(x) + 1)ﬂ|pe dx dt
D

Oo1
S/;Kl,z(t,y)

0
¥ -2
=C [ K126 (o) V1) "t
0
/ |y|(yz—ﬂz)p p(y)ﬁzp 4
= . t.
) (|y|+\/;)(72—ﬁz)p (p(y)—l—\/i)ﬁzp—ﬂ

Hence, by Lemma 3.2 (i) with the conditions y»p > 0 and B, p > 0, we finally get
L(s,y) <C(M.d, p,0,0,v1, ).
This and (3.25) lead to (3.18) and the lemma is proved.
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5. Again, the last part of the claim related to the range of 6 holds by the same reason explained
in Step 5 of the proof of Lemma 3.4. O

4. Proof of Theorems 2.19 and 2.21

In this section we prove Theorems 2.19 and 2.21, following the strategy below:

1. A priori estimate and the uniqueness:

- In Lemma 4.2 below, we first prove that for any solution u € IC;;ZQ (D, T) to equation (2.2)
equipped with the general operator £ = sz j=1 a'l(w, t)D; j» we have

llu ||Ky;20(,D < C(lllL, 4,0, (.1) + norms of the free terms). 4.1
p.0.0

- If £ is non-random, we estimate ||u IL,o peop(D.T) based on Lemma 3.1.

- To treat the SPDE with random coefficients, we introduce a SPDE having non-random coef-
ficients and the same free terms f 0f, g, uo. Then we prove a priori estimate for the original
SPDE based on the fact that the difference between the new SPDE and the original SPDE
becomes a PDE (with random coefficients).

- The uniqueness of solution to the original SPDE follows from the uniqueness result of PDEs.

2. The existence:

- If the coefficients of £ are non-random, we use the representation formula.
- For general case, we use the method of continuity with the help of the a priori estimate.

Now we start our proofs. The following lemma is what we meant in (4.1). We emphasize that
the lemma holds for any 6, ® € R and the condition M € C? is not needed in the proof.

L_emma 4.1. Let p € [2,00), Y, 1,0,0 € R, u < y, and the diffusion coefficients al =
a’(w,t) satisfy Assumption 2.2. Assume that fo € Kzﬂﬂj’(_)*_[’(D, ), f= (fl, ,fd) €

1 1 2
KD T.d), g e Kl (D. T, 62), u(0,) € UV 3°(D), and u e KAE2 (D, T) sar-
isfies

d [ee)
du=(Lu+ O+ fiydi+> ghdwf, 1e(0.T] 4.2)
i=1 k=1

. .. . 2 2
in the sense of distributions on D. Then u € K;’E_p@_p(l), T), hence u € IC;TM_) (D, T), and
the estimate

0
u 2 < C( u 2 v
” ”Kﬁ—p.@fp(p’” - ” ||K¢.+9—P,(-)—1;(D’T) + ”f ||Kp,9+p,(~)+p(D’T)

Wyt . r 18l 0.7 0 Oz )
holds with C = C(M, p,n,0, 0, v, v).
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The proof of Lemma 4.1 is based on the following result on R¥.
Lemma 4.2.Let p € [2,00), y € R, and Assumption 2.2 hold. Assume f € H;(T), g €
H;H (T, £2), u(0,-) € L,(L2; H},/+272/p), andu € Hi’,M (T) satisfies
o
du=(Lu+ f)dt+ ) g'dwf, 1€(0.T]
k=1

in the sense of distributions on the whole space R¥. Then u € H;H(T) and

lelhggy 2, = € (Nl
/gy + 18 gy .y + 10O, g i) @43)
where C = C(d, p, v1, v2) is independent of T.

Proof. 1. First, we consider the case (0, -) =0. Then, by e.g. [17, Theorem 4.10], u HZH(T)
and

s gy < €. poviv)ULF gy + 18 gy i)

This and the inequality

”u”H%”(T) = (”Uxx”HZ(T) + ”””H%(T))

together with the inequality ||lu ||]HI,K ay = Nullgpr+ which due to a basic property of the space
P

Ty
of Bessel potentials, yield the claim of the lemma.

2. For the case of general (0, -) # 0, we use the solution v = v(w, ¢, x) to the equation
dv=Lvdt, te(0,T]

with v(®,0, ) = u(w,0, -) for all w € Q (see [17, Theorem 5.2]). From a classical theory of
PDE, which we apply for each w, we have

= Clluol

1ol gy 27 Ly HY PPy

Then for the function u — v, which has zero initial condition, we can apply Step 1 and we obtain
estimate (4.3) for u simply by triangle inequality. O

Proof of Lemma 4.1. We first note that we only need to consider the case © =y — 1. Indeed,
suppose that the lemma holds true if 4 =y — 1. Now let u =y —n, n € N. Then applying the

result for w' =y —kand y' =/ + 1 withk=n,n—1,---, 1 in order, we get the claim when

u =y —n. Now suppose that the difference between y and u is not an integer, i.e. y —u =n+34,

n=0,1,2,--- and § € (0, 1). Then, since u >y — (n+ 1) =: ' and || - || /12 <I-
K oo (D)
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we conclude that our assumption holds for y/, that is, u € K’; ;2 p.O— p(D, T).

Therefore, the case y — i ¢ N is also covered by what we just discussed.

4l (D, T). As usual, we omit

Now we prove the lemma when u =y — 1, i.e. u € Kp,e—p,(:)—p

the argument w for the simplicity of presentation.

y+1
1. Foruere 0.6 p(D,T),put

d
s =17 vi=gu fi= 04 ) fi voi=Euo.

i=1

Using Definition 2.4, Definition 2.3, and the change of variables t — et we have

lellpyse o =00

p®*p®*p( ) pO p(D n

=Y O e (" (-, " )||Hy+2 -
neZ

=" O ey (")) (e, e >||”y+2 oy (4.4)
neZ

For each n € Z, we denote

U (t, x) 1= C(e 7" P (e"x))v(e®t, €"x), o (x) =L(e P (e"x))vo(e"x).

Then using equation (4.2) and the product rule of differentiation, one can easily check that v,
satisfies

dvn = (Lyv + fu)dt + Zg’,;dw” ke, e T
k=1

in the sense of distributions on R¥ with the initial condition v, (0, -) = V0.2 (+), where

Lo=) aj ODyj. aj @) :=a’™),
i,J

gh(t.x) = e"L(e Y (" X)EE )SK ' e"y),  w =Tk,

and, with Einstein’s summation convention with respect to i, j,

fatx) = e Y (xS ) f (@1, ¢"x)
+e"a ](t)D u(e't, " x)t' (e "y (" x)Djyr(e"x)E(e" x)
+e" an (t)D u(@'t, " x)t (e "y (" x))D;j&(e"x)
+e" a,, (t)u(ez"t e"x)¢ (e Y (e"x)) Dy (e"x) D (e x)
2] (yu (e, €"x) (e " (e"x)) DyjE (" x)
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+ay (u(e't, " x)¢" (€Y (€ x)) Divr (€ x) D (¢ x)& (¢ x)
+e'ay (Du(e't, " x)¢ (e "W (€ x)) Dij ¥ (€ x)

7
=y frt.x).
=1

Here, ¢’ and ¢” denote the first and second derivative of ¢, respectively. We note that for each
n € 7, the operator L, still satisfies the uniform parabolicity condition (2.3) and {w," nk. ke N }
is a sequence of independent Brownian motions. Hence, we can apply Lemma 4.2 and from (4.4)
we get

u <C (O—p+2) o
Ieligrs oy ZZ oyt an,
n

O—p+2

+CZZ n( P )”fn”HV(e—ZnT)

I=1 neZ

n(O©—p+2)

+CY e [

neZ
+C Y O Py, ||z R (4.5)

neZ

provided that
v eHL T e T, fle Ml ™'T), g eH, T (e T, t2), (=1,....,7). (46)

It turns out that the claims in (4.6) hold true. Indeed, the change of variable 2"t — t and Defi-
nition 2.4 yield

> e @ Dy,

HV+1 2”T)
keZ
= O ey )i, )P L, =l 12, 4.7)
I’IEZZ H};+ K};; p,O— p(D‘T)
and
n(®—p+2)
Ze ”g ”erl( =T 05)
neZ
_ ne®
%e 1LV DECIEC gy g =8y oy D)
ne

In particular,
v eHL T e T), g e H, T (e VT, 02), VnelZ.
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Next, we show that f,i belong to H; (e~?"T) in the following manner. For [ = 1, by Definition 2.4
and the change of variables X't — t, we have

O—p+2
DT A [

neZ
_ n(®+p) —n n 2n _
=> e g™y (" NEE") fle™ ")y HI(T) =11 fllgr K, 00y D.T)
neZ
For [ =2, by Definition 2.4 and (2.15), we get
n(®—p+2)
De 1 Wy o2
neZ
=C YD D, I € DEE DY gy o
neZ i,j

< L =N p
= Cltusllyy oy = NWWxucllgr o

SCIqull <Clull?

oD.T) = K/ D1y

p.0—p.©—p

where the last two inequalities are due to (2.8), (2.17), and (2.18). For [ = 3, by definitions of
norms, we have

O—p+2 2
2 TN gy ey
neZ
<CY Y " OTPUDu(, ") (e T P (")) DjEE™ )l

(T)
neZ i,j ’

= Cllux&: % =Clee  Eeunll?
OHHY o, ,(D.T) H (D7)

_ -1 p
=CllE ey gy SCIVE Eanellyy 4.9)
where the last inequality is due to (2.16). Now we note that for any n € N,

[WE 1D 1y e |0 < C(n, &) < 0.

Thus, by (2.17) the last term in (4.9) is bounded by

Cllux g

Iy, oy = Clluly

y+1 :
]Kp 0—p,O— p(D,T)

For other /s one can argue similarly and we gather the results:

ZZ "e” p+2)”f"”]HIy(e*2"T)

=1 neZ

<Clul? +Cll fllggr (4.10)

po+p.0+p DT

y+l1
Kp 0—p,©6— p(D’T)

506



K.-H. Kim, K. Lee and J. Seo Journal of Differential Equations 340 (2022) 463-520

Consequently, coming back to (4.5) and using (4.7), (4.8), and (4.10), we get

p

H;E3P,®*p(D’T)

= c(ju? +I71E
K/t o, (D.T) K} 04p01p D7)

flael

+lgl? + lluoll?

HY Lo (D.T,62) Ul (D)) )

This yields what we want to have since ||fx,. ”K,{,Hp,@ﬂ,@) <C|f ||Kﬁ,]<->@>' The lemma is

proved. O

Now, we take the deterministic operator Lg introduced in (3.1) and the Green function G
related to Lg. Also, recall the representation R (ug, f 0 ¢, g) defined in (3.3) in connection with
Lo.

Lemma 4.3. If f° € K>®(D,T), te KX(D, T,d), g € KX(D, T, £3), and ug € K(D), then
u=R(uo, f°,f, g) belongs to IC(I),’Q’@(D, T) and satisfies

d 00
du = (Lou +f°+2f;i>dt+zg"dw§‘, 1e(0,T] 4.11)

i=1 k=1

in the sense of distributions on D with u(0, -) = uo.

Proof. First, we note that

Ruo, 0.1, 8) = R(uo.0,0,0) + R (0, f°,£,0) +R(0,0,0, g)

=:v] + V2 + v3.

By considering v for each @ and by the definition of Green’s function with the condition
ug € K2°(D), we note that vy satisfies

dvi = Lovidt, t>0; v1(0,-) =up(-)

in the sense of distributions on D. Then Lemma 3.4 and the facts that K2°(D) is dense
; . k0

in L,(R; Kp’9+2_p,@+2_p(7))) and ||“0||U2‘94(_)(D) < ”“0”Lp(Q;K2,9+2,,,,@+2,p<D)) confirm vy €
IC([)? 0.0 (D, T). Similarly, v; satisfies

d
dvy=(Lova + fO+ > fiydt. t>0
i=1

in the sense of distributions on D with zero initial condition and Lemma 3.6 leads us to have
vy € IC(; 0.0(D, T). The fact that v3 satisfies

o0
dvs = Lovsdt + ngdwf, t>0
k=1
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in the sense of distributions on D with zero initial condition can be proved by the same way in
the proof of [3, Lemma 3.11], which deals with the case d = 2. Then Lemma 3.7 gives vy €
IC??’Q’Q(D, T). Hence, u = v| + vy + v3 satisfies the assertions and the lemma is proved. O

Proof of Theorem 2.19. Note that, since £ is non-random, we can take Lo = L (see (3.1)).

1. Existence and estimate (2.34):

First, we assume that f© Ke(D,T), f e K¥(D,T,d), g € KX(D, T, (), and ug €
K2°(D). Then by Lemma 4.3, u = R(uo, fO, f,g)e IC(I),,Q,@)(D, T) satisfies equation (4.11) in
the sense of distributions on D with initial condition ug. Then, we use Lemma 4.1 with u© = —2.
Asy +2>1,Lemma 3.1 and Remark 3.5 imply u € IC;;?@)(D, T) and (2.34).

The general case can be easily handled by standard approximation argument. Indeed, take
fleKX(D,T), £, e KX(D, T,d), g, e KX(D, T, £2), and ug , € K (D) such that £ — f°,
f, - f, g» - g, and up, — up, as n — oo, in the corresponding spaces. Now let u, :=
R (uop, f,?, f., gn). Then, estimate (2.34) applied for u, — u, shows that {u,} is a Cauchy se-
quence in IC;;)ZQ (D, T). Taking u as the limit of u,, in IC;;% (D, T), we find that u is a solution
to equation (4.11). Estimate (2.34) for u also follows from those of u,.

2. Uniqueness:

Letu e IC;;‘ZG) (D, T) be a solution to equation (4.11) with f9=0,f=0,¢g=0, and up=0.
Due to y +2 > 1, u at least belongs to L g—p 0—p(D, T), and therefore by Lemma 4.1 we
have u € IC??’Q’@(D, T) as all the inputs are zeros. Hence, for almost all w € Q, u® :=u(w, -, -) €

L,(0,TI; Kﬁ’g_p’@_p(p)), and satisfies

uf=Lu®, 1€, T] ; u®0,)=0.

Hence, from the uniqueness result for the deterministic parabolic equation (see [8, Theorem
2.12]), we conclude u® = 0 for almost all w. This handles the uniqueness. O

Remark 4.4. The approximation argument and uniqueness result in the above proof show that if
L is non-random, then the solution in Theorem 2.19 is given by the formula

u="TRuo, f°,f, ), where f=(f',---, f9.

Proof of Theorem 2.21. 1. The a priori estimate:
Having the method of continuity in mind, we consider the following operators. Denote Lo =
v1 A, and for A € [0, 1] denote

Ly=0—-XLo+ AL
Obviously,

Ly(w,) €T v, Yrel0,1], weQ.
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Now we prove that the a priori estimate

0
v 2 < C( 0 + |If 1
” ||’C;$,(~)(D’T) — ”f ||K;?;+[7,G)+p(D’T) || ”K;;'@)(D,T,d)

Hlglgrt, 7.y T 0l sz o)) (“.12)

holds with C = C(M,d, p,y, 0, ©, vy, v2), provided that v € IC;;%(D, T) is a solution to the
equation

d 00
dv = (,cxv+f°+2f;>dt+zg"dwf, te©,T]: v(0,)=uo(). (4.13)

i=1 k=1

To prove (4.12), we take u € IC;+ (D, T) from Theorem 2.19, which is the solution to
equation (4.11) with the operator Lo = v;A and the initial condition u(0, -) = ug. Then v :

vV—uc€ IC;:Z,Z@) (D, T) satisfies

d
b =Lo0+ f=Lo0+ Z} te©,T] ; 90,)=0

where

d

d
f= (LO—EA)M—Z Z (18" —a" (w, 1)]u,, ::Zf;i_
i=1 j= Xi i=1
Note that for each fixed w, v(w, -) _satisﬁes a deterministic PDE with non-random operator
L (w, -) and non-random free terms f*(w, -). Hence, using the deterministic counterpart of The-
orem 2.19 for each w, and then taking the expectation, we get

d

lo=ullersz gy = 10lcrsz (DT)<ch||f Iyt .y = Cllullgre
4

(D.7)"
For the last inequality above we used (2.18). This with estimate (2.34) obtained for u finally
gives (4.12).

2. Existence, uniqueness and the estimate:

Estimate (2.34) and uniqueness result of solution are direct consequences of a priori estimate
(4.12), for which the constant C is independent of £ and A. Thus we only need to prove the
existence result.

Let J denote the set of A € [0, 1] such that for any given f°,f, g, uo in their corresponding
spaces, equation (4.13) with given A has a solution v in ICZ'E (D, T). Then by Theorem 2.19,
0 € J. Hence, the method of continuity (see e.g. proof of [17, Theorem 5.1]) and a priori estimate
(4.12) together yield J =[O0, 1], and in particular 1 € J. This proves the existence result. The
theorem is proved. O
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In the next section, we use the result of Theorem 2.21 to study the regularity of SPDEs on
polygonal domains in R2. We also use the following result which helps us prove the existence of
a solution on polygonal domains.

Lemmad4.5. For j=1,2,letp; >2and 0;,0; eR,andd —1 <®; <d — 1+ p;. Also let 0
(j =1,2) satisfy

pi(l —)»3') <0; <pjd—1+17) if L isnon-random,

and

pi(l =i, m)) <0 < pjld—1+rc(vi,v2) if Lisrandom.

Then, if u € ’C;nﬁl,@)n (D, T) is a solution to equation (2.2) with the initial condition u(0, -) =
uo(-) and fO,£=(f', -+, f%), g, ug satisfying

fo € ij,9j+pj,®j+pj D, T), fe ij,ﬂj,@j (D, T,4d),

g€y 0,.0,(D,T.t2), ugeU, (D)
forboth j =1and j =2, then u € /clljzﬁz,@2 (D, T).

Proof. If £ is non-random, the lemma follows from Remark 4.4. In general, as before we fix
a deterministic operator L(t) = Zi’/ a'(t) € Ty, v, and v =R(uo, fO.£, g). Then, since Lg is
non-random, by Remark 4.4 .

1 1
vE ICP1,91,®1 (D, T)n sz,('?z,@z (D, T). (4.14)

Put 1| :=u — v. Then u = u; satisfies

[ (1) — a' (w, [)]Ux,-) . dt, te(0,T]. (4.15)
1 X

d
j=

dii = cﬁ+2d:(
i=1

Also, due to (4.14), equation (4.15) has a solution u» € IC;)2 0.0, (D, T). Now note that for each
fixed w, both u(w, -, -) and us(w, -, -) satisfy equation (4.15), which we can consider as a de-
terministic equation with non-random operator. By the above result for non-random operator we
conclude

IZ](CD, s ) = 122(0% s )

for almost all w. From this we conclude that both v and u — v are in IC}72 0.0, (D, T), and
therefore the lemma is proved. O
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5. SPDE on polygonal domains

In this section, based on Theorem 2.21, we develop a regularity theory of the stochastic
parabolic equations on polygonal domains in R2. This development is an enhanced version of
the corresponding result in [2] in which £ = A, and ® = d. Our generalization is as follows:

A — L= Zi’ j a’(w, t)D; > operator with (random) predictable coefficients
=2 — 1<O<l+p

The restriction on 0 is weakened

Sobolev regularity with y € {—1,0, - -}

—  Sobolev and Holder regularities with real number y > —1

Let © c R? be a bounded polygonal domain with a finite number of vertices {p1, ..., pu} C
20. For any x € O, we denote

p(x) = po(x) :==d(x,90).

In the polygonal domain, the function of x defined by

min |x —
1§m§M| Dl

will play the role of p, p, which is the distance to the vertex in an angular domain D. We first
construct a smooth version of the function minj<,,<p |x — pm|g as follows. Consider the domain
V:=R2 \ {p1, -+, pm} and note that

py(x):=d(x,8V)= min [x— pyl.

mi
<m=
Then, applying (2.9) and (2.10) for py and the domain V, we define ¥y and set

Po = Po,0 :=Yv.

We can check that for any multi-index « and u € R,

po~ min |x — pul, sup|pl®THD%pk| < co.
1<m<M 10)

On the other hand, we also choose a smooth function ¥ = ¥ such that ¢ ~ p¢ and satisfies
(2.8) with po in place of pp.

Then, we recall the norms of the spaces H ;;,@((9) and H 1}:@((’); £>) introduced in Defini-
tion 2.3;

— n® —n n n
||f||;’,;®(0) .—ZZe e YN f "y gy
ne

p — n® -n n. nyP
1805 (1 .—ZZje I V(" NLE N}y gy
ne
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where ¥ = . Using p, ¢ in place of p, p, and following Definition 2.4, we define the function
spaces

Y 14 .Rd Y .
Kp,g’@(o)s Kp,g’@(OaR ), Kp’g’@(O, £),
as well as the stochastic spaces
K 60O, 1), K, 6O, T,d), K}, oO,T, ),
KIE00.T), KX(O.T), KX(O.T.6). KXO).

More specifically, we write f € K;e’@((?) if and only if p£97®)/pf € H;/’(H)(O), and define

.— 1 p0—0)/p
1 lkr, o) =l Flay g0

As in Section 2, if y € Ny, then we have

P ~ el pa £1p 0—O  O—d
11k, oo™ 2o /|p D fIPpg~0p°dx. (5.
lel<y ¢
Definition 5.1. We write u € K7 3% (0. T) if u e KV4? o (O.T) and there exist (f, ) €
1 2 S
K;Hp!(_)ﬂ(@, T) x K;z’@((’), T, ) and u(0,-) € U;Jg’@((’)) satisfying

du=fdt+) gdwf, te(0,T]
k

in the sense of distributions on O. The norm is defined by

”“”IC%?&O,T) : ||M||K1V];27p‘@7p(oj) Ay, o 0nT ”g”K;;f@(O,T,lz)

(O, sz -
p,0,®

Theorem 5.2. With D replaced by O, all the claims of Lemma 2.5, Remark 2.6, Theorem 2.10),
Theorem 2.11, and Lemma 4.1 hold.

Proof. All of these claims in Section 2 are proved based on (2.12), (2.14), and some properties
of weighted Sobolev spaces H [’:’(_)(D) taken e.g. from [23]. Since these properties in [23] hold
true on arbitrary domains, the exactly same proofs of Section 2 work with D replaced by O. O
Remark 5.3. For the analog of Theorem 2.11 in the case of polygonal domain we do not need the

additional condition for the initial condition. This is because since ¥ is bounded and 8 > 2/p,
by Lemma 2.5 (iv), we have

-1 . _ 2/p-1 . _ <
||1ﬂ M(Oa )”LP(Q;K}:,Z?@IS(ID)) E C”‘(/f u(Oa )”LP(Q;K/}:;,Z(-)Z/[;(,D)) — C”M ”K:};J;z@
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Form =1, ..., M, let k;, denote the interior angle at the vertex p,,, and denote
Ko := max Ky,.
l<m<M

Also, for each m, let D,, denote the conic domain in R? such that
O N Be(pm) N{pm +x :x € Dy} = O N Be(pm)
for all sufficiently small ¢ > 0. Denote
AT :=minAt if £ is non-random
C,ﬁ,o : m Cva,Dm
and
Ac, o1, v2) :=minA.(vy, v2,Dy)  if L is random.
m
In Theorem 5.4 below, we pose the condition

p(l—kiﬁ’0)<9<p(l+k;£‘o) (5.2)

if £ is non-random, and

p(I=Aco1, 1)) <0 < p(I+Ai 01, 12)) (5.3)

if £ is random.
Here are our main results on polygonal domains.

Theorem 5.4 (SPDE on polygonal domains with random or non-random coefficients). Let p €
[2,00), y = —1, and Assumption 2.2 hold. Also assume that

l1<®<p+1, (5.4)

and condition (5.2) holds if L is non-random, condition (5.3) holds if L is random. Then for
. 0 1 1

given 0 e KZY@+p,(~)+p(O’ T),t=(f1,---, fHe Ki/,;’@)((’), T,d), g€ K;;@((’), T,{3), and

ug € U;:’Z?@ (O), the equation

d o0
du:<£u+f°+2f)ji>dt+zg’<dwf, te©,T] ; u@©)=uy (55

i=1 k=1

. . . . 2 .
admits a unique solution u in the class ICZ; 6(0, T). Moreover, the estimate

0
<
+llu 2
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holds with a constant C = C(O, p,y,vi,12,0,0,T).

Remark 5.5. Since d = 2 in this section, the range of ® in (5.4) coincides with (d —1,d — 1+ p)
which we have kept throughout this article.

Theorem 5.6 (Holder estimates on polygonal domains). Let p > 2, 6,0 € R and u €

y+2
ICP’Q)(_)((’), 7).

@) Ify—l—Z—%zn—i—S, where n € Ng and 6 € (0, 1), then for any k <n,

_14+© @ — © _@Q
10578 p0=OP DR u(w, 1, o) + " T 0O DR, 1, )es ) < 00

holds for almost all (w, t). In particular,
(@, 1, 0)] < Cl,0p' 7 (0)p+OP (x).
(i) Let
2/ p<a<B=<l, y+2-B—-d/p>=m+e,
where m € Noand ¢ € (0, 1]. Put n= — 1 + ®/p. Then for any k < m,

|pn+kp£9_®)/l7 (Dku(t) _ DkM(S)

)leo)
If — s|pa/2—T <00

E sup

t,s<T

)

p

[Pn+m+€pc(>9_®)/p (Dmu(t) _ Dmu(s)):l
()
<00

E sup

t,s<T |t — s|pe/2-1

Proof. The claims follow from the corresponding results of (2.19) and (2.23) mentioned in The-
orem5.2. O

For the proof of Theorem 5.4, we first prove the following estimate.

Lemma 5.7 (A priori estimate). Let Assumptions in Theorem 5.4 hold. Then there exists a con-
stant C=C(d, p,0,0,v1,v2, O, T) such that the a priori estimate

0
<

+1luo ”U;ﬁ_)(O)) (5.6)

holds provided that a solution u € IC;:Z’ZQ (D, T) to equation (5.5) exists.
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Proof. First, choose a sufficiently small constant » > 0 such that each B3.(p,,) contains only
one vertex p,, and intersects with only two edges for each m =1, ..., M. Then we choose a
function & € C°(R?) satisfying

15,(0)(x) <&(x) < 1p, 0)(x) forall x € R?.

Let &, (x) :==&(x — pp) and &y :=1 — Z%:l &n. By the choice of r and &, supp(&,,)s are
disjoint and hence 0 < &y < 1. Moreover, &) (x) = 1 if py (x) > 2r.

Form =1, ..., M, let D,, be the angular (conic) domain centered at p,, with interior angle
km such that Dy, N B3, (pr) = O N B3 (py).-

Now let G be a C'-domain in O such that

&(x)=0 forxeO\G and ing 0o(x) > ¢ > 0 with a constant c.
XE
Then, due to the choices of §,, and D, (m =1, ..., M), (2.4) and (5.1) together easily yield

P
1&m vl " 60O ~ ”émU”K;,g_(_)(Dm)’ m=1,...,M,

forany 9,0 €R,ne{0,1,2,...},and v € KZ,@,@)(O)' Similarly,
p ~ Pp0—d g, ~ p
5ovll " .60 / |Eov|” p dx ||€OU||HI’)I.®(G)1
G

and the same relations hold for £,-valued functions. Denote

HY (G, T):=Ly(Q % (0, T, P; H! 4(G)),

H) (G, T, 62) :=Lp(R x (0, T], P H) 4(G: £2)).

Then, the above observations in particular imply

M
Il o0.m) ~ (I60vlEs 6.1+ Y 16mvlKs, o D1)) (5.7)

m=1

for any v € K';,ﬂ’@)((’), T), wheren €{0,1,2,---}.
Now, for each m =1, ..., M we define u,, := &,u. Then, since y + 2 > 1, u,, belongs to

K! (Dy, T). Also, &yu belongs to H;J»@)*p (G, T). Note that each u,, satisfies

p.6—p,©—p

d

() = (cum + 04 Z(f,;)xi)dt +3 ghduwf, 1e(0.T] (5.8)
k

i=1
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in the sense of distributions on D,, with the initial condition u,, (0, -) = &,,uo and &yu satisfies

d
d(&ou) = (/.Z(S;‘ou) + fo+ Z(f(;')xi)dr +) gsdwf, te€(0.T] (5.9)
k

i=1

in the sense of distributions on G with the initial condition w(0, -) = &yug, where

d d
fo =% =Y [ E) —ulEn). =2 a uEn), gm=gém  (5.10)

i=1 j=1

form=0,1,2,..., M.
Since supp(&y) C B (pm) and () = 0 on a neighborhood of p,, form=1,..., M, we
have

NG lIL, .00, + 180Gk L oo 0@ < CllEIL, 4 00,0

fort < T, where C depends only on O, p, 6 and ©.
Hence, form =1, ..., M, by Theorems 2.19 and 2.21, which our range of 6 allows us to use,
we have forany t < T,

1Emu ||]K1p‘87p.®7p('pm,t)
d
. .
< C(IENL s p syt + D ML 0Dt + 18mIL 0Dyt

i=1
+ ”Em”O”U;.g,@(’Dm))
< C(lullL, 0 00,1 + 1 £ 1L 64p04p©@.1) F IEIL, 400 7.0) + 18T, 000,762
+ ””0”1[},]]'0_@((’)))'
For m =0, by [10, Theorem 2.7] (or [11, Theorem 2.9]), we have

o ||yt
ol . (G

d
0 .
< C(Hfo IL,6: G0+ E 1/0lIL, 6.0+ 180IIL, 6G.1.e2) + ”EOMO"LP(Q;HI*Z/P (G)))

i=0 P.O+2—p
0
< C(llulle,g,@(O,T) 1N, 04 p0sp@.1) F L, 5 00.7.0) + I18IL, 4.60.7.62)
+lullyy, o)
Summing up over all m =0, ..., M and using (5.7), for each t < T, we have
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”u”K}:,o—p,@)—p(O*’)
0
< C(llulleﬁ_@(O,z) 1N, 04 p0ip@.1) L, 5 00.7) HI8IL, 4.00.7.6)

||uo||U;,,9,®(o)).

Using this and the polygonal versions of (2.22) and (2.25), which mentioned in Theorem 5.2, we
get, foreacht < T,

p

[[ue]]
IC]I,’(,_@(OJ)

t
<c f lull”, ds
’Cp.('),(-)(o’s)
0

(VmyZ p P
+C (”f ||L,;,9+p.(—>+p((9,T) + ”f”Lp.e,@(O,T) + ”g”Lp,e,@(O,T,fz) + ”uOHU;,,g.@(O)) :

Applying Gronwall’s inequality, we further obtain

”u”]CIl)ﬂ.@(O’T)
0
< C (1101201 e ©.1) F+ ML 00.7) + 18I, 000,700 + N0l gy | ()

This and the polygonal version of Lemma 4.1, which is mentioned in Theorem 5.2, yield a priori
estimate (5.6). The lemma is proved. O

The following is a C'-domain version of Lemma 4.5. We use it in the proof of Theorem 5.4
below.

Lemma 5.8. Let G be a bounded C' domain in R? and let pj€l2,00),0;ed—-1,d-1+pj)

for j =1,2. Assume that u € H}’l,gl—[’l (G, T) satisfies

d
du = (ﬁu + f0 +Zf;’,.)dt +3 ghduk, 1€,
i=1 k
in the sense of distributions on G with the initial condition u(0,-) = uo(-) and fo, fi (i =
1,2,...), g, up satisfying
PO €Ly 049G TN Ly ap, (G ), [ €Ly 0,(G.T)NLy (G, T),i=1,,d,
g € LPj,@j (G’ T? EZ) ﬂ ]ij,d(G’ Ty 52),

1-2/p; 1-2/p;j
uo € Lp(@ Fo: Hy olly , (G)N Ly Foi H, [V, (G))

. - 1
forboth j =1 and j =2. Then u belongs to Hm,@z—pz(G’ T).
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Proof. See [2, Lemma 3.8]. We remark that only A is considered in [2], however the proof of
[2, Lemma 3.8] works for general case without any changes since the proof depends only on [10,
Theorem 2.7] (or [11, Theorem 2.9]), which involves operators having coefficients measurable
in (w, t) and continuous in x. 0O

We recall d = 2 in this section.

Proof of Theorem 5.4. Due to Lemma 5.7, we only need to prove the existence result. Further-
more, relying on standard approximation argument, we may assume

fPeK®(O,T), feKX(O,T,2), geKX(O,T, ty) upeck ().

Considering u — ug as usual, We may assume uo = 0. Also, note that g = 0 for all large &
(say, for all k > N), and each gk is of the type Z ® 1(t /;](t)hkj (x), where r]].‘ are bounded
]

stopping times and h/% € C2°(O). Thus the function v deﬁned by

v(t, x) —Z/ kdw —Z Z (w " wkj,_f lAl)h"/(x)

k<N j<n(k)

is infinitely differentiable in x and vanishes near the boundary of O. Consequently v belongs to
IC;"’Z@ (O, T) for any v, 0, ® € R as we consult with Definition 5.1. Now, u satisfies equation
(5.5) if and only if u := u — v satisfies

ﬂ=<£u+f°+Zf’) . 1e©,T] ; a0, =0,

i=1

where 0 = f9 4+ Lv. Hence, considering f° in place of f°, to prove the existence we may
further assume g = 0.

Then, by the classical results without weights for p =2, (see, e.g. [25] or [9, Theorem 2.12,
Corollary 2.14]), there exists a solution u in ’Cé,z,z(o’ T) to equation (5.5), which now is sim-
plified as

2
w=~Lu+ O+ fl, 1€©,T] ; u@,)=0.

i=1

By Theorem A in [1] (or see estimate (2.11) and proof of Theorem 2.4 in [12] for more detail),
for any r > 4, we have

(5.11)

4 0 14
Esup u(t, )17 < CEILF1+ V17, 710 <

Now we prove u € IC1 o((9 T) using Lemma 4.5 and Lemma 5.8 along with u €

ICé’M(O, T). Define u,, := ému in the same way we did in the proof of Lemma 5.7. Then &,,u
satisfies (5.8) in the sense of distributions on D, for m =1, ..., M and &yu satisfies (5.9) on
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G for m = 0 with the same f,?l, f,fl, Enugp as in (5.10). Note that since f 0 f are bounded and
fO, f, (&), (€m)xx vanish near vertices, we have foranyf e R, g >2and 1 <® < 1 +¢,

2

0,49 in4
T, o1y 0rg@) + 2 MImlE, 001
i=1

T
5CE//(1+|u|q)p®_2dx§C fp@’—zdx E sup(1 + [u|?) < oo.
t,x
(@) O

For the last inequality we used (5.11) and the fact ® — 2 > —1. Hence, frg, f i along with &1
satisfy assumptions in Lemma 4.5 and Lemma 5.8. Consequently &,u € K! pO—p.O— p(Dm, T)

as Equ € K1 .0, ®(Dm, T)form=1,2,---,M and &u € Hp o_ p(G, T). These and (5.7) with
n—lylelduelK —p® ((9 T)andmturnueIC 9@)((’) T).
Finally, the analogy of | Lemma 4.1 in case of polygonal domalns (see Theorem 5.2) proves

that the solution u found above actually belongs to the space u € H » 0’@)((’), T). The theorem is
proved. O
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