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Theorem 2.41. If a set E in R* has one of the following three properties,
then it has the other two :

(a) E is closed and bounded.
(b) E is compact.
(¢) Every infinite subset of E has a limit point in E.

Proof. If (a) holds, then E' C I for some k-cell, and (b) follows from Theo-
rem 2.40 and 2.35. Theorem 2.37 shows that (b) implies (c). It remains to
be shown that (c) implies (a).

If E is not bounded, then E contains points x,, with
|Xn| >n (n=1,2,3,...)

The set S consisting of x, is infinite and clearly has no limit point in R¥,
hence has none in E. Thus (c) implies that F is bounded.

If E is not closed, then there is a point xo € RF which is a limit
point of E but not a point of E. For n = 1,2,3,..., there are points
Xn € F such that |x, — xo| < 1/n. Let S be the set of these x,,. Then

S is infinite(otherwise |x, — Xo| would have a constant positive value, for



infinitely many n), S has ¢ as a limit point, and S has no other limit point
in R*. For if y € R*, y # x¢, then
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for all but finitely many n ; this shows that y is not a limit point of
S(Theorem 2.20).

Thus S has no limit point in £ ; hence E must be closed if (c) holds. O

shRIgk f-22) = B3ro] ofd B9 o] Hale MUl ek
Aolo] RaAE Kol A2 d2
1 (z#y)
d(z,y)
0 (r=y)

71, K9] Rst8 3RSt ES A7ts
compact+ OotY T},



